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Chaotic Evolution of the 
Solar System 

Gerald Jay Sussman and Jack Wisdom 
The evolution of the entire planetary system has been numerically integrated for a time 
span of nearly 100 million years. This calculation confirms that the evolution of the solar 
system as a whole is chaotic, with a time scale of exponential divergence of about 4 million 
years. Additional numerical experiments indicate that the Jovian planet subsystem is 
chaotic, although some small variations in the model can yield quasiperiodic motion. The 
motion of Pluto is independently and robustly chaotic. 

Advances in computer technology have 
made it possible to begin to directly address 
the age-old auestion of the nature of the " 

long-term evolution of the solar system, 
with startling results. Sussman and Wisdom 
(1) presented numerical evidence that the 
motion of Pluto is chaotic, with a time scale 
for exponential divergence of nearby trajec- 
tories of only about 20 million years. Sub- 
sequently, Laskar (2) found numerical evi- 
dence of the chaotic evolution of the solar 
system excluding Pluto, with a time scale 
for exponential divergence of only about 5 
million vears. Laskar's calculation was fea- 
sible because he analytically averaged the 
equations of motion to remove the rapid 
variations with time scales of the order of 
the orbital period. The averaged equations 
are perturbative and necessarily truncated 
after a particular order in eccentricity, in- 
clination, and mass ratio. An integration of 
the whole solar system without these ap- 
~roximations was reauired. 

Direct integrations of the whole plane- 
tary system are computationally expensive. 
Notable long-term integrations of the outer 
solar system include: the classic I-million- 
year integration of Cohen, Hubbard, and 
Oesterwinter (3), the 5-million-year inte- 
gration of Kinoshita and Nakai (4), the 
210-million-year integration performed on 
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the Digital Orrery (5), the 100-million-year 
integration of the LONGSTOP project (6), 
and the 845-million-vear Digital Orrerv " 

integration of Sussman and Wisdom ( I ) .  
Studies of the long-term evolution of the 
whole solar system have been more limited 
because the computational resources re- 
quired are significantly larger, by about two 
orders of magnitude. Integrations of the 
whole solar system include: the 3-million- 
year Digital Orrery integration (which ex- 
cluded Mercury) (5), the 2-million-year 
integration of Richardson and Walker (7), 
and the recent k3-million-year integration 
of Quinn, Tremaine, and Duncan (8, 9) 
(hereafter QTD) . 

We have developed computational tech- 
niques and computer hardware to make 
possible a direct integration of the whole 
solar system spanning a significantly longer 
interval than previously achieved. Our di- 
rect integration of the equations of motion 
spans 36,000,000,000 days, or about 98.6 
million years. Our earlier result concerning 
the chaotic motion of Pluto, as well as the 
result of Laskar that the solar system is 
chaotic, are both confirmed. In order to 
localize the sources of the chaotic behavior 
we have carried out numerous additional 
long-term integrations. We have found that 
the evolution of the Jovian planets is inde- 
pendently chaotic, as is the motion of 
Pluto. 

Method of integration. We use the sym- 
plectic n-body mapping method of Wisdom 
and Holman (10) to integrate the planetary 
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system. This mapping method is a general- 
ization of the mapping method of Wisdom 
(1 1, 12). The basic idea is as follows. 

The Hamiltonian for the planetary 
n-body problem can be written 

where the first term represents the Keple- 
rian motion of each of the planets with 
respect to the sun, and the second term 
describes the planetary perturbations. A 
simple form of the map is obtained by 
adding short-period terms so that the 
Hamiltonian becomes 

