
Mathematicians Join the 6 metric calculus of variations, he 
~ . ~ r k s  \vith objects to<> compli- 

Computer Revolution 1 cated to be drawn by hand, but 
they can be pictured by the 
center's powerfuI c>mputers and 

F visua1i:ation soft\vare. "I'm able 
Fingertips in sand, brush on papyrus, pencil National Science and Technol- now to see these minimal sur- 
and paper, chalk and chalkboard-over the ogy Research Center for Com- faces that I've been proving thew 
centuries mathematicians have used a suc- putation and Visualization of rems about for years." 
cession of tools to develop insight and prove Geometric Structures, opened Seeing and manipulating 
theorems, but in each era the world's ever- in 1991 with annual funding of these sur6aces allows Alrngren to 
improving technology has made little differ- $2 million, provided by NSF develop an intuition about their 
ence to the forward march of the field. No and the Department of Energy. properties and behavior that is 

Al Marden, director of matter the century, mathematics has never Its goal, says director Albert the Geometry Center. impossible to get any other way. 
gotten much fancier than a solitary human Marden of the University of Mathematical proofs are still the 
mind attacking a problem armed with mere Minnesota, is to develop the computer as a final goal of any mathematician's ivork, he 
logic and some scratchings in the sand. Until tool for mathematicians to use not only in says, "but if you want to get at the heart of 
recently, that is. their research, but also to communicate their problems, you need moreupmore than 

Now this most conservative of the sci- results to others-both fellow mathemati- scribbles on a blackboard, he means. 
ences is facing its first technology-driven revo- cians and math students. Only months into And the center provides more. Its core is 
lution. As the telescope did for astronomers its young life, the center's research projects a large, open graphics lab with about 50 work- 
and the microscope for biologists, powerful are rapidly becoming a paradigm for the math- stations scattered throughout. The lab is de- 
graphic computers offer mathematicians a tool ematics of the future. signed to promote interaction and collabora- 
that can open new vistas of knowledge, fun- "It's a whole new world," says Fred tion among the faculty members and visiting 
damentally altering the way mathematics is Almgren of Princeton University, one of 19 researchers as they experiment on the work- 
done. And at the forefront of this revolution permanent faculty members of the Geometry stations, calculating and visualizing such 
is the Geometry Center, a National Science Center-all of whom except Marden have mathematical objects asfractals, knots, mini- 
Foundation (NSF)-sponsored program at the full-time jobs elsewhere. Almgren offers his mal surfaces, and hyperbolic spaces (in which 
University of Minnesota. own experience as an example of what the the sum of the three interior angles of a tri- 

The center, whose official name is the new world can offer: A specialist in the geo- angle is always less than 180'). 

.- - - Crystal Growers Compute Together a sense or rne cnauenges nerore rnese com- 
munities of researchers, consider that when a 

'Welcome to the future." When Jean Tay- 
)r made her opening remarks at the start of a 
)tally new kind of workshop at the Univer- 
ty of Minnesota's Geometry Center in Min- 
eapolis in February, she didn't use exactly 
lose words, but she could have. For the next 5 
ays, the 31 mathematicians, physicists, and 
laterials scientists in attendance worked to- 
:ther in a way that none of them had ever 
~ i t e  experienced before: a free-wheeling, com- 
~ter-based interaction that just may be the 
ave of the future in scientific workshops. 

Taylor, a mathematician at Rutgers Uni- 
:rsity in New Brunswick, New Jersey, and, 
multaneouslv. a member of the Dermanent , . 
.culty at the Geometry Center (see related 
-tide), designed the "Computational Crys- 
11 Growers Workshop" to be a "workshop" 
L the old-fashioned sense of the word: a place 
here people make things. To that end, she 
mited the scheduled addresses to "an initial 
ltroductory round of 5-minute talks the first 
ay" and then let the attendees loose in the 
ieometrv Center with its 50 commter work- 
ations. lt was like setting a bunch of 6-year- 
Ids free in a room filled with Leeo buildine - - 
locks. "It's free-form-everybody is work- 
ig, q i n g  to figure out problems," said Craig 
:arter, a materials scientists at Rockwell Sci- 
Ice Center on leave from the National In- 
itute of Standards and Technology, as he 

took a brief break from the action. ceramic is sintered-heated until its indi- 
Scattered around the graphics lab at the vidual crystalline grains start growing to- 

