Aztec Arithmetic: Positional
Notation and Area Calculation

H. R. Harvey and B. J. Williams

Systematic destruction of native writ-
ten records by the Spaniards after the
conquest of Mexico deprived modern
scholars of much primary data important
for determining the literary and scientific
achievements of Mesoamerican civiliza-
tion. A chance explanatory notation on
an 18th-century native document en-
abled the German scholar, Ernst
Forstemann, to begin in 1880 to decipher
the arithmetical-calendrical portion of
the Maya hieroglyphic system (/). As a
consequence of Forstemann’s work and

Aztec Counting

The Aztecs had a great propensity for
measuring and counting. Observing the
market in their capital of Tenochtitlan,
Hernan Cortés noted that ‘‘Everything
is sold by count and measure . . .”” @).
The Nahua language, spoken by the Az-
tecs, reflects the cultural importance of
counts and measures. For example, the
Nahua system of numerals makes use of
classifiers that indicate the category of
object counted. One classifier is used to

Summary. Texcocan-Aztec peoples in the Valley of Mexico used both picture sym-
bols and lines and dots for numerical notation. Decipherment and analysis of mid-
16th-century native pictorial land documents from the Texcocan region indicate that
the line-and-dot system incorporated a symbol for zero and used position to ascribe
values. Positional line-and-dot notation was used to record areas of agricultural fields,
and analysis of the documentary data suggests that areas were calculated arithmeti-
cally. These findings demonstrate that neither positional notation nor the zero were
unique to the Maya area, and they imply an equally sophisticated mathematical devel-

opment among the Aztecs.

that of his successors, basic aspects of
the Maya arithmetical system are now
understood. Their early use of a symbol
for zero, for example, is one of the note-
worthy achievements in Maya mathe-
matical development. Maya scholars es-
pecially have long felt that other ethnic
groups (Aztecs, Mixtecs, Zapotecs)
lagged far behind the Maya in arithmeti-
cal capabilities 2, 3). However, it is well
known that the Aztecs possessed a com-
plex system of counting, which was ex-
pressed in hieroglyphic writing by nu-
merous symbols. Furthermore, our re-
cent decipherment of two early post-con-
quest census-cadastral documents from
the Valley of Mexico demonstrates that
Texcocan-Aztecs used a positional nota-
tion system. This has heretofore been at-
tributed only to the Maya and consequent-
ly suggests the potential for equally sophis-
ticated arithmetic among the Aztecs.
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denote round objects, such as eggs and
fruit; another is used to count objects in
which length is the primary feature, such
as rope, walls, and irrigation ditches; still
another denotes items that can be
stacked, such as sandals and plates, or
objects which are diverse or disparate
from each other. Finally, some objects,
such as cotton mantles, sheets of paper,
or tortillas, are counted in groups of 20
(6). Proper counting in Nahua therefore
requires knowledge of the class or cate-
gory to which the object is semantically
assigned.

As elsewhere in Mesoamerica, the Az-
tec arithmetical system was base 20. The
term for 20 is literally translated ‘‘one
count’’ (cem-poalli). The next place in
the system is 202 or 400 (cen-tzontli), lit-
erally ‘‘one hairs.”” The largest place de-
noted by a special term is 20 or 8000 (ce-
xiquipilli), literally ‘‘one bag.”” The in-
tegers between places are quantities to
be added or multiplied. For example, 49
is expressed as ompoalli onchiconahui
or ‘‘two counts and 9,”’ and 500 as cen-
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tzontli ipan macuilpoalli or ‘‘one hairs
and 5 counts.”

Symbolic systems for numerical nota-
tion varied in the Valley of Mexico at the
time of the conquest. The one most
widely associated with the Aztecs em-
ployed a set of picture symbols: a small
circle for one, a flag for 20, a feather or
tied bundle for 400, and a bag for 8000.
Each denoted a cardinal place in the nu-
meral system. Such a notational system
would be cumbersome for use in arith-
metical computation because of the com-
plexity of drawing such figures as the
bag. But, it has high visual impact in de-
noting quantities of commodities re-
ceived in tribute, and much of the extant
pictorial record of the Aztecs is con-
cerned with tribute collection.