H ~ a p  = H ~ e p l e r  + H~nteractlon2r8~?r(ot - 
(2) 

where 82?r(t) is a periodic sequence of Dirac 
delta functions with period 2 r ,  and fl is the 
mapping frequency. The averaging princi- 
ple (13) suggests that the additional short- 
period terms do not significantly affect the 
long-period evolution. This Hamiltonian is 
locally integrable: between the delta func- 
tions the motion is purely Keplerian and 
integration across the delta functions is 
easily carried out in Cartesian coordinates. 
The Keplerian phase of the evolution is 
efficiently carried out directly in Cartesian 
coordinates with the aid of Gauss's f and g 
functions. Thus we evolve the system with 
the Kepler Hamiltonian for a half mapping 
step, followed by an alternating succession 
of full interaction kicks and whole Keple- 
rian steps, but ending at each output point 
with a half Keplerian step. The map of the 
phase space onto itself is a composition of 
canonical transformations, so the composi- 
tion is canonical (that is, the Jacobian is a 
symplectic matrix). 

This simple scheme is actually a remark- 
ably good and efficient integrator. Wisdom 
and Holman (10) used this map to compute 
the evolution of the outer planets for a 
billion years and compared the results to 
the results of the 845-million- ear integra- 
tions performed on the Digital Orrery by 
Sussman and Wisdom (1) using conven- 
tional integration techniques. All of the 
results of that study were confirmed, includ- 
ing details of the very long period variations 
in the inclination of Pluto, and the expo- 
nential divergence of trajectories, which 
indicated chaotic behavior in the motion of 
Pluto. The map is about an order of mag- 
nitude faster than traditional methods of 
integration. 

One-hundred-million-year integrations. 
Our 100-million-year integrations of the 
planetary system were performed using the 
Supercomputer Toolkit (14). The Toolkit 
is the successor to the Digital Orrery (15). 
It is a small multiprocessor computer op- 
timized for the numerical solution of sys- 
tems of ordinary differential equations. 
The Toolkit was built as a collaboration 

Table 1. The maximum differences in the ec- QTD to make their physical model accu- 
centricities of the planets in the integrations of rate. ~h~~ included general relativistic tor- 
Laskar, QTD, and the show excellent rections, and a carefully crafted quadrupole 
agreement among the integrations. Laskar did 
not include Pluto in his calculation. approximation to account for the long-term 

effects attributable to the finite size of the 

Laskar-QTD Tool kit-QTD 

Mercury 
Venus 
Earth 
Mars 
Jupiter 
Saturn 
Uranus 
Neptune 
Pluto 

between MIT and Hewlett-Packard. It is a 
family of standard software and hardware 
modules that can be interconnected in a 
variety of configurations as appropriate for 
particular applications. Each processor of 
the Toolkit is three times faster than the 
entire Digital Orrery, as measured by run- 
ning the same computation. We used the 
eight-processor configuration of the Tool- 
kit at MIT, with the symplectic n-body 
map, to carry out eight 100-million-year 
integrations of the planetary system. Each 
processor was used to run a separate inte- 
gration with slightly different initial con- 
ditions so that we could look for exponen- 
tial divergence. 

The most complete of the long-term 
integrations of the whole solar system is 
that of QTD. Particular care was taken by 

Earth-Moon system. They used initial con- 
ditions and masses derived from JPL ephem- 
eris DE102. Our physical model is the same 
as that of QTD except in our treatment of 
the effects of general relativity. General 
relativistic corrections can be written in 
Hamiltonian form, but we have not been 
able to integrate them analytically. Instead 
we used the potential approximation of 
Nobili and Roxburgh (1 6), which is easily 
integrated, but only approximates the rela- 
tivistic corrections to the secular evolution 
of the shape and orientation of the orbit. 

Multistep methods typically require 
more than a hundred steps per orbit; the 
mapping method can be used with as few as 
ten steps per orbit. The step size for our 
integration was rather arbitrarily chosen to 
be 7.2 days; with 7.2-day steps output 
points are easily compared to the ephemeris 
of QTD. We integrated backward in time. 
A 22-million-year integration with 3.6-day 
steps was carried out to check that the 
7.2-day integration was sufficiently accu- 
rate. All of the position calculations were 
done in pseudo-quadruple precision, in an 
effort to reduce the effect of roundoff error. 
We believe now that the use of quadruple 
precision was an unnecessary precaution, 
and needlessly doubled the computation 
time of our experiment. Even on this de- 