Geometry Center, the scientists and math- gether-the grains grow at different speeds 
ematicians were talking in small groups, of- depending on such factors as the size and 
ten centered in front of a computer worksta- shape of the grains and the temperature of 
tion where one of the group would he testing the material. Since the strength and other 
a new idea or showing a colleague a different properties of materials depend sensitively on 
approach to a problem. The workshop exam-, . the sintering process, scientists would like to 
ined ways to calculate and 5% 
understand how crvstals g h  -4 - 
grow under different ihysi- fl 
cal conditions. Materials 
scientists are interested in 3 
the subject because semi- 
conductors, ceramics, and 

F 
other important materials 
are crystalline, and control- 
ling their structures is a key 
to improving their proper- 
ties. Physicists are interested 
because crystal growth is a C 
complex, nonequilibrium Computer workstations were at the center of many of the discus- 
physical phenomenon with sions at the University of Minnesota's Geometry Center workshop. 

plenty of challenging, unanswered questions. understand its physics, but even large com- 
And mathematicians are interested because puters can only roughly approximate what 
many of the problems that arise in traditional happens when the grains begin to merge. 
mathematical fields such as minimal surfaces Which is why Taylor arranged for a com- 
have application to crystal growth. bined attack: Materials scientists can offer 

Because analyzing crystal growth can be insight drawn from practical experience, 
almost unmanageably complex, the synergy physicists can provide models based on physi- 
among the disciplines came in handy. To  get cal principles, and mathematicians can ana- 
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Not long ago, the Minnesota thrust was a 
narrower one. The center began life in 1987 
as the Geometry Supercomputer Project, with 
the goal of using supercomputers to explore 
such geometric objects as three-dimensional 
manifolds (the ~hvsical universe is one ex- 
ample of a ;hree:dimensional manifold). But 
rather quickly, the researchers recognized that 
increasingly powerful workstations more than 
made up in convenience what they gave up 
in speed to the supercomputers. Then, even 
as the center was broadening its hardware, it 
broadened its focus, going beyond manifolds 
to all areas of math-as Marden puts it, "com- 
puting/visualizationfor every aspect of math- 
ematics." 

Take Allan Wilks. His specialty lies far 
from traditional geometry. Wilks, one of the 
center's faculty, is a statistician at AT&T 
Bell Laboratories who examines large sets of 
data in search of correlations and structure. If 
the data lie in only two dimensions, it's easy 
enough to plot the points on graph paper and 
examine the data set for structure-all of the 
points might lie in one small area, for instance, 
or close to a sinele line-but what if the data - 
are in three dimensions, or in four, or even in 
10. 50. or 1000? Then. of course. it becomes . . 

impossible to visualize the data without inge- 
nious digitized visualization techniques. 

l y k  thegeneral teatures and devlse compuc 
%tional methods to model the ~roce&s. . b , - 
, And that's just the kind of kteraction &i 

:%Fl~ped. Rwearcherd were running their ir 
- dividual cmputer programs on the workst; - It 
<trztrzcgwI using h e  center's video equipma 

:-:t$slpw e&i d e t  vi&mtspes they tmd & 

program" by some Japanese researcher 
: Gldenfeld and colleagues came to the worl 
,> ,. 
:shop with physical questions about cryst: ; ?, .,gowth that they d~dn't  know how to answc 
:."md f a d  some mathematicians who ha 
$pYerful ompurational methods but weren 
- . -s jwedal l  <+- rhe physics. Using the math wl 
'i. &!s! tgchniques, he reported, "we'renow in 
$';i'ri;ti@n to, test the predictions of the [phys 
' $all thgdjes, so we've'all been sitting around 
+;<> 

s . d - f i r & r i ~ &  .to' k e  if ir works our.". . - 
'Sittmg dmund computers-it's n i t  '~ 

@dh3l way tq  hold a workshop;but it @ 
aa.L,t.;~..,, c..,.,, :,~,,:..,,,~-,r &:,.--A 

One such technique that Wilks describes 
is "rotating point clouds." Often the best way 
to visualize a three-dimensional set of points 
on a computer screen is to instruct the com- 
puter to "rotate" the set slowly so that the 
viewer sees it from a slowly changing angle. 
This tricks the mind into seeing the set of 
points as three-dimensional and has an added 
advantage: Since clusters or structures in the 
data are often invisible from some angles and 
obvious from others, the viewer can check 
the data set from many angles and improve 
the chance of seeing important details. 