In addition to picture symbols, Tex-
cocan-Aztecs used a positional line-and-
dot system that had the advantage of
writing efficiency, since it employed only
four symbols that were easy to draw—a
vertical line, a bundle of five lines linked
at the top, a dot, a corn glyph (cintli)—
with position indicating the value of the
symbols. We have noted its use in land
documents, but it would seem to be more
widely applicable and well suited in gen-
eral for arithmetical calculations.

Documentary Evidence

Two documents utilizing positional
line-and-dot notation pertain to the town
of Tepetlaoztoc, situated approximately
6 kilometers from the city of Texcoco in
the northeastern sector of the Valley of
Mexico. We have established that one
manuscript, the Cdodice de Santa Maria
Asuncion (housed in the Biblioteca Na-
cional de México) pertains to the modern
Tepetlaoztoc barrio of Asuncion. The
other document, the Codex Vergara in
the collection of the Bibliothéque Na-
tionale de Paris, relates to the adjacent
barrio of San Geronimo (6). Drawn in the
hieroglyphic style of the Acolhua (Tex-
cocan) kingdom, these manuscripts ap-
pear to have been drafted circa 1545 (7,
8). They report census and cadastral data
for 16 small, named localities, and they
fit Spanish descriptions of the records
maintained by Indian communities in
pre-conquest times (9).

Each of the two codices is divided into
three parts by locality. The first section
(tlacatlacuiloli, tlacanyotl) contains a
census by household, usually five house-
holds to a page. The name for each head
of household is written in glyphic form
beside the conventional symbol for
household head (Fig. 1A). The second
section (milcocoli) consists of a listing of
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land parcels associated with each house-
hold (/0-12). In the milcocoli listing the
scribe depicted the approximate shape of
each field. The measurement of each side
is recorded using lines and dots, a line
equal to one linear unit and a dot equal to
20 (Fig. 1B) (13, i4). In the Texcocan
area, the standard unit of linear measure-
ment was the quahuitl, equal to three
Spanish varas or 2.5 meters (/5). In addi-
tion to linear measurements around the
field perimeter, each field exhibits a
glyph in the center that refers to soil type
(16). Thus, the milcocoli indicates the
number of fields possessed by each house-
hold, their approximate shape, dimen-
sions, and soil type. The significance of the
milcocoli section is that it allows compu-
tation of the area of each field and estima-
tion of the amount of land held by tax-pay-
ing commoner families (macehualtin) in
the early post-conquest period (/7).

The third section of each locality con-
tains another land record labeled tlahuel-
mantli, which follows the same house-
hold order as the census and milcocoli
(18, 19). Since the same household heads
for the most part held the same number
of properties with corresponding soil
types, there is little question that the tla-
huelmantli section is a second record of
the same lands. However, the two land
records differ in several important as-
pects. The lands in the tlahuelmantli are
depicted in stylized form as rectangles of
the same size, the majority having a pro-
tuberance in the upper right-hand corner
(Fig. 1C). In addition to the standardized
field shapes, the placement of numbers
in the tlahuelmantli is different. The nu-
merical quantities using lines and dots
are entered either in the center of the
rectangle or on the bottom line, and in
the protuberance. When numbers (which
never exceed 19) are entered on the bot-
tom line, a cintli glyph occurs near the
top border of the rectangle (20). In addi-
tion, most fields contain a number rang-
ing from 1 to 19 in the upper right-hand
corner protuberance. We have deter-
mined that these numbers report the area
of the field in square quahuitl by use of
positional notation.