-25 1' I t I 
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Fig. 1. Exponential divergence of nearby trajectories is indicated by the average linear growth of the 
logarithm of the full secular phase space distance between two different runs with very slight 
differences in initial conditions. The segment following the initial transient has an exponential 
timescale of about 12 million years. The divergence is subsequently dominated by an exponential 
with a time scale near 4 million years. 
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manding task each processor evolved the 
solar system at the rate of about 30 years per 
second. Thus our eight 100-million-year 
integrations took a total of about 1000 
hours of Toolkit time. 

We have compared our integration to 
the reversed-time segment of the 0.5-day 
step size integration of QTD, and the agree- 
ment is quite good. The maximum differ- 
ence in the argument of perihelion of Mer- 
cury over the 3-million-year interval is of 
order 0.0001 radians; for comparison, the 
general relativistic correction is responsible 
for about one extra revolution in the arm- - 
ment of perihelion every 3 million years. 
Evidently, our more approximate treatment 
of relativity is of little consequence. As 
another comparison, Table 1 lists the max- 
imum differences between the eccentricities 
of the planets compared to QTD. Also 
listed are the differences between the inte- 
gration of QTD and that of Laskar (9). 
Table 1 illustrates that the evolution com- 
puted with the mapping agrees quite well 
with the more conventional direct integra- 
tion of QTD. The Toolkit integration and 
QTD are mutually more consistent than 
either is to the integration of Laskar, 
though it is not clear whether this discrep- 
ancy is due primarily to model differences or 
to the approximations used by Laskar. The 
model differences are actually to our benefit 
because they help address the important 
question of the sensitivity of our results to 
model parameters. 

Chaotic evolution of the solar system. 
Exponential divergence of nearby trajecto- 
ries is indicative of chaotic behavior. The 

divergence of trajectories may have both 
quasiperiodic and exponential components. 
Of course, if present, the exponential com- 
ponent eventually dominates. In order to 
estimate the Lyapunov exponent, we ex- 
tracted the exponential part of the diver- 
gence from the quasiperiodic part by the 
following procedure. We first converted the 
positions and momenta into Keplerian ele- 
ments, then formed the standard shape and 
orientation variables h = e sin a, k = e cos 
a, p = sin i/2 sin 0, and q = sin i/2 cos fl, 
where e is the eccentricity, w is the longi- 
tude of perihelion, i is the inclination, and 
0 is the longitude of the ascending node. 
The full set of these variables for all of the 
planets constitutes the "full secular phase 
space." Distance in this space is the ordi- 
nary Euclidean distance. The quasiperiodic 
component is not as strong in the secular 
phase space as it is in the full phase space, 
allowing us to study the exponential part of 
the divergence more easily. If exponential 
divergence is observed in the secular phase 
space, exponential divergence will also be 
present in the full phase space. 

The divergence in the secular phase 
space between two of the 100-million-year 
calculations is shown in Fig. 1. The initial 
conditions for the two calculations differed 
by about 1 millimeter in the x coordinate of 
Pluto. The secular divergence has two dis- 
tinct segments. In the latter segment the 
divergence is dominated by an exponential 
with a timescale of about 4 million years. 
The initial segment is apparently dominat- 
ed by a smaller exponent with a time scale 
of about 12 million years. 
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If the system is chaotic then the diver- 
gence of individual planets will also be 
exponential with the same exponent as the 
whole svstem if the traiectories are followed 
for sufficiently long time. Over shorter in- 
tervals the divergence of individual planets 
can be different, and examination of the 
individual divergences can give insight into 
the mechanisms responsible for the chaotic 
behavior in the system. 

