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The Earth’s Angular Momentum Budget on

Subseasonal Time Scales

J. O. D1ckEy, S. L. MARcCuUS, J. A. STEPPE, R. HIDE

Irregular length of day (LOD) fluctuations on time scales of less than a few years are
largely produced by atmospheric torques on the underlying planet. Significant coher-
ence is found between the respective time series of LOD and atmospheric angular
momentum (AAM) determinations at periods down to 8 days, with lack of coherence
at shorter periods caused by the declining signal-to-measurement noise ratios of both
data types. Refinements to the currently accepted model of tidal Earth rotation
variations are required, incorporating in particular the nonequilibrium effect of the
oceans. The remaining discrepancies between LOD and AAM in the 100- to 10-day
period range may be due to either a common error in the AAM data sets from different
meteorological centers, or another component of the angular momentum budget.

HE ROTATION VECTOR {)(f) OF THE

solid Earth (where ¢ denotes time and

solid Earth refers to the crust and the
mantle) with which the solid Earth rotates
relative to a frame of reference defined by the
fixed stars exhibits complicated changes of up
to several parts in 10® in speed, correspond-
ing to variations of several milliseconds in the
length of day (LOD), A(f). These changes
occur over a broad spectrum of time scales
and are manifestations of (i) changes in the
inertia tensor of the solid Earth associated
with redistribution of matter within it, and
(i) the action of applied torques. These
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torques are primarily produced by gravita-
tional action of the moon, sun, and planets
and by motions in the underlying liquid core
and overlying oceans and atmosphere (1).

Irregular LOD fluctuations on time scales
less than a few years are largely produced by
atmospheric torques (1-5); concomitant
stresses on the solid Earth are applied direct-
ly over continental regions and indirectly
over the oceans. If the angular momentum
of the solid Earth is H®) and L is the applied
torque, then H®, the time rate of change of
H® in an mcrtlal frame satisfies

HY=L 1)
It is convenient to write
L=-H®+1 (2a)
and
1=1,-H"-H (2b)

where H® is the total angular momentum
of the atmosphere, so that 1 is the difference
between (i) torques acting upon the whole
Earth associated with external gravitational
effects (l.,.) and (ii) torques associated with
angular momentum fluctuations in the
oceans [H] and core [H]. The angular
momentum budget between the atmosphere
and solid Earth is then

HY = -H® +1 3)

Investigations into the Earth’s angular
momentum budget and research into solid
Earth-atmosphere interactions have been
revolutionized by the advent of modern
space geodetic measurements of the Earth’s
rotation. These advances have been accom-
panied by improvements in measurements
and numerical models of the Earth’s global
atmosphere, which are used to calculate the
atmospheric angular momentum (AAM).
The most progress has been made in inves-
tigations concerned with the axial compo-
nent of Eq. 3, in which LOD fluctuations
reflecting changes in the axial component
HY of H® are compared with fluctuations
in the axial component H§ of H® (Fig. 1).

The present paper extends these studies
down to periods of a few days, thereby improv-
ing the limits that can be placed on the magni-
tude of /; on these time scales. A nonzero value
of I; greater than the errors involved in its
determination would be a measure of the ex-
tent to which angular momentum fluctuations
in other components of the system (such as the
oceans) have to be taken into account at these
high frequencies (assuming that external grav-
itational effects are properly accounted for).
Hence, a comparison between AAM and LOD
at these higher frequencies could uncover the
ocean’s role and further elucidate our under-
standing of the interaction between the solid
Earth and the atmosphere.

The observed LOD time series can conve-
niently be separated into four components (2):
(1) a constant term A, = 86,400 s representing
the standard length-of-day, (ii) strictly periodic

N

Length of day
Scale (ms)

o

1990

1988
Year
Fig. 1. Time series of LOD¥, as determined by
the Kalman-filtered combined space geodetic data
(top) and from the combined AAM data (bot-
tom); a 1-year moving average has been removed
from both series. Tidal terms (18) have been
removed from LOD.