Positional Notation

The Texcocan positional line-and-dot
notation system functions in the follow-
ing manner. The tlahuelmantli rectangle
records numbers in three positions,
which we refer to as registers. The first
register, located in the upper right protu-
berance, records the units of 20, in-
dicated by 1 to 19 lines. Groups of S are
bundled together by a connecting line.
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The value of this register ranges from 0
to 19, and when the number is zero, the
protuberance is either not drawn or is
left blank. The bottom line of the rec-
tangle constitutes the second register,
and it expresses 1 to 19 units of 20 (num-

bers 20 to 380). To derive the total value,
the number in the second register is mul-
tiplied by 20 and then added to the num-
ber in the first register. The sum of the
two registers never exceeds 399. The
central portion of the rectangle consti-

Table 1. Quadrilateral field areas computed from milcocoli dimensions compared with those
recorded in the tlahuelmantli. Fields are listed in rank order of discrepancy by size of field.
Quadrilateral side lengths are indicated beginning with the left field margin a and proceeding
clockwise. Milcocoli areas were calculated by assuming a right angle between sides a and b.
Quadrilaterals with quahuitl fractions are not included. Data from Cuauhtepoztla, Cédice de

Santa Maria Asuncién (6)

House- Mil- Tlahuel- Dis- )
hold cocoli mantli crep- Dis- Side
and area area ancy crep- lengths
field (square (square (square ancy ab.c.d
number qua- qua- qua- (%) B
huitls) huitls) huitls)
Exact correspondence: N = 9 (8 percent)
HH30-2 97 97 0 0 13,7,13,8
HH4-5 140 140 0 0 14,10, 14,10
HH30-4 160 160 0 0 16, 10, 16, 10
HH47-3 180 180 0 0 20,9, 20,9
HH64-1 252 252 0 0 14,18, 14,18
HH60-1 300 300 0 0 20, 15,20, 15
HH63-1 346 346 0 0 24,16,24,13
HH31-1 375 375 0 0 15,25, 15,25
HH39-7 504 504 0 0 21,24,21,24
Milcocoli greater than tlaheulmantli: N = 29 (26 percent)
HH29-4 289 288 1 0 30, 10, 31,9
HH25-1 462 461 1 0 37,13,33,14
HH65-5 160 158 2 1 21,5,23,10
HH16-2 203 200 3 1 25, 8,26,8
HH53-3 407 404 3 0 29,15,32,12
HH43-2 529 526 3 0 30, 22,23,20
HH26-2 109 103 6 6 12,7,12,12
HH4-8 237 231 6 3 14, 20, 10,20
HH24-2 127 120 7 6 10, 14,9, 13
HH44-3 230 223 7 3 15,14,17,15
HH24-3 270 263 7 3 15, 18, 16,17
HH2-3 347 340 7 2 37, 10, 36,9
HH17-1 391 380 11 3 19, 13,37,24
HH64-2 410 399 11 3 16,21, 20,26
HH1-4 899 900 11 1 20, 37,28,38
HH26-1 379 365 14 4 20, 18, 20,20
HH2-5 476 460 16 3 20, 21,22,25
HH43-3 180 160 20 11 25,8,22,8
HH38-5 441 420 21 5 22,17,23,23
HH15-2 217 188 29 13 15,15, 15, 14
HH3-6 184 138 46 25 20, 10,26, 8
HH58-5 263 207 56 21 29, 8,27, 10
HH29-5 330 232 98 30 22,15,22,15
HH23-2 309 208 101 33 23,15,23,12
HH41-3 249 132 117 47 19, 15,15, 15
HH38-7 610 470 140 23 27,23,25,24
HH10-2 551 392 159 29 21,23,23,28
HH2-9 435 252 183 42 24,17,26,18
HHI12-1 900 543 357 40 39, 28, 35,22
Tlahuelmantli greater than milcocoli: N = 75 (66 percent)
HHS59-3 59 60 ‘ 1 2 8,8,7,8
HH20-3 107 108 1 1 8,12, 10,12
HH32-4 152 153 1 0 13,12, 15,10
HH41-2 193 194 1 0 19, 10, 18, 11
HHS53-2 217 218 1 0 15,15,15,14
HH6-4 359 360 1 0 19,20, 17,20
HH21-6 374 375 1 0 30, 13,30, 12
HH11-3 402 403 1 0 35,11,35,12
HH21-4 409 410 1 0 39, 10, 39, 11
HHS55-5 119 121 2 2 12,11,9,12
HH39-9 292 294 2 0 20, 18,23, 10
HH35-1 406 408 2 0 34,10, 34,14
HHS-3 418 420 2 0 20, 20, 20,22
HH39-5 83 86 3 4 10,8,11,8
HH18-5 157 160 3 2 17,15,11,9
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tutes the third register, and expresses
quantities of 400 or greater in multiples
of 20. Again, to derive the total, the num-
ber in the third register is multiplied by
20 and added to the quantity entered into
the first register. The Texcocan symbol

