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Elasticity of a-Cristobalite: A Silicon Dioxide with a
Negative Poisson’s Ratio

Amir Yeganeh-Haeri, Donald J. Weidner, John B. Parise

Laser Brillouin spectroscopy was used to determine the adiabatic single-crystal elastic
stiffness coefficients of silicon dioxide (SiO,) in the a-cristobalite structure. This SiO,
polymorph, unlike other silicas and silicates, exhibits a negative Poisson’s ratio; a-cris-
tobalite contracts laterally when compressed and expands laterally when stretched. Ten-
sorial analysis of the elastic coefficients shows that Poisson’s ratio reaches a maximum
value of —0.5 in some directions, whereas averaged values for the single-phased aggre-

gate yield a Poisson’s ratio of —0.16.

The three distinct crystalline forms of
SiO,—quartz, tridymite, and cristobalite—
occur widely in nature. Because of the
broad technological applications and sheer
abundance of quartz, its physical properties
have been extensively studied; yet compar-
atively, there is little information available
on the physical properties of cristobalite
and tridymite. All three polymorphs of
SiO, form complex three-dimensional, cor-
ner-linked networks of rigid SiO, tetrahe-
dra. Furthermore, each of these crystalline
forms has a high-temperature (B) and a
low-temperature (o) modification (I, 2).
We measured the single-crystal elastic
properties of SiO, in the a-cristobalite
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structure under ambient conditions (3). We
find that a-cristobalite exhibits a negative
Poisson’s ratio, contracting laterally when
compressed and expanding laterally when
stretched. Foams and two-dimensional hon-
eycomb structures, that is, amorphous mate-
rials, and some elements such as As and Sb,
also have negative Poisson’s ratios (4, 5),
but other minerals apparently do not.

In an isotropic medium, Poisson’s ratio
(v) is defined as the quotient of lateral
contraction divided by longitudinal exten-
sion. Solids usually contract laterally when
stretched and expand laterally when com-
pressed, resulting in a positive Poisson’s
ratio. Poisson’s ratio falls between 0.20 and
0.27 for most crystalline compounds and
hard metals, has values between 0.30 and
0.40 for most soft metals, and is exactly 0.5
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for liquids. Albeit it is counterintuitive that
a solid should have a negative Poisson’s
ratio, according to the theory of elasticity
the allowable range for Poisson’s ratio in an
isotropic medium is between +0.5 and
—1.0 (6, 7). These limits can be under-
stood in terms of the relation between the
bulk modulus (K) and the shear modulus
(1) of a solid, expressed as

v = (3K - Zw)/6K + 2p) (1)

If the solid is incompressible, that is, as
K approaches infinity, it can be seen from
Eq. 1 that v approaches the upper limit of
0.5. In this type of solid, the bulk modulus
is substantially larger than the shear modu-
lus. For example, in liquids the shear mod-
ulus is zero; hence Poisson’s ratio is exactly
0.5. Conversely, as K approaches zero, in
the case of an infinitely compressible solid,
v tends toward —1.0. In this type of solid,
the shear modulus far exceeds the bulk
modulus. Other extraordinary behavior is
also predicted to occur in compounds with a
negative Poisson’s ratio. For instance, as
the Poisson’s ratio approaches the lower
limit of —1.0, the material’s fracture tough-
ness and its resistance to indentation are
greatly enhanced. In other words, despite
being pliant, the material can become
tough (4, 5, and references therein). Mate-
rials exhibiting a negative Poisson’s ratio
also have a large potential for applications
as shock absorbers and fasteners.

We determined the single-crystal elastic
properties of a-cristobalite using Brillouin
spectroscopy (8). The experiments were
carried out on a natural single crystal from
the Ellora Caves of Hyderabad, India. The
specimen was 200 pm in maximum dimen-
sion, colorless, and transparent, and its
shape was a perfect octahedron. A total of
58 compressional and shear acoustic veloc-
ities in 27 distinct crystallographic direc-
tions were used to constrain the velocity
surface (Fig. 1). The velocity surface of
a-cristobalite is such that one of the shear
(S) modes travels at a faster velocity than
the corresponding compressional (P) wave
(9). This velocity surface was inverted to
determine the six independent elastic stiff-
ness coefficients that characterize tetragonal
a-cristobalite, space group P4,2,2 (Table
1) (10). ‘

The large magnitude of the six elastic
compliance coefficients (11) strongly re-
flects the pliant nature of the a-cristobalite
framework (Table 1; Fig. 2A). This frame-
work is highly anisotropic. The c axis, with
a linear compressibility of B, = 2.73
MPa~!, is much more compressible than
the a axis for which B, = 1.77 MPa~!. The
a-cristobalite structure is also more rigid
than it is incompressible; the shear modulus
is approximately 2.4 times the bulk modu-
lus (Table 1). Because the Si—O forces are



generally very stiff, the large magnitude of
the elastic compliance parameters over-
whelmingly suggests that, of the many forc-
es involved, only the weak forces such as
distant anion-anion interactions and pliant
bending forces govern the mechanical prop-
erties of a-cristobalite.