1986
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variations A, (¢) of up to about 0.5 ms due to
tidally induced changes in the inertia tensor
of the Earth at known tidal frequencies, (iii)
a steady increase of 1.4 ms per century
associated with tidal friction (A,), and (iv)
the residual time series A*(¢), which fluctu-
ates irregularly on all time scales. The axial
component of the AAM is conventionally
expressed in terms of the dimensionless
effective atmospheric angular momentum
function x5, given by

0.70R*
— w2 27 3
t) = pY:!
X(0=— - j_ﬂ/z [ ps cos’odrde
R3

g le [T [o v cosbiMdedp
4)

where (d,\) denote latitude and longitude,

respectively, p,(¢,\,¢) is the surface pressure,

u(d,\p,t) is the eastward (westerly) compo-

nent of the wind velocity relative to Earth’s

surface at (¢,\) and pressure level p, R is the

mean radius of the Earth (6.37 x 10° m), g
= 9.81 m s~2 is the mean acceleration due

to gravity, € is the standard rotation rate of-
Earth (7.292115 X 1075 rads™'),and C =

7.04 x 1037 kg m? is the polar moment of
inertia of the crust and mantle (which is

about 10 times that of the core, 3000 times
that of the oceans, and 10° times that of the
atmosphere) (3). The coefficient 0.70 incor-

porates the so-called “Love number” correc-
tion, which allows for changes in the polar
moment of inertia of the mantle due to the
Earth’s elastic response to surface pressure
changes (3). When budget calculations are
expressed in terms of A(f) and X(¢) [where
X(¢) is x3 expressed in units of time; see
(5)], the axial component of Eq. 3 gives

A*(@) = X(t) + x(2) (5)

where by definition x(¢f) measures the axial
component of the nonatmospheric torque.

In the mid-1980%, significant coherence
between LOD and AAM was established
down to periods of 40 days through the joint
analysis of meteorological data from the U.S.
National Meteorological Center (NMC) and
Earth rotation data from optical astrometry
and Lunar Laser Ranging (LLR); data from
the period 1976 to 1981 were considered (5).
This limit was later reduced to 14 days by use
of NMC AAM data and the nearly daily IRIS
(International Radio Interferometric Survey-
ing) Intensive VLBI (Very Long Baseline
Interferometry) measurements for 1985 to
1988 (6). Further analysis reduced their limit
to 10 days (7).

We considered two length-of-day data
sets: the IRIS Intensive Earth Rotation
Measurements and the JPL Kalman-
smoothed series. The IRIS Intensive mea-
surements are based on nearly daily VLBI
observations that began on a routine opera-
tional basis in April 1985 (8); we used data
from April 1985 through June 1990. The
JPL Kalman-filtered series combines Earth
rotation results from VLBI and LLR to
form a high-quality series in which the ef-
fects of reference frames and the unevenness
of data quality and quantity have been ad-
dressed (9); we used the series from April
1985 through June 1990. Also used were
AAM data sets from four meteorological
centers: The NMC (10), the European Cen-
tre for Medium Range Weather Forecasts
(EC) (11), the Japan Meteorological Agency
(JMA) (12), and the United Kingdom Me-
teorological Office (UKMO) (13). Both the
wind term and pressure contribution with-
out the inverted barometer (IB) assumption
(pressure contribution with the IB assump-
tion is not available from all centers) were
included in the A4AM. Intercomparison stud-
ies (14, 15) have shown that these meteoro-
logical series are in excellent agreement. The
subannual variations in LOD and the average

of the four AAM series (combined AAM)
track each other closely (Fig. 1).

We first address the angular momentum
budget by utilizing coherence analysis (5,
16) between the Kalman-filtered LOD* and
the combined AAM. Results (Fig. 2A) us-
ing a relatively narrow spectral smoothing to
form the coherence estimate (5) indicate
that significant coherence between these two
series is lost at ~15 days, similar to other
recent findings (6). The threshold level
above which a coherence estimate is signif-
icantly different from zero depends on the
width of the spectral smoothing used, while
the expected value of the coherence estimate
does not depend appreciably on the smooth-
ing. A higher degree of spectral smoothing
[for example, 11 bins (1 bin = 0.0005 cycles
per day) in Fig. 2B versus 5 bins in Fig. 2A]
indicates that coherence is significant down
to ~8 days, with the exception of a dip near
the 13.6-day tidal petiod. Significant coher-
ence also extends down to 8 days when the
IB correction (available from the JMA and
the NMC) is used, although coherence is
lost at 10 days when the pressure term is
neglected completely.