for 20 (the dot) only occurs in the third
register, and according to its positional
value means not 20 but 20 or 400. The
second and third registers never are con-
currently used. When there is no entry in
the third register, the cintli glyph is

Table 1 (continued).

Mil- Tlahuel- Dis-
H}?uliie- cocoli mantli crep- Dis- Side
o d area area ancy crep- lengths
gnl d (square (square (square ancy bg d
© qua- qua- qua- (%) a,9,¢
number huitls) huitls) huitls
Tlahuelmantli greater than milcocoli: N = 75 (66 percent)
HH17-6 185 188 3 2 15, 12, 16, 12
HH50-2 233 236 3 1 20, 10,21, 13
HH38-3 497 500 3 0 20, 26, 17, 28
HH34-2 180 185 5 3 18, 10, 18, 10
HH39-3 435 440 5 1 20, 20, 24,20
HH47-2 469 474 5 1 22,20, 24,21
- HH39-6 118 124 6 5 13,12,8,12
HH53-4 210 217 7 3 15,14, 15,14
HH59-5 289 296 7 2 20, 15, 20, 14
HH11-2 200 208 8 4 15,12, 16, 14
HH16-3 325 333 8 4 38, 8,39,9
HH7-3 378 386 8 2 15, 15,26,29
HH62-1 229 238 9 4 17,11, 19,15
HH15-3 252 261 9 4 14, 16, 16, 18
HH13-4 433 442 9 2 29, 15,31, 14
HH16-4 169 . 180 11 7 20, 8, 20,9
HH24-4 118 130 12 10 10, 10, 12, 12
HHS52-5 128 140 12 9 21,6,23,6
HH65-2 . 307 320 13 4 23, 15,31,10
HH52-4 371 385 14 4 22,15,22,19
HH2-2 370 385 15 4 27,13, 26,15
HH54-4 472 488 16 3 18, 24, 20, 26
HHS54-2 654 670 16 2 37, 16, 38,19
HH35-2 257 274 17 7 22,12,21,12
HH61-2 318 337 19 6 23,16,17,17
HH45-5 416 435 19 5 40,9, 35, 14
HH54-3 496 515 19 4 30, 14, 33,18
HH11-4 288 402 20 9 35, 13,26, 12
HH3-5 99 120 21 21 11,9, 11,9
HH29-2 163 184 21 13 21,8,20,8
HH11-1 246 267 21 9 6,23, 15,27
HH17-5 382 405 23 6 17,23, 15,25
HH25-2 126 150 24 19 8,15,8,20
HH31-2 363 387 24 7 34, 10, 36, 11
HHS54-1 376 403 27 7 20, 18,22,18
HH21-5 438 465 27 6 19, 30, 9, 39
HH40-1 466 493 27 6 18, 23,23,23
HH22-2 144 172 28 19 12,12,12,12
HH45-1 763 792 29 4 30,37, 19,32
HH33-2 400 432 32 8 27, 10, 28,20
HH44-2 164 197 33 20 11, 16,20, 8
HH20-1 626 661 35 6 29, 20, 35,20
HHS59-2 174 210 36 21 17, 18, 10, 15
HHI1-10 556 593 37 7 35,16,37,15
HH18-4 196 - 234 38 19 24,12,17,11
HH45-3 232 271 39 17 15, 15, 16, 15
HHS51-1 159 200 41 26 23,9,23,5
HH63-2 351 398 47 13 24,17,31,10
HH75-2 262 315 53 20 25,10,25,11
HH56-2 250 310 60 24 20,17, 15,14
HH13-2 531 T 595 64 12 19, 31, 19,26
HHS53-1 966 1034 66 7 66, 14, 68, 15
HH75-5 366 432 66 18 25,17,28,11
HH54-6 549 625 76 14 21, 18,29, 30
HH75-4 262 360 98 37 25,11,25,10
HH47-1 520 620 100 19 34,22,22,21
HH14-4 287 411 124 43 24,13,24,11
HH18-2 450 591 141 31 39,23,15,19
HH19-3 203 456 253 125 10, 20, 14, 15
HH1-2 504 835 331 66 15, 15, 39, 38
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drawn toward the top of the rectangle
and signifies zero in the third register.
Thus, for the first field illustrated in Fig.
1C, the entries are one dot and 11 lines in
the third register [20* + (11 X 20)] = 620
plus 4 lines in the first register, which to-
tals 624 square quahuitl (27). The third
field has an area of 333 square quahuitl as
recorded by 16 lines in the second regis-
ter (16 X 20 = 320) plus 13 lines (X 1) in
the first register, and a cintli glyph at the
top of the rectangle indicating zero in the
third register.

