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Hidden Fermi Surface Nesting and Charge Density
Wave Instability in Low-Dimensional Metals

M.-H. WHANGBO, E. CANADELL, P. FOURY, J.-P. POUGET

The concept of hidden Fermi surface nesting was introduced to explain the general
observation that certain low-dimensional metals with several partially filled bands
exhibit charge density wave (CDW) instabilities, although their individual Fermi
surfaces do not reveal the observed nesting vectors. This concept was explored by
considering the Fermi surfaces of the purple bronze AMo,O,, (A = sodium or
potassium) and then observing the CDW spatial fluctuations expected from its hidden
nesting on the basis of diffuse x-ray scattering experiments. The concept of hidden
Fermi surface nesting is essential for understanding the electronic instabilities of

low-dimensional metals.

WING TO MANY INTERESTING

physical properties associated with

their charge density wave (CDW)
and spin density wave (SDW) phenomena,
low-dimensional metallic compounds have
been extensively studied (1-6). The normal
metallic state of a low-dimensional metal is
susceptible to a metal-to-insulator (MI)
transition, such as a CDW or an SDW
formation, when the temperature is low-
ered. Such an electronic instability of a
low-dimensional metal occurs when its
Fermi surface is nested (5, 6). A Fermi
surface nesting is typically observed for a
one-dimensional (1D) metal, for which the
partially filled band is dispersive primarily
along one direction. In certain cases, a CDW
instability is observed for a two-dimensional
(2D) metal with several Fermi surfaces,
which, when analyzed separately, are 2D in
nature and provide no apparent clue to the
nesting responsible for the CDW. When all
the Fermi surfaces are combined together,
however, the resulting patterns can be de-
composed into nested Fermi surfaces if the
avoided crossings of these surfaces are ne-
glected (7, 8). The nesting from such “hid-
den” Fermi surfaces, hereafter referred to as
a hidden Fermi surface nesting (or, simply, a
hidden nesting), causes a CDW formation
that removes the nested portions of the
combined Fermi surfaces. We explore here
the concept of hidden nesting by investigat-
ing the Fermi surfaces of the purple bronze
AMoO,; (A = Na, K) (9) and subsequent-
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ly observing the CDW spatial fluctuations
expected from its hidden nesting on the
basis of diffuse x-ray scattering experi-
ments.

As shown in Fig. 1A, a metal has at least
one partially filled band. The energy e(k)
and the orbital ¢(k) of a band level are a
function of wave vector k, normally taken
from the first Brillouin zone (FBZ). For
example, a rectangular 2D lattice with repeat
distances a and b has the FBZ defined by the
vectors k = (k,, k,) satisfying the conditions
that —1/a < k, < w/a and —w/b < k, < w/b.
All the energy levels of a band are represent-
ed by the wave vectors of the FBZ. Thus, for
a partially filled band, some wave vectors of
the FBZ are associated with the occupied
band levels and the remaining wave vectors
with the unoccupied band levels. The Fermi
surface of a partially filled band is the
boundary surface separating the occupied
wave vectors from the unoccupied wave
vectors. Figure 1B illustrates the regions of
the occupied and unoccupied wave vectors
(shaded and unshaded, respectively) of a
half-filled 1D band dispersive only along the
I' - X direction (that is, metallic along the
a direction). The Fermi surface of this band
consists of two parallel lines perpendicular
to the I' — X direction at + /24 (that is, =
ke from I'. Figure 1B shows that, when
translated by a vector q, the left-hand piece
of the Fermi surface (that is, the vertical line
at —ky) is superposed to the right-hand piece
of the Fermi surface. In general, when a
piece of a given Fermi surface is superposed
to another piece by a translational vector q,
the Fermi surface is said to be nested by the
vector q. For an ideal 1D surface such as the
one in Fig. 1B, many different nesting vec-
tors are possible. These vectors differ in their

components along I' — Y, but their compo-
nents along I' — X are identical (that is, 2kg).