An alternative approach is to model the
expected coherence as a function of frequen-
cy using stochastic models of the geophysi-
cal] processes and of the measurement errors
involved. We assume for subseasonal peri-
ods that both the LOD* and AAM data sets
are composed of a common geophysical
signal, S, and noise components, N and
N,, respectively, assumed to be uncorre-
lated with the signal and with each other:

LOD* = A*(t) =S + Ny, (6)
AAM =X(f)= S + Ny ?)

The squared coherence between the two
series is then

coh> = (1+EL [P)"* (1 +E,/P)~" (8)

Coherence squared
o
3

Bw
0450 100

50

30 20 10

Fig. 2. (A). Coherence squared between LOD* as measured by space
geodetic techniques (9), and that inferred from the combined AAM data,
with a spectral smoothing of 5 [the Yoder et al. (18) model has been used to
remove the effect of LOD variations induced by the tides]; (B) same as (A)
except with a spectral smoothing of 11; (C) same as (B) except that the
Brosche et al. (19) tidal model has been utilized. The curve labeled as
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“Intercenter error” shows the expected coherence between LODY and the
combined AAM for the model of the AAM error spectrum based on the
AAM pairwise differences (Fig. 3B); also shown is the expected coherence
between the two series based on the combined AAM-LOD difference (Fig.
3D, labeled as “Systematic error”). Horizontal dashed line is 95% confidence
level; bw is the bandwidth.
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where P is the signal power spectral density
(PSD) (S, S), and E is the noise PSD (N,
N). If power laws with known exponents are
assumed for the power spectral density of
the signal and the noise, one can determine
the coherence for all frequencies by estimat-
ing the signal-to-noise ratio (SNR) for each
series (P/E;, and P/E,) at some standard
period, taken here to be 10 days.

At subseasonal frequencies, the LOD*
(A*) may be adequately modeled as a ran-
dom walk, which implies that P « f~2 [see
(5)]. The axial component of Earth rotation
is monitored by measuring universal time
(UT1), the instantaneous angle of the Earth
relative to an inertial reference frame. As-
suming the successive UT1 measurement
errors are statistically independent, the mea-
surement error spectrum for UT'1 is white
(that is, no dependence on the frequency).
The noise component Ny of the LOD series,
derived from UT1 by time differentiation,
therefore, is “blue” noise (that is, E; « f2).
Any procedure for computing an LOD se-
ries from a discrete series of UT1 data
imposes some smoothing on the blue mea-
surement noise in LOD as well as on the
LOD signal. In order to more clearly display
the PSD and LOD measurement noise, and
to maximize cancellation of the common
component when forming LOD-AAM, it is

desirable to minimize this smoothing. For
this purpose we used a special Kalman
smoothing of the IRIS Intensive UT? val-
ues that had the measurement uncertainties
made vanishingly small. The transfer func-
tion of this special filtering can be roughly
modeled as a simple interpolation (17).
Changing the measurement formal error
merely changes the filter transfer function
(see 17), and coherence is not affected by a
linear filtering of either process.