Area Computation

The milcocoli record depicting linear
dimensions of individual field boundaries
confirms evidence from other native
documents and early Spanish descrip-
tions that native Mexicans maintained
detailed cadastral records. However,
decipherment of the tlahuelmantli adds
to this knowledge the hitherto unknown
practice of expressing landholdings in
terms of area. Thus, it also provides an
insight into the practical application of
native arithmetic apart from its esoteric
use in calendrics and astronomy.

Native methods for deriving area re-
main to be determined. The milcocoli
record does not provide enough informa-
tion to calculate exact area of fields, par-
ticularly the highly complicated forms,
since it does not record the true shape by
means of angles or auxiliary measures.
In other words, the milcocoli cannot be
used as a ‘‘worksheet” for the tlahuel-
mantli section. Therefore, there must
have been intermediate steps in area cal-
culation between the milcocoli and tla-
huelmantli records. A grid system could
have been used in the field at the time of
survey, or a grid system could have been
combined with computation; or the area
might have been computed by recording
the required information for later compu-
tation. The key to discovering the most
probable method is in the documents
themselves (22).

To explore how area was determined
and the degree of accuracy achieved by
the Texcocans, we calculated the area of
quadrilateral fields from Cuauhtepoztla,
one of the ten localities in the Cédice de
Santa Maria Asunciéon (23). A prelimi-
nary analysis indicates that 55 percent of
the areas recorded in the tlahuelmantli
are within 5 percent of the areas we cal-
culated from milcocoli data; 71 percent
of the tlahuelmantli areas are within 10
percent of our values. Therefore, there is
considerable agreement between our val-
ues and theirs (Table 1). In nine fields,
our computed areas and the tlahuel-
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mantli areas correspond exactly; most of
these fields were quadrilaterals whose
opposite sides were equal. These we as-
sumed to be rectangles for which the
length-times-width algorithm applies.
Since the Texcocan values correspond to

ours, this suggests that they used the

same algorithm. The remaining 104
quadrilaterals either have tlahuelmantli
areas less than or greater than our esti-
mates. The difference between the two
sets of values varies from a negligible 1
square quahuitl to 357 square quahuitls
(0 to 125 percent). Tlahuelmantli areas
falling below our estimates may be more
accurate than ours. Our method assumed
one right angle, which would result in an

overestimation of area if the assumption
did not approximate the actual form of
the field. Tlahuelmantli areas greater
than our estimates involve other ex-
planations, since in most cases the right
angle assumption yields the maximum
area possible for the side lengths report-
ed in the milcocoli (24). )
Some of the discrepancies are ex-
plained by two additional algorithms.
The tlahuelmantli area of many quadri-
laterals that are nearly parallelograms
can be obtained by taking the area to be
the sum of the areas of two right triangles
whose legs are the sides of the fields [for
example, the area of HH59-3 (Table 1)
was computed as /2 (8 X 8) + /2 (8 X