In the inner solar svstem the individual 
planet divergences in the secular phase 
soace are similar to that of the full secular 
phase space, with two distinct segments. In 
the outer solar system, over most of the 100 
million years spanned by our integrations 
the divergences appear to be dominated by 
a 12-million-year exponential component, 
with evidence of the 4-million-year compo- 
nent appearing in only the last 5 million 
years. A change in the time scale of expo- 
nential divergence could occur if the system 
went from one region of the phase space 
characterized by one exponent into another 
region characterized by the other exponent. 
This possibility can be ruled out because the 
4-million-year component appears much 
later in the outer planets than in the inner 
planets. A viable interpretation is that 
there are two distinct mechanisms generat- 
ing exponential divergence that are simul- 
taneously operating. Apparently the inner 
planets are more sensitive indicators of the 
4-million-year process than are the outer 
planets. 

The evolution of Pluto over the full 100 
million years has characteristics quite simi- 
lar to those found for Pluto in long-term 
integrations of the outer planets. For exam- 
ple, we observe the 34-million-year ampli- 
tude modulation of the 3.8-million-year 
oscillation of the argument of perihelion of 
Pluto (5). The exponential divergence of 
the difference of positions of Pluto in two of 
our 100-million-year runs is shown in Fig. 
2. These runs differed by 1 part in 10'' in 
one coordinate of the initial position of 
Mars. The plot is consistent with an expo- 

I ion nential divergence of about 12 ml l '  
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Fig. 2. The divergence of the distance between the positions of Pluto in two different runs with very 
slight differences in initial conditions is characterized by a time scale near 12 million years. 

years. This rate of exponential divergence is 
similar to that observed in the outer plan- 
ets, and to the slower component observed 
in the full secular phase space. One inter- 
pretation is that Pluto is passively driven by 
chaotic behavior of the rest of the solar 
system. Another interpretation is that Plu- 
to is independently chaotic with a rate of 
exponential divergence which is only coin- 
cidentally similar to that of the rest of the 
system. We present evidence for the latter 
interpretation below. Considering the typ- 
ical slow convergence of Lyapunov esti- 
mates, a 12-million-year time scale of ex- 
ponential divergence is in satisfactory 
agreement with the inverse Lyapunov ex- 
ponent of 15 to 20 million years for Pluto 

58 SCIENCE VOL. 257 3 JULY 1992 



reported by Sussman and Wisdom (I) .  
Secular resonances. Laskar (1 7, 18) has 

found three resonance angles that alter- 
nately librate and circulate. This may be an 
important corroboration of the chaos as 
indicated by the exponential divergence. 
The resonance angles are combinations of 
proper mode angles as defined by Laskar 
(1 7). The proper modes can be understood 
as approximate normal modes of the solar 
system-if the averaged secular approxima- 
tion to the evolution of the solar system is 
restricted to second-order terms in eccen- 
tricity and inclination then the proper 
modes are the normal mode solutions of the 
system. The actual system is nonlinear and 
the proper mode amplitudes and phases 
vary with time. The Laskar angles are 

0 0 a, = (w, - w,) - (a: - a;) (5) 

where wp and are the phases of the 
eccentricity and inclination proper modes, 
respectively. The angles a2 and a:, are 
"incompatible" in that they cannot simul- 
taneously librate. On the basis of the alter- 
nate libration of a, and a, Laskar conclud- 
ed that the mechanism responsible for the 
chaotic behavior of the solar system was 
resonance overlap of the corresponding sec- 
ular resonances. 

In our calculation, a, and a, also alter- 
nately circulate and librate, but a, just 
circulates (Fig. 3). Our angles track Laskar's 
angles for the initial segment of the com- 
putations, but they soon diverge enough so 
that the changes between libration and 
circulation occur at very different times. 
Such differences are consistent with the 
chaotic character of the evolution. The 
higher order angle 

is also incompatible with a, and a,. In our 
calculation a4 has intervals of libration. 
The data presented by Laskar suggest that 
this is also the case in his calculation, 
though the angle is not explicitly men- 
tioned. It is possible that we and Laskar are 
seeing different portions of a chaotic zone 
that spans the phase space from the 1:l 
resonance to the 2: 1 resonance. In addition 
to these angles we also find that the angle 

alternates between circulation and libra- 
tion. 