Under a perturbation H', an occupied
band level ¢(k) of a normal metallic state
interacts with an unoccupied band level
(k') leading to new orbitals ¥ (k) « ¢(k) +
N $(K) and ¥() = ~\ b(k) + d(K),
where \ is a mixing coefficient. Such an
orbital mixing introduces a density wave in
the new orbitals ¥(k) and ¥(k'), whose
periodicity is described by cos(q ‘- R), where
q = k' — k and R is the vector defining the
position of the lattice sites (7, 10-12). The
electron density waves resulting from the
orbitals ¥ (k) and ¥ (k') are out of phase in
that ¥(k) accumulates electron density
where ¥ (k') depletes electron density. From
sets of orbitals ¢p(k) and ¢(k') related by q
= k' — Kk, sets of new orbitals ¥(k) and
V¥(k') can be constructed. A CDW state is
obtained when the orbitals ¥ (k) are each
doubly occupied, and an SDW state is de-
rived when the orbitals ¥ (k) and ¥(k') are
each singly occupied with up-spin and
down-spin electrons, respectively. For a
nested Fermi surface with vector q, the
orbitals ¢(k) and ¢(k') related by q = k' —
k are degenerate when k lies on the Fermi
surface (k with the I' — X component of
+ kg, that is, k¢), but nondegenerate other-
wise (see Fig. 1B). In general, an interaction
between two orbitals becomes strony s
the energy difference between the two de-
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Fig. 1. (A) Schematic representation of a half-
filled band. (B) Two-dimensional representation
of the Fermi surface associated with a half-filled
band dispersive along the I' — X direction. The
occupied and unoccupied wave vectors are found
in the shaded and unshaded areas, respectively. T
= (0,0); X = (a*/2,0); Y = (0, 6*2); and M =
(a*/2,b*/2); where a* = 2m/a and b* = 2w/b. (C)
Schematic drawing of two band dispersion curves
with an avoided crossing near the Fermi level.
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creases (13). If a Fermi surface is nested, the
occupied and unoccupied band levels related
by the nesting vector q = k' — k have very
small or no energy difference for all the
vectors k on or in the vicinity of the Fermi
surface. Thus, a low-dimensional metal with
a nested Fermi surface is susceptible toward
a CDW or an SDW formation. The interac-
tion between two orbitals associated with k
= k; introduces an energy gap 2A at the
Fermi level, where A = ($(kg)|H'| d(k'p)), so
that a CDW or an SDW formation removes
the nested portions of the Fermi surface.
The perturbation H' causing the orbital
mixing is lattice vibration for CDW states
and electron-electron repulsion for SDW
states (7, 10-12). A CDW formation intro-
duces an additional periodicity of electron
density distribution into the lattice and
hence gives rise to superlattice reflections in
the x-ray or electron diffraction pattern be-
low the CDW phase transition temperature
T,. At temperatures above T, a nested 1D

Fig. 2. Hidden nesting in the
purple bronze KMo4O,,. The
calculated Fermi surfaces for the
three partially filled d-block
bands are shown in (A), (B),
and (C), the combined Fermi
surfaces in (D), and the hidden
1D Fermi surfaces in (E). Two
sets of the hidden 1D surfaces
are nested by a common vector
4, in (F). As shown in (A) to
(F), the FBZ of a 2D trigonal
lattice is given by a hexagon. T
= (0,0); X = (a*2,0); Y = (0,
b*/2); and L = (a*/3, b*/3).

Fermi surface leads to CDW fluctuations.
The latter cause planar diffuse scattering and
hence 2k, diffuse lines between layers of
main Bragg reflections in x-ray diffraction
patterns (14, 15).