A
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Fig. 1. Portions of the Cddice de Santa Maria Asuncion relating to the household of Pedro
Tlacochquiauh. (A) The household census, tlacatlacuiloli, shows the head Pedro, his wife
Juana, their two young daughters Ana and Martha, and the head’s younger brother (teicauh),
Juan Pantli, his wife Maria, and their son Balthasar (Parthasal). The shaded heads indicate that
the individual depicted was deceased. (B) The milcocoli section records the approximate shape,
perimeter measurements, and soil type of four fields belonging to the household, two to the
household head and two to the head’s brother. In the numerical notation employed in the milco-
coli, lines equal 1 quahuitl and dots equal 20. The hand glyph shown in the first field indicates a
fraction of a quahuitl. Quadrilateral fields with quahuitl fractions are omitted from the analysis
in Table 1. (C) The tlahuelmantli section shows the same fields as the milcocoli, but they are
depicted as abstract rectangles, and a different numerical notation is used. In this positional
line-and-dot system, numbers occur in three registers. Lines in the upper right protuberance
record units of 20. Lines on the bottom line of the rectangle (second register) or in the center
(third register) are multiplied by 20. Dots, which occur only in the third register, equal 20> or
400. The corn glyph (cintli) at the top margin of the rectangle indicates zero in the third register.
The numbers record the area of each field in square quahuitl. [From folios 2r, 10r, and 19v of

©)).
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7)] 25). For more irregularly shaped
quadrilaterals, we can frequently derive
the tlahuelmantli estimate by summing
the area of the largest possible rectangle
within the field and the area of the re-
maining triangles. Thus, the data strong-
ly suggest that Aztec surveyors used
some sort of arithmetic calculation to de-
rive area of fields surveyed.

Not all of the differences between our
area calculations and the tlahuelmantli
values can be accounted for by different
methods of computation. Internal evi-
dence in the two codices suggests that
the milcocoli and the tlahuelmantli regis-
ters were recorded at different times and
perhaps by different surveyors. For ex-
ample, the sequence of fields possessed
by each household is not always the
same in the two registers. Also, some in-
dividual households have added or lost
parcels between the two registers.
Therefore, it appears that the two regis-
ters were either based on separate sur-
veys or that one is an updated modifica-
tion of the other. If they represent par-
tially or entirely separate surveys, some
discrepancies in the linear dimensions of
the fields may be due to survey inconsist-
ency. Discrepancies between surveys
may also be due to real changes in field
size as the result of subdivision or con-
solidation after inheritance or property
exchange; the larger discrepancies prob-
ably relate to such realignments.

When all (approximately 1100) of the
individual field areas are computed for
households or for localities, the dis-
crepancies between our estimates and
the tlahuelmantli figures tend to even
out. Because some large milcocoli fields
are replaced by small fields in the tla-
huelmantli and vice versa the areas of
the landholdings computed for house-
holds remain fairly constant. When areas
are computed for localities, the land lost
by one household is gained by another,
so that the totals show only slight varia-
tion (Table 2). Overall this implies not
only accurate measuring and careful rec-
ord-keeping, but also sophisticated
methods to compute areas.