The PSD of this specially filtered LOD*
series derived from the IRIS Intensive UT1
data, called LODY, is modeled as:

* x £\
<LODI,LODI> = [P°(ﬁ)
f\? sin wfdt\ 2
+Em([—o) ]x( ey ) 9)

where P, is the signal PSD at f, [taken here
to be (10 days) '], E; o is the LODY noise
PSD at £, and dt is the effective interpolation
time between neighboring data points in the
observed UT1 data, typically 1 or 2 days
[see (17)]. The inverse square power law,
with a standard coefficient P, of 0.0182 ms?>
per cycle per day from the JPL Kalman filter
(9), shows a good fit to the spectrum of the
LODy datadown to ~15 days (Fig. 3A). As
shown below, the excess spectral power at

~. A B
of N\ 11 |
3 LOD signal+noise >%Y A~ o
:—2 D 2 N
2
bw bw
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150 100 50 30 20 10 5 3 2 150 100 50 30 20 10 5 3 2
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Fig. 3. (A) Power spectral density of LOD* as determined from the IRIS Intensive UT1 measurements
(8), shown with the 95% confidence band for the expected power based on the model discussed in the
text; (B) power spectra of the pairwise differences of AAM analyses from the JMA, NMC, and UKMO,
compared with the 95% confidence band for flicker noise; (C) as in (A), for the individual AAM
analyses from the EC, JMA, NMC, and UKMO; (D) PSD of the difference between the LODY and the
combined AAM data set, shown with 95% confidence bands for models based on a systematic error
common to all AAM data sets and on intercenter errors only (see text). Units are milliseconds squared

per cycle per day. Smoothing = 11 in all panels.
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periods near 14 days results largely from
inaccuracies in the standard tidal model (see
Figs. 3D and 5), whereas at higher frequen-
cies, the noise term begins to make a sizable
contribution. The SNR, P_/E; c, is taken to
be 5.0 at 10 days, corresponding to a UT1
measurement etror (standard deviation) of
about 0.07 ms over the time frame involved;
the formal errors claimed for the IRIS In-
tensive UT1 data average ~0.06 ms over
this time period. For dt = 1.75 days, the
LOD model with these parameters fits the
LODY spectrum well from periods of 150
days down to 2 days (Fig. 3A).

The AAM, like LOD*, is suitably mod-
eled by a random walk (P « f~2) [see (5)].
The spectra of the differences among the
AAM series from the JMA, NMC, and
UKMO (all available at 00Z) (Fig. 3B),
however, behave as flicker noise (spectral
index of —1) over the period range of 150
to 2 days. We theréfore modeled the AAM
noise as E, « f~. The PSD of the AAM
data (Fig. 3C) is modeled as P,(f/f,) > +
Eao(f7f.) ", where P, is the same value
used in modeling the LOD* spectrum. Al-
though the AAM spectra show some evi-
dence for attenuation at high frequencies,
the simple arguments used to suggest a
model for the LOD attenuation [see (16)]
are not directly applicable, so no attenuation
factor was applied to the AAM model.

The spectrum of the difference between
LOD} and the combined AAM (Fig. 3D)
shows that the power varies approximately as
£~ at periods longer than about 15 days.
This relation suggests that AAM noise dom-
inates the LOD;-AAM spectrum in this
frequency range. If the measurement errors in
the different AAM data sets are statistically
independent and identically distributed, the
PSD of the error in each is lower than the
PSD of the difference of two sets by a factor
of 2. The PSD of the difference of about
0.0045 ms? per cycle per day at 10 days (Fig.
3B) is indicative of a SNR, P_/E o, for the
individual AAM series of 8.2 at 10 days, and
the PSD of the error for the combined AAM
series is a factor of 4 lower than that of the
individual series. Thus, the PSD of LODy-
AAM is modeled as

1 F\7! F\?/(sinwfde\?
i) melz) ()

-2 2
+Po(£) (Smﬂﬂt - 1) (10)
Jo ™ fdt

where the last term is insignificant. This
PSD model (“intercenter” in Fig. 3D),
clearly cannot account for the magnitude of
the LODy-AAM residual. Attempting to
explain the residual at periods longer than,
say, 10 days as due to a systematic etror in
LOD would require an unreasonable level of
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Fig. 4. Signal-to-noise (SNR) ratios (in power)
specified by the models discussed in the text. The
SNR values at 10 days are 5.0, 2.0, and 32.8 for
the LODY, systematic AAM, and intercenter
AAM models, respectively. The noise present in
the systematic AAM may reflect either a common
error in the AAM series or an unmodeled com-
ponent of the Earth’s angular momentum budget
with a flicker-like behavior. The noise in the
intercenter AAM model reflects the effect of
averaging the errors from the four individual
centers, which are assumed to be statistically
independent in this model.

systematic UT1 error. Therefore, we con-
clude that either (i) the AAM data sets
contain a common systematic error compo-
nent, or (ii) the Earth’s angular momentum
budget has an additional component with a
flickerlike behavior between periods of
about 10 and 100 days.