Structural studies performed on a-cristo-
balite at high pressure can be used as a guide
to interpret which specific angles, bonds, or
combinations of both give rise to the large
compressibility and negative Poisson’s ratio
(12). The effect of pressure on the crystal
structure of a-cristobalite is manifest in the
contraction of intertetrahedral O...O dis-
tances and in the bending of pliant Si-O-Si
linkages. Indeed, of all SiO, polymorphs
characterized at high pressure, a-cristo-
balite exhibits the largest change in the
Si—O-Si angle and interpolyhedral O...O
distances upon compression, a result of its
extremely open crystal structure. Over a
1.1-GPa pressure interval, both O...O pairs
lying nearly along the ¢ axis and Si-O-Si
angles decrease substantially, while O...0
pairs in the other direction show a slight
increase over this same pressure range (Fig.
2A). The positive value of coefficient S5 is
representative of such behavior (Table 1),
indicating that, when compressed along the
c axis, the structure contracts slightly along
the a axis. The cooperative bending of the
Si—O-Si linkages and contraction of inter-
tetrahedral O distances results in rotation of
the rigid SiO, tetrahedra and causes the
structure to partially collapse and fold in-
ward. These structural changes also con-

tribute to the enhanced compression along
the c axis.

In order to deduce the elastic properties
of a random, macroscopically isotropic ag-
gregate of crystals, it has been common
practice to place upper and lower bounds on
the elasticity of the aggregate by averaging
either the single-crystal elastic compliance
(S;) or stiffness (C,) coefficients over all
lattice space. The averaged values of the
aggregate are known as the Reuss and Voigt
bounds, respectively (6). For example, the
Voigt bounds of the isotropic aggregate
elastic moduli are given by (13,14)

Ky = (C*; + 2C*15)/3 (2a)
Ry = (C*1p — C*12 +3C*)/5  (2b)

The Poisson’s ratio of the aggregate, in
terms of the bulk and shear moduli corre-
sponding to each bound, can be calculated
with Eg. 1. In most solids the magnitude of
the averaged pure shear coefficients, C*,,,
approximately equals that of the averaged
off-diagonal shear coefficients, C*;,. In
these solids the bulk modulus far exceeds
the shear modulus; hence, most materials
have positive Poisson’s ratios. However,
closer scrutiny of the elasticity relations of
the aggregate (Egs. 1 and 2) and the single-
crystal elastic coefficients (Table 1) empha-
sizes the unusual nature of a-cristobalite. Its
negative Poisson’s ratio can be attributed to
the small value of the pure compression
coefficient, C*;, and to the extremely
unequal magnitude of the pure shear mode,
C*,,, and the off-diagonal shear mode,

Fig. 1. Variation of acoustic veloc-
ity as a function of crystallograph-
ic direction in a-cristobalite. Ve-
locities are projected onto the a—b
and b—c planes. The solid line is
the best fit model; circles repre-
sent experimentally measured ve-
locities. Acoustic velocities for the
best fit model deviate from the
observed velocities by 0.046 km/
s. P and S denote compressional
and shear waves, respectively.

Velocity (km/s)

Table 1. Elastic and isotropic aggregate properties of a-cristobalite.

Elastic properties

Isotropic properties

" -1 " Vi Vs
j CGPa)  S@GPa™) (GPa)  (GPa) v kmfs)  (kmys)
1 594 (5) 00170  Reuss 1595 3499  -0133 518 3.87
38 424(7) 00240  Voigt 1680 4310 0191 564 4.30
a4 672(4) 00149 Hil 1637 3905 -0163 541 4.09
66 257 (4) 0.0390
12 38(8  —0.0010
13 —44(9 0.0017
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C*,,. As a consequence, the bulk modulus
is much smaller than the shear modulus.
Unfortunately, the above characteriza-
tion is merely an idealization; anisotropic
elastic coefficients are known for many sol-
ids. Moreover, in a single crystal the mag-
nitude of Poisson’s ratio depends on the
specific directions of the applied stress and
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Fig. 2. Like other silicas, a-cristobalite is com-
posed of individual SiO, units linked to four
neighboring tetrahedra by the Si—-O-Si linkage.
The common O atom is known as the bridging
0. This linkage pattern results in a three-dimen-
sional framework of interconnected SiO, tetra-
hedra with each SiO, form having a distinct
linkage pattern. For instance, when compared
to a-quartz, a-cristobalite has a much more
open structure. (A) Crystal structure of a-cris-
tobalite projected down the a axis. The unit cell
of a-cristobalite is shown as the rectangular
outline. The Si and O atoms are distinguished
as small and large circles, respectively. The
arrows indicate the displacement of the O
atoms and the rotations of SiO, tetrahedra as
the structure is compressed. For example,
O(a)...O(b) decreases by 6.5%, Ofa)...0(c)
decreases by 6.3%, and the Si-O-Si angle
decreases by 4% over a pressure range of 1.1
GPa. However, over this same interval,
O(e)...Off) increases by 1.2%. The O(c) oxygen
is located below the Si atom bounded by the
O(b) and O(e) oxygens. (B) The variation in
Poisson'’s ratio (v,5, dashed-dot curve), showing
a maximum of —0.5 as the elastic cormpliance
tensor is rotated about the a axis. The crystallo-
graphic direction corresponding to this maxi-
mum is illustrated by the dashed axes in (A).
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strain. In consideration of the marked elas-
tic anisotropy of a-cristobalite, it seemed
essential to evaluate the directional depen-
dence of the Poisson’s ratio.