Though our calculations are completely 
consistent with those of Laskar, we are not 
fully convinced that his proposed mecha- 
nism accounts for the observed chaotic 
behavior of the solar system. First, it is not 
clear that the alternate libration and circu- 
lation of u2 is indicative of a dynamically 

significant chaotic separatrix. In Fig. 4 we 
show a oolar plot of the amplitude and 
phase of the combination of proper modes 
corresponding to a, and a,. Our polar plot 
of a, is similar to that shown in Laskar 
(1 7). However, our polar plot of a, differs 
from that shown in Laskar (1 7) and Laskar, 
Quinn, and Tremaine (9). For the polar 
amplitude they use just the amplitude of 
eccentricity mode 4, which is never close to 
zero. The actual amplitude corresponding 
to a, has additional factors, some of which 
do abproach zero. Use of the amplitude of 
the eccentricity mode for the amplitude in 
the polar plot gives an artificial impression 
of a transition from libration to circulation. 
If we use Laskar's amplitude we get a similar 
plot. Our plot, which includes all the fac- 
tors in the amplitude, does not give a clear 
impression of a chaotic separatrix. Rather, 
it gives the impression of a complex high- 
dimensional trajectory projected onto a 
plane (Fig. 4).  The alternation of libration 
and circulation of the polar angle may just 
be an artifact of the origin being in the 
midst of this complex projected trajectory. 
A simple integrable model for motion near 
the 211 commensurability in the planar- 
elliptic restricted three-body problem (20, 
2 1)  illustrates how the alternate circulation 

and libration of an angle can be misleading. 
There the resonance angle corresponding to 
the largest term in the disturbing function 
can show alternate circulation and libra- 
tion, even though there is no chaotic be- 
havior. The polar plot corresponding to a, 
is more like that expected of an angle 
associated with a chaotic mechanism. It not 
only alternately circulates and librates, but 
as it circulates it loiters around an apparent 
unstable equilibrium. There is also an ex- 
cluded region near the center of the plot. 

Furthermore, there are too many unre- 
lated angles that alternately circulate and 
librate. It might be expected that only one 
incompatible set of angles would show al- 
ternate circulation and libration. However, 
we see the phenomenon in angles involving 
unrelated modes. Eccentricity and inclina- 
tion modes 3 and 4 are involved in a, ,  a,, 
and a4; eccentricity modes 1, 5, and 8, and 
inclination modes 1, 2, and 8 are involved 
in a, and a,. The two sets of modes are 
disjoint, and yet there are correlations in 
the behavior of angles associated with un- 
related sets of modes. Most striking is the 
transition in behavior in four of the angles 
near an integration time of 50 million 
years. This suggests that a single mecha- 
nism is driving all of the angles. If the 

Time (loB years) 

Fig. 3. In our calculation two of the angles of Laskar, a, and a,, alternately circulate and librate. 
Laskar's third angle, a,, circulates. The higher order angle a,, which is incompatible with both a, 
and us, has intervals of libration. The angle a, also alternately circulates and Irbrates. 
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mechanism is associated with one of the 
angles presented, we feel the most convinc- 
ing is u,. It is also possible that the mech- 
anism generating the chaos is unrelated to 
all of these angles, and that they are all just 
sensitive indicators of chaotic irregularity of 
the underlying system trajectory. 

We have not identified any other angles 
whose motion is suggestive of a dynamical 
mechanism. The LONGSTOP team spec- 
ulated (22) that the angle 2w; - 2w: + R: 

- Ri might alternately circulate and li- 
brate, and thereby provide evidence of cha- 
otic behavior of the outer planets. We find 
that this angle rotates uniformly with a 
period somewhat greater than 50 million 
years. This angle is one of 30 angles pre- 
sented by the LONGSTOP team in their 
"numerology table." We find all 30 angles 
rotate uniformly; there is no hint of chaotic 
irregularity in the behavior of any of the 
angles. 

x, 
Fig. 4. The variables are x, = A, cos a, and y, = A, sin o,, where A, are the amplitudes of the 
combination of the Laskar proper modes corresponding to the angles u,. The plot corresponding to 
a, gives the impression of a complex high-dimensional trajectory projected onto a plane. The plot 
corresponding to a, shows some indication of a dynamically significant chaotic separatrix. There is 
a suggestion of an unstable equilibrium and associated asymptotic trajectories, and there is a 
region near the center that is avoided. 