A systematic AAM error would not be
surprising, in that all numerical weather
prediction centers have access to the same
observational meteorological data sets. If we
assume that the residual at periods of 10 to
100 days is mostly due to a common AAM
error, the power in the difference spectrum
(Fig. 3D) indicates that the SNR is about 2
at a period of 10 days for the averaged
AAM data; the resulting model for the PSD
of the residual (“systematic error” in Fig.
3D) gives a reasonable fit over periods from

0.6 -
1+13.65 days
—Brosche model]
a
204' - - — - Yoder model T
g
2 {
t
2 02f d o
bw b bw
i
MMMAAMA A
%% 16 12 10
Period in days

Fig. 5. Power spectral density of the difference
between LOD* as measured by the combined
space geodetic techniques and that inferred from a
combined AAM data set (see text) using the tidal
model of Yoder et al. [shown as a dashed line
(18)] and that of Brosche et al. [shown as a solid
line (19)]. Units are milliseconds squared per
cycle per day. Smoothing = 1.
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150 to 2 days. The transition of the residual
power curve at periods below 15 days into a
non f ! type behavior suggests that Earth
rotation errors dominate at high frequen-
cies, consistent with the estimated SNRs for
these two data types (Fig. 4).

The largest deviation of the residual pow-
er from the systematic error model occurs at
13.6 days, coinciding with the fortnightly
tidal band in the residual spectral plot (Fig.
3D). A linear plot of the PSD of the residual
between the JPL Kalman-filtered LOD* and
the combined AAM, using a periodogram
(no smoothing in the frequency domain),
shows a sharp peak at 13.65 days (Fig. 5;
the 13.63- and 13.66-day tidal lines are not
resolved in this spectrum). In developing the
current standard model for the tidal terms in
UT1 and LOD, Yoder et al. (18) considered
the interaction of the equilibrium ocean tide
with the solid Earth; in developing a newer
model, Brosche et al. (19) used a numerical
model to calculate the oceanic moment of
inertia changes as well as the tidal currents,
that is, both the matter and motion terms in
the angular momentum of the ocean. Imple-
menting the Brosche model removes the
discrepancy in the residuals at the fortnight-
ly period; the nonequilibrium residual at the
monthly period is small (19), and cannot be
detected in our data sets. Significant coher-
ence between the combined AAM and JPL
Kalman-filtered LOD* data using the Bro-
sche correction at the 13.6- day period is
evident down to 8 days, although there is
some indication of a remaining discrepancy
at the tidal period (Fig. 2C).

The model incorporating the systematic
AAM error (Figs. 2 and 3) fits the data
reasonably well, and indicates that the loss
of significant coherence near 8 days may be
due to the decreasing SNR present in both
data types. The loss of coherence at 8 days,
however, is more abrupt than that predicted
by either of the models. Clearly, a model
taking into account the systematic compo-
nent is required to explain the observed
coherence, in addition to being required to
explain the LOD*-AAM PSD (Fig. 3D).
The coherence results, like the LOD*-
AAM PSD results, cannot be used to
distinguish between a systematic error in
the AAM observations and an additional,
unmodeled component of the Earth’s an-
gular momentum budget with a flickerlike
spectral behavior. For both models the
dominance of LOD noise at high frequen-
cies (see Fig. 4) indicates that the loss of
coherence at periods shorter than 1 week is
largely due to measurement error in the
Earth rotation data. Improvements in ac-
curacy of geodetic measurements are re-
quired to increase the SNR and so make it
possible to examine the Earth’s angular

momentum budget at periods shorter than
8 days.
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