In a Cartesian coordinate system the
elastic strain (e;) and the stress (oy,) ten-
sors are related by

€= Szjké’okl,’ (3)

The coordinate system is usually chosen to
coincide with the material’s principal crys-
tallographic axes. In terms of the single-
crystal elastic compliance coefficients, the
quotient of lateral to longitudinal strain,
—8,,/S.s» 18 the exact definition of Poisson’s
ratio under all possible orientations of the
coordinate system relative to the crystal’s
axes. To calculate Poisson’s ratio for an
arbitrarily chosen set of axes, we trans-
formed the elements of the compliance
tensor according to standard tensor trans-
formation rules (5, 15).

In a-cristobalite the directional depen-
dence of Poisson’s ratio exhibits marked
anisotropy. Over all crystallographic direc-
tions its magnitude ranges from +0.08 to
—0.5, although it remains predominantly
negative. Comparatively, the Reuss and
Voigt bounds of the single-phased aggregate
yield Poisson’s ratios of —0.13 and —0.19,
respectively (Table 1). Rotation of the
elastic compliance tensor about the a axis
produces a maximum v,; = —0.5 at ap-
proximately 42° from the b axis (Fig. 2B).
The occurrence of this maximum can be
appreciated in light of the topology of the
a-cristobalite structure. As the unit cell is
rotated around the a axis, the compressive
axes become aligned with the O pair dis-
playing the largest contractions (Fig. 2A).
Compression of these O...O separations
along with concomitant bending of the
Si—O-Si angle result in an inward rotation
of the SiO, tetrahedra. Consequently, the
structure contracts laterally.

It is suggested that for materials having a
large degree of elastic anisotropy, such as
a-cristobalite, a-quartz, stishovite (the
high-pressure modification of SiO,), and
MgSiO; in the ilmenite structure, whenev-
er single-crystal elastic coefficients are
available, it is valuable to carry out a
tensorial analysis of the elastic coefficients
and examine the entire range of behavior of
Poisson’s ratio.
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The Location of Bound Lipid in the
Lipovitellin Complex

P. A. Timmins,* B. Poliks, L. Banaszak

The location of the bound lipid in the soluble lipoprotein lipovitellin has been determined
by neutron crystallographic techniques. With the use of the contrast variation method,
whereby the crystals are soaked in different H,0-D,O mixtures, the lipid has been found
to occupy a large cavity in the protein whose structure had previously been determined by
x-ray crystallography. The lipid appears to be bound in the form of a bilayer with the major
protein-lipid interactions being hydrophobic and with the lipid headgroups projecting into
the bulk solvent and into a solvent-filled space in the cavity.

Existing molecular models of soluble lipo-
proteins are based mainly on physical meth-
ods that do not permit direct visualization
of molecular structure. We describe neu-
tron diffraction results which, when com-
bined with an earlier x-ray crystallographic
study, lead to a relatively complete three-
dimensional model of a soluble lipoprotein
called lipovitellin. The crystalline lipovi-
tellin complex was derived from lamprey
oocytes. It is comprised of three polypeptide
chains, LV1, LV2, and PV, of molecular
weight (M,) 66,800, 40,750, and 35,200,
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respectively. PV, sometimes also called
phosvitin, contains a significant number of
phosphorylated Ser residues [for a relatively
recent review, see (I)]. In addition to the
protein components, the complex contains
about 15% lipid, mainly in the form of
phospholipids. The lipovitellin complex
has been crystallized (2) and -its structure
solved to 2.8 A resolution by x-ray crystal-
lography (3) by using classical multiple
isomorphous replacement (MIR) tech-
niques. The resulting model, however, has
some important limitations that may be
summarized as follows. At the time when
the model was constructed, the amino acid
sequence was not known and the model was
therefore described as a polyalanine chain.
Although the complex is known to com-
prise ~1300 amino acids, the initial inter-
pretation of the electron density based on
multiple isomorphous replacement (MIR)