That particular secular resonances are 
res~onsible for the chaotic behavior of the 
solar system could be supported by an ana- 
lytical demonstration that the resonances 
involved are sufficiently strong and close to 
give resonance overlap. At the moment, 
however. we feel no dvnamical mechanism 
for the bbserved chadtic behavior of the 
solar svstem has been clearlv demonstrated. 

Chaotic evolution of the Jovian plan- 
ets. Despite the growing number of long- 
term integrations of the outer planets, none 
have directly tested whether the massive 
planets themselves evolve chaotically. In 
our 845-million-year integration of the out- 
er planets ( I ) ,  the orbital elements of Nep- 
tune appeared to have discrete line spectra, 
in marked contrast to the clearlv broad- 
band character of the spectrum of Pluto. 
On the basis of this spectral evidence we 
dismissed the possibility of chaotic behavior 
in the Jovian planets. To be thorough, we 
carried out a new billion-year evolution of 
the outer planets, using the mapping meth- 
od, with a slightly perturbed initial position 
of Neptune. We found, to our surprise, that 
the subseauent evolution of the lovian 
planets diverged exponentially from the 
first calculation, with a timescale of expo- 
nential divergence of only 5 million years. 

Our initial reaction was that there must 
be something wrong with our method of 
integration. To check this we carried out 
two new integrations of the outer planets 
spanning 100 million years using the tradi- 
tional linear multistep Stormer predictor, 
the same integrator used in the Digital 
Orrery integrations. The initial conditions 
and masses were the same as in the Digital 
Orrery integrations. The integrations were 
carried out in ordinary IEEE double preci- 
sion (64 bits) with a step size of 32.7 days, 
the same step size used in the 845-million- 
year Digital Orrery integrations. We found 
that the trajectories of the Jovian planets 
diverged exponentially with a timescale of 
about 19 million years. Apparently, we 
were misled by the spectral evidence. 

To further check that this result did not 
depend on either the step size or the preci- 
sion of the calculation, we carried out four 
more integrations of the outer planets using 
the Stormer predictor. Each spanned more 
than 400 million years. In these integra- 
tions the accumulation of position was car- 
ried out in pseudo-quadruple precision, as 
in the Digital Orrery integrations. One pair 
used a step size of 32.7 days, the special 
Digital Orrery step-size; the other pair used 
an arbitrarily chosen step size of 28 days. 
The initial conditions were the same as in 
our earlier outer planet integrations. In one 
run of each pair the initial position of 
Neptune was perturbed by 7.5 mm. The 
energy errors again grew linearly with time, 
with slopes between that of our 210-mil- 
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lion-year Digital Orrery integration and 
that of our 845-million-year integration. 
Both pairs of runs gave remarkably consis- 
tent results. The secular divergence of the - 
trajectories of Jupiter in the 28-day runs is 
shown in Fig. 5. The Jovian planets di- 
verged exponentially with a timescale 
somewhat longer than 20 million years. 

The map and Stormer calculations both 
indicate that the motion of the Jovian plan- 
ets is chaotic. However, they are discrepant 
in the estimate of the exponential timescale. 
We believe this is a result of the fact that the 
trajectory computed by the mapping method 
is not exactly the same as the trajectory 
determined by the initial conditions. The 
mapping differs from the actual n-body dy- 
namics by the addition of extra high-fre- 
quency terms. The averaging principle sug- 
gests that these high-frequency terms do 
not contribute to the long-term evolution, 
and the close agreement of our results with 
those of Laskar once again confirms the 
validity of the use of averaging. However, 
the initial conditions used in an averaged 
system should properly take into account 
the presence of the extra high-frequency 
components in the unaveraged system. The 
use of the same initial conditions in the 
averaged and unaveraged systems corre- 
sponds to slightly different initial condi- 
tions for the long-term evolutions. With 
the mapping we do not yet know how to 
properly adjust the initial conditions to 
account for the extra high-frequency terms. 
In our outer planet integrations these slight 
uncontrolled adjustments of effective initial 
conditions appear to yield different esti- 
mates of the Lyapunov exponent. 