Application

The functional significance of calcu-
lating land area is most apparent in rela-
tion to the system of taxation in ancient
Mexico. Landholding commoners paid
property taxes (tribute) based on the size
and quality of their lands. Hernan Cortés
reported that ‘“. . . he who has them can
pay tribute because for each measure
[our italics] so much tribute is charged
them according to where the lands are lo-
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cated’’ (26). Martin Cortés noted that
‘... he who has a piece of land paid a
tribute; and the one with two, two; and
the one with three, three; and he who
had a piece of irrigated land, paid double
that of one who had dry land’’ (27). Since
much of the taxed land was in hilly or
mountainous terrain, and square or rec-
tangular fields were the exception rather
than the rule, the tax system based on
standard measures required a mecha-
nism for equating oddly shaped fields
with regular ones. This was the task of
the surveyor, and as can be seen from
the two Tepetlaoztoc codices, even very
eccentrically shaped land parcels could
be expressed accurately in terms of their
square unit content. The importance of
survey in Aztec society is reflected in
16th-century Nahua vocabulary, which
included numerous terms related to sur-
veying and several referring to incompe-
tent surveyors (28).

There is increasing evidence that the
basic area measure of land (analogous to
an acre) was 400 square units (20 X 20
linear units). In Tepetlaoztoc, the 400
square unit measure was equivalent to
0.25 hectare [(20 quahuitl X 2.5 me-
ters)? = 2500 square meters] (29). In oth-
er regions, the length of the linear unit
varied, but the concept of 20 by 20 ap-
pears to have prevailed. Many extant
pictorial documents from Central Mexi-
co depict land parcels as rectangles, with
dimensions expressed as multiples of 20.
The Tepetlaoztoc codices suggest that
some of the fields depicted in other docu-
ments might not be actual parcels, but
tlahuelmantli-type abstractions. Our
data demonstrate that the precise shape
of a field was less relevant for tax pur-
poses than the size.

As an example, folios 6 and 7 of the
Cédice de Otlazpan (30) depict a list of
11 rectangular fields, each 20 brazas in
width, but increasing in length in regular
increments from 10 to 800 brazas (31,
32). They are arranged on the pages ac-
cording to length, and the tribute to be
paid is noted beside each field (33). Of
the three types of tribute assessed, two
(firewood and turkeys) are fixed quan-
tities regardless of field size; the third
(cacao beans or coins) varies in direct
proportion to the size of the field. For ex-
ample, the tribute for a 400 square braza
field is 20 cacao beans, indicating a tax
rate of one cacao bean per 20 square
brazas. The fields listed in the Cédice de
Otlazpan have been interpreted as actual
field dimensions of commoner land-
holdings in Otlazpan (34). Perfectly rec-
tangular fields seem hardly possible, giv-
en the terrain of the Otlazpan area (mod-
ern Tepeji del Rio), and especially con-
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Table 2. Comparison of milcocoli and tlahuelmantli aggregate areas by locality. The first ten
localities are from the Cédice de Santa Maria Asuncidn, and the rest are from the Codex Ver-

gara (6).
Milcocoli Tlahuelmantli Dis-
crepancy
Area Area Tlahuel-
Locality in Airnea No. in Air:a No. mantli
square hec- of . square hec- of — mil-
qua- tares fields qua- tares fields cocoli
huitls huitls (%)
Cuauhtepoztla 130,235 81.4 339 115,990 72.5 229 —-12.3
Tecontla 17,715 11.1 4?2 17,826 11.1 36 + 0.6
Tlanchiuhca 40,563 25.4 52 46,529 29.1 52 +12.8
Tlantozcoc 21,018 13.1 31 21,636 13.5 31 + 29
Chiauhtenco 16,896 10.6 28 17,241 10.8 28 + 2.0
Chiauhtlan 26,059 16.3 26 25,313 15.8 26 - 3.0
Cuitlahuac 10,758 6.7 17 12,387 7.7 16 +13.2
Tlaltecahuacan 15,672 9.8 24 16,560 10.4 24 + 54
Conzotlan 11,645 7.3 16 11,035 6.9 16 - 5.5
Zapotlan 10,341 6.5 13 11,061 6.9 13 + 6.5
Calatlaxoxiuhco 75,400 47.1 209 75,261 47.0 209 + 0.2
Topotitla 20,544 12.8 38 19,390 12.1 34 + 6.0
Teocaltitla 54,895 34.3 114 56,352 35.2 114 - 26
Patlachiuhca 27,221 17.0 53 26,591 16.6 53 - 24
Texcalticpac 110,260 68.9 203 111,879 69.9 199 + 1.5
Totals 589,222  368.3 1,205 585,051 365.7 1,150 - 0.7
sidering that roads, ditches, trees, ated with Spanish mathematics that