Analysis of Fermi surface nesting requires
a special consideration for a low-dimension-
al metal with several partially filled bands.
Figure 1C illustrates two band-dispersion
curves with an avoided crossing in the vicin-
ity of the Fermi level. When the extent of
band hybridization increases, the separation
Ak between the Fermi vectors becomes larg-
er. In general, such avoided crossings in
band-dispersion surfaces lead to avoided
crossings in the corresponding Fermi surfac-
es. Therefore, a low-dimensional metal with
several partially filled bands may give rise to
apparently unnested Fermi surfaces, al-
though their “intended” surfaces (that is,
those expected in the absence of the avoided
crossings) are all nested. In such a case, the
nesting is “hidden” by the avoided crossings.
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Fig. 3. Schematic views of the MogsOy trigonal layer present in the purple bronze AMogO,,. The
projection view perpendicular to the layer is shown in (A). The Mo,Og layer is constructed in terms of
the Mo,0,, zigzag chains running along the a4, b, and (a + b) directions in (B), (C), and (D),
respectively. Perspective views of the three t,, orbitals of an MoOg octahedron in the Mo,O, layer are
shown in (E), where the d orbital-containing planes are aligned along the 4, b, and (a + b) directions

of the Mo,0Oy layer.
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To understand the CDW phenomenon of a
low-dimensional metal with several partially
filled bands, it is essential to search for a
nesting in the intended, hidden Fermi sur-
faces. We now examine the concept of hid-
den nesting by taking the purple bronze
AMosO,; (A = Na, K) as a prototype
example. This bronze is a 2D metal and
undergoes a CDW phase transition at 120 K
(16). It remains 2D metallic below the
CDW transition. Diffuse x-ray scattering
and electron diffraction studies show the
superlattice spots at a*/2, b*/2, and (a* —
b*)/2 below 120 K (17, 18).

AMo4O,, has three electrons per unit cell
to fill its three lowest lying d-block bands, so
that there are three partially filled d-block
bands (19). The Fermi surfaces of the three
bands are shown in Fig. 2, A, B, and C.
These surfaces are all 2D in nature, and their
individual partial nesting does not explain
the observed CDW vectors. The three sur-
faces are combined in Fig. 2D, which, upon
neglecting the avoided crossings, can be
decomposed into three sets of nested 1D
surfaces (Fig. 2E). The 1D Fermi surfaces
are perpendicular to the 4, b, or (a + b)
direction of the trigonal lattice (20).

To a first approximation, therefore, the
three partially filled bands of AMo4O,, are
derived from three 1D bands di-nersive
along the a4, b, and (a + b) direct, This
conclusion is consistent with the structural
and electronic properties of this bronze. It
consists of Mo-O layers with the composi-
tion Mo4O,, separated by K* ions (20).
According to the bond valence sum analysis
of the Mo—O bonds, the d electrons of this
bronze are contained in the inner Mo-O
layer with composition Mo,O, (20) made
up of MoQy octahedra (see Fig. 3A). This
layer is constructed from Mo,0,, zigzag
chains, running along the a4, b, or (a + b)
direction, by sharing their “axial” O atoms
as shown in Fig. 3, B, C, and D (19). The
partially filled bands of AMo4O,, are made
up of the t,, orbitals of MoOg octahedra
(19). The t,, orbitals are contained in the
planes of the chains (that is, those defined by
the “equatorial” O atoms) running along the
a, b, and (a + b) directions (Fig. 3E). Thus
the t,, orbitals are w orbitals along the
intrachain directions but 3 orbitals along the
interchain directions (19), so that the t,,
orbitals of the Mo, Oy layer lead to three 1D
bands dispersive along the 4, b, and (a + b)
directions. Because there are three electrons
to fill these bands, each 1D band is half-
filled.

Let us now consider the nature of the
observed nesting vectors of AMo¢O, . The
superlattice spots at, for example, a*/2 and
b*/2 show that the nesting vectors deviate
from the chain directions. This finding can
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be explained by the principle of maximum
nesting: Given several different nesting pos-
sibilities, the nesting vector most likely to be
observed is the one that maximizes the nest-
ed Fermi surface area because such a vector
will maximize the electronic energy gain
associated with CDW formation. Any two
sets of the three 1D surfaces can be nested
simultancously by a single vector (Fig. 2E).
This is illustrated in Fig. 2F. When the 1D
bands arc cach half filled, it is straightfor-
ward to show that g, = ¢*/2 in Fig. 2F. The
other two such nesting vectors of Fig. 2E
are g, = b*/2 and ¢,,, = (a* — b*)/2. The
three vectors g¢,, ¢,, and ¢, ., account for the
superlattice spots observed for AMoO,,
below 120.K (17, 18). The nesting in the
real Fermi surfaces (Fig. 2D) is not so
complete as in the hidden surfaces (Fig. 2E),
so that some small pieces of Fermi surface
(for example, small electron and hole pock-
ets) mayrcmain(especiallyindmcavoided
crossing regions) after the CDW phase tran-
sition. This would explain the semimetallic
~ properties of AMo4O, ; observed below 120