The same method works for data sets of 
more than three dimensions, except that the 
rotating data set no longer seems to be three- 
dimensional. "It simply looks like points mov- 
ing around at varying speeds," Wilks says. - 
Nonetheless, the viewer can still pick out 
structures from certain angles. "The trick 
is choosing a 'grand tour' [of different 4 
angles] that gives you a good look at the 
data." : This seemingly simple technique de- 
mands great computing power and so- 2 
phisticated algorithms. "In the Bell Labs 2 
statistics department, all 25 members I 
have high-performance graphics sta- ' 
tions," Wilks says. "We believe they will 
eventually be ubiquitous in the data- 
analysis world." But not very many labo- 
ratories can afford the equipment for 
this kind of work, much less the money 
and staff needed to research novel ap- 
proaches, which explains the Minne- 
sota center. 

But as useful as the center is in he1~-  

the testine of the thousands of different cases 
needed fir  the solution of the four-color 
mapping problem a decade ago. Others think 
of testing different strategies for proving a 
theorem by checking out each step in the 
proposed attack with computer-generated 
examples; even if the theorem itself is true, 
one or more of the steps in the proposed proof 
can be faulty, so computers permit mathema- 
ticians to switch to a different line of proof 
without wasting a lot of time. 

One category of experimental math has 
gotten the usually placid mathematical com- 
munity unusually riled. Mathematicians such 
as IBM's Benoit Mandelbrot, the man who 
named and popularized fractals in the 1980s, 
use the computer to explore and experiment 

ing researchers visualize complicated 
problems, its computers may have an Ma~nemarlclans can now see oojecrs, such as this soap 
even greater calling: actually to create a bubble cluster, that they could only imagine before. 

whole new field of scientific endeavor. "At with mathematical obiects much as a biolo- 
any time over the centuries, when mathema- 
ticians wanted to prove something, what 
they've often done is to try a bunch of differ- 
ent examples," says David Epstein of the Uni- 
versity of Wanvick in England and another 
member of the Geometry Center's perma- 
nent facultv. To cite a case in ~ o i n t .  centu- . , 

ries before Pythagoras proved his famous theo- 
rem, the ancient Babvlonians had alreadv 
deduced it by experimeAting with lots of rig& 
triangles. So the auestion arises: What could - 
be deduced by turning computers loose on 
problems humans can't draw? 

Enough, it seems, to found a totally new 
field that some people are calling experimen- 
tal mathematics. Indeed, the power of the 
computer for such experimentation has al- 
readv created enoueh intellectual ferment to 

gist wouldstudy afruit fly. Instudyingfractals, 
for instance. thev mav zoom in for details at . , ,  
higher and higher magnification-a process 
that can go on without end since fractals are by 
nature infinitely convoluted-in search of in- 
sight into how the fractal is constructed. For 
them, the formal mathematical proof may 
sometimes take a back seat to expeditions into 
computer-generated terra incognita. Other 
mathematicians, noticeably Steven Krantz at 
Washingtonuniversity in St. Louis, argue that 
this type of exploration isn't really mathemat- 
ics at all and that it shouldn't be published as 
such (see Science, 27 July 1990, p. 363). 

The fracas over experimental math dem- 
onstrates better than anything else just how 
much the use of computers, as epitomized by 
the work at the Geometrv Center. is trans- 

kick'off a brand n;w journal, Expenmental forming mathematics. ~ndeed, ~ ~ s i e i n  says, 
Mathematics, which Epstein is editing and it's possible that mathematicians may even- 
whose first issue is due out later this year. tually split into two camps-theorists and 

Experimental, or computational, math experimentalists-and that's a change that 
means different things to different people, no amount of pencil on paper or scratchings 
Epsteinsays. To some it can imply using com- in the sand could have ever brought about. 
puters in formal mathematical proofs, such as -R.P. 
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