fences, and constructions make regular
shaped fields unlikely even on lacustrine
plains. In our view the Otlazpan field list
appears to represent standardized ab-

stractions of aggregate field areas with '

their associated tax levy. As such, the
list functioned as a ‘‘tax table’” from
which a person could determine the tax
on his holdings. If the Otlazpan tax rate
of one cacao bean per 20 square units
were applied to Tepetlaoztoc, then taxes
on each parcel could also be read direct-
ly from the tlahuelmantli second and
third registers by reading the numbers at
face value rather than as multiples of 20.
Thus, a tlahuelmantli field with two dots
in the third register would be read as 800
square quahuitl in area and the tax would
have been 40 cacao beans (35, 36).

Conclusions

As a result of the decipherment and
preliminary analysis of two early post-
conquest pictorial manuscripts from Te-
petlaoztoc, three new features emerge
concerning the native arithmetical sys-
tem of Texcocan-Aztec peoples: (i) posi-
tional line-and-dot notation; (ii) a symbol
to represent some functions of zero; and
(iii) a probable set of algorithms to com-
pute land area. However, since both docu-
ments were drafted in the 1540’s, the
question arises whether the system was
pre-Hispanic in use and development or
whether it was among the many cultural
elements introduced by the Spaniards.

There are a number of features associ-

strongly contrast with the Texcocan-Az-
tec system. Spanish mathematics of the
early 16th century was base 10, although
some weights and measures were ex-
pressed in bases 8 and 12, which derived
from earlier conventions in the Mediter-
ranean area. The Arabic system of nota-
tion had been adopted in Spain prior to
the 16th century, but earlier Roman no-
tation continued to be used extensively
until the end of the 17th century. Both
Arabic and Roman notations make use of
horizontal but not vertical place value.
The Texcocan system was base 20, ig-

‘nored horizontal position, so that the

number 23 could be written either as ///-
or +/// (37), and had a positional line-and-
dot notation based on vertical position.
The zero was highly developed in Arabic
arithmetic but only weakly in Texcocan-
Aztec. Finally, the Texcocan system
was internally consistent throughout and
reflected the idiosyncracies of the spo-
ken language. The weight of the evi-
dence, therefore, strongly supports an
indigenous development of Texcocan-
Aztec arithmetic rather than a post-con-
quest adaptation to new ideas. The ab-
sence of description of the native
arithmetical system in the early chroni-
cles suggests that Spanish observers of
native culture, so astute in their descrip-
tion of some things, were either ignorant
of native arithmetical practice or unim-
pressed (38).

It is, perhaps, in the practical appli-
cation of an arithmetical system to de-
rive area that Spanish and native prac-
tices most sharply contrast. The Spanish
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could, but usually did not, express land
units in square measures (39). The size of
agricultural plots was frequently desig-
nated in terms of yield, such as so many
fanegas of wheat. Also, Spanish land
units such as the caballeria were notori-
ously variable (40). Traditionally the
Spanish were content with imprecise de-
scriptions of land parcels, whereas the
native Mexicans were not; this contrast
suggests the continuation of pre-Hispan-
ic practices, rather than an adaptation to
a Spanish system. As Anderson et al.
41) observed ‘‘. .. from the mid-six-
teenth century, as far back as our selec-
tions go, central Mexican Indians were
measuring their lands very exactly,
down to the yard in both dimensions, us-
ing quite sophisticated and individual
terminology. At that time Spaniards in
Mexico were still transferring land by the
league, with no other description