K by galvanometric measurements (21).
However, it is possible that the combined
Fermi surface of a low-dimensional metal is
removed complcncly thereby leading to an
MI transition, if the energy lowering result-
ing from a hidden nesting exceeds the ener-
gy required for the decoupling of band
hybridization.

As far as the nesting is comcrned, the
electronic structure of AMo40O, , is essential-
ly represented by the three 1D bands. Then,
like any 1D metallic system with CDW
instability (14, 15), AMogO, , is expected to
show 1D CDW fluctuations above 120 K.
To confirm this-prediction, we have per-
formed diffuse x-ray scattering experiments
on AMo4O,; (A = Na, K) at room temper-
ature with the monochromatic Laue scatter-
ingmctbod (15), inwhichaﬁxodsamplcis
placed in an incoming monochromatic x-ray
beam (MoK,, wavelength = 0.711 A) and
the x-ray diffuse scattering is collected on a
photographic plate placed behind the sam-
ple. To obtain the principal information in
the (a*, b*) reciprocal plane, the incoming
beam was aligned approximately along the
trigonal axis (that is, the ¢ axis) of the
sample.

Figure 4A shows an x-ray pattern ob-
tained for KMo4O, ;. The trigonal symme-
try of the diffraction patterns is clearly visi-
ble. There are two kinds of intense diffuse
scattering passing through the main Bragg
reflections (18). In addition, the x-ray pat-
tern reveals a third kind of diffuse scattering
in the of faint diffuse lines often inter-
rupted and situated midway between layers
of the main Bragg reflections (indicated by
long white arrows). This corresponds, in
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position and direction, to the diffuse scatter-
ing expected from the hidden nesting of
KMo0,, (schematically presented in Fig.
4B). As expected, three sets of diffuse lines
related by the trigonal symmetry are ob-
served. They form hexagons around each
main Bragg reflection (Fig. 4B). Some of
the hexagons are shown by short white
arrows in Fig. 4A. Although not shown,
NaMo4sO,, gives identical results. Conse-
quently, the hidden nesting of the purple
bronze AMogO,, is firmly established. Be-
low 120 K, the diffuse lines of Fig. 4B
condense into satellite reflections at a*/2,
b*/2, and (a* — b*)/2, which are the cross-
section points of the diffuse lines.

The concept of hidden nesting allows us
to understand the CDW phenomenon of
other low-dimension metals. For example,
the Magnéli phases Mo,O,, (4) and the
monophosphate tungsten bronzes (MPTBs)

(22) all have several partially filled bands (8,
12, 23). The combined Fermi surfaces of
these bands can be decomposed into nested
2D and 1D surfaces. The nested 2D surfaces

Fig. 4. (A) X-ray pattcmsobwnedforKM%OU
at room ture, where the recipro-
cal vectors a* and b* are indi . white
arrows point toward the 2k, diffuse lines midway
between layers of main Bragg reflections. Some
hexagons delimited by the three sets of diffuse
lines [outlined in (B)] are also shown by short
white arrows. (B) Schematic representation of the
diffuse lines from the hidden nesting of
KMo0,; in the (a*, b*) plane, where the heavy
dots refer to Bragg reflections.

can be further decomposed into two sets of
nested 1D surfaces. The observed CDW
vectors of the Magnéli phases (24) and the
MPTBs (25) are all accounted for in terms
of those hidden nestings. Thus, the con-
cept of hidden nesting is essential for un-
derstanding the electronic instabilities of
low-dimensional metals with several par-
tially filled bands.
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