To investigate this further we carried out 
eight integrations of the outer planets using 
the map with different step sizes, ranging 
from 0.3 to 1 year. Changing the step size 
changes the high-frequency components, 
and slightly changes the effective initial 
condition for the long-term evolution. 
Each integration spanned about 300 million 
years. We found that the measured diver- 
gence time scale varied from about 3 mil- 
lion years to about 30 million years. The 
dispersion in the estimates of the Lyapunov 
exponent are much larger than the disper- 
sion observed in the Stormer runs. The 
Lyapunov exponent was not obviously cor- 
related with step size; in particular the 
estimate of the Lyapunov exponent was not 
monotonic with step size. In one of these 
runs, with step size near 0.617979 years, 
the motion of the outer planets was clearly 
quasiperiodic; the secular phase space diver- 
gence did not grow exponentially. The 
results suggest that the Lyapunov exponent 
for the Jovian planets is not a simple func- 
tion of the initial conditions. Most nearbv 
initial conditions lead to exponential diver- 
gence (most with a shorter timescale for 

exponential divergence than that obtained 
with the Stormer integrations), but there 
are also nearby initial conditions that do 
not give chaotic behavior. Larger changes 
of order 1 percent in the semimajor axes of 
the Jovian planets can bring the outer 
planet system into the chaotic zones of 
major mean-motion resonances between 
the planets (1 9), but those chaotic zones 
are not responsible for the chaotic behavior 
observed here. 

With each outer planet integration we 
ran a pair of massless Plutos, with initial 
positions differing by about 1 cm. A re- 
markable result is that the exponential di- 
vergence of Plutos always has a time scale 
between 10 and 20 million years, indepen- 
dent of how chaotically the Jovian planets 
behave. This is true even in the most 
extreme runs, where the Jovian planets 
were quasiperiodic, and where the Jovian 
planets diverged with a time scale of 3 
million years. This clearly demonstrates 
that the mechanism generating the chaotic 
behavior in the motion of Pluto is extreme- 
ly robust, and independent of whether the 
rest of the system is chaotic. 

Numerical chaos? The fact that almost 
all long-term integrations of the solar sys- 
tem give exponential divergence of trajec- 
tories with a time scale in the range of 3 to 
30 million years in physically quite different 
models is very striking and unsettling. An- 
other unsettling feature of the chaotic be- 
havior we observe in long-term planetary 
integrations is that nothing dramatic hap- 
pens. This is compounded by the fact that 

in no case have we unambiguously identi- 
fied the mechanism responsible for the cha- 
otic behavior. This lack of mechanism and 
lack of obvious irregular behavior is in 
marked contrast to the clearlv understood 
mechanisms and irregular character ob- 
served in other examples of chaotic behav- 
ior in the solar system, for example, aster- 
oids on chaotic trajectories near commen- 
surabilities (1 1, 12, 23), the chaotic tum- 
bling of Hyperion (24) and other irregularly 
shaped satellites (25), and the chaotic mo- 
tion of the Uranian satellites near commen- 
surabilities (26-28). 

Perhaps the exponential divergence is a 
numerical artifact? The detailed agreement 
of the billion-year evolution of Pluto with 
different integrators is impressive evidence 
against this perverse possibility. Even more 
convincing is the detailed agreement be- 
tween our 100-million-vear solar svstem 
integration and that of Laskar, because of 
the radically different methods used. 

To further convince ourselves that not 
all long-term integrations are subject to 
some universal numerical instability, which 
yields a spurious exponential divergence, 
we have carried out a control integration. 
We have integrated the outer planets with- 
out Uranus for about 250 million vears. , . 
with the mapping method. Over that peri- 
od we see no sign of exponential divergence 
of the remaining Jovian planets. This inte- 
gration, together with the isolated quasipe- 
riodic integration mentioned above, shows 
that numerical models of planetary systems 
can, in fact, show quasiperiodic behavior 

Time (1 Os years) 

Fig. 5. The secular phase space divergence of the trajectories of Jupiter in the 28 day Stormer 
integrat~ons shows a time scale for exponential divergence that is somewhat longer than 20 million 
years. The divergence saturates after about 250 million years at a rather small value, perhaps 
indicating a hidden constraint on the trajectories. 
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on a several hundred million year time- 
scale. Long-term integrations do not always 
give positive Lyapunov exponents. 

Altogether, the evidence for the chaotic 
behavior in these long-term planetary inte- 
grations is very convincing, but there re- 
mains the logical possibility that the expo- 
nential divergence is a subtle numerical - 
artifact. To positively conclude that the 
chaos observed in these long-term planetary 
integrations is not a result of numerical 
artifacts requires an unambiguous identifi- 
cation of a physical mechanism and an 
analytic evaluation to determine that the 
mechanism actually accounts for the ob- 
served chaos. 

Conclusions and sveculations. Our 100- 
million-year integration of the entire solar 
svstem indicates that the solar svstem is 
chaotic with a timescale for exponential 
divergence of about 4 million years. The 
fact that we find similar behavior in all 
respects to the calculation of Laskar strong- 
ly supports the conclusion that the solar 
system is chaotic. That we and Laskar have 
carried out different kinds of numerical 
experiments, with slightly different masses, 
slightly different initial conditions, and 
slightly different physics, shows that the 
chaotic character of the solar svstem is not 
sensitively dependent on the precise model 
or numerical methods. 

Our experiments indicate that the Jo- 
vian planets by themselves behave chaoti- 
callv for most initial conditions near our 
reference system, though our estimates of 
the Lyapunov exponent have rather large 
dispersion. 

All of our estimates of the Lvaounov , . 
exponent of Pluto give approximately the 
same divergence time scale of 10 to 20 
million years, with different methods of 
integration, different planetary masses, dif- 
ferent initial conditions, and even indepen- 
dently of whether the rest of the system is 
behaving chaotically. Our earlier result that 
the evolution of Pluto is chaotic is thus 
multiply confirmed. 

We will not fully understand the conse- 

quences of the observed chaotic evolution 
of the solar system until we clearly under- 
stand the dynamical mechanisms responsi- 
ble for it. Though in our calculation the 
behavior of the secular resonance angles is 
consistent with those in Laskar's calcula- 
tion, the identification of resonance over- 
lap of particular secular resonances as the 
mechanism generating the chaotic behavior 
of the solar system is not unambiguously 
demonstrated. Our numerical experiments 
suggest that there are at least two indepen- 
dent mechanisms generating chaotic be- 
havior. One mechanism generates chaos in 
the Jovian subsystem, and Pluto is indepen- 
dently chaotic in the field of the Jovian 
planets. Yet another mechanism is suggest- 
ed by the simultaneous presence of two 
different exponential timescales in our full 
solar system integrations. Secular reso- 
nances among the inner planets may be 
driving the faster timescale, as Laskar sug- 
gested. However, the most convincing of 
the secular resonances. the resonance cor- 
responding to the angle a,, involves the 
modes which dominate the evolution of the 
eccentricity and inclination of Mercury. 
Both Mercury and Pluto have high eccen- 
tricity and inclination, which strongly cou- 
ples the eccentricity and inclination secular 
subsystems. Perhaps one of the mechanisms 
generating the chaos originates with Mer- 
cum. and is similar to the still unknown , , 
mechanism generating the chaos in the 
motion of Pluto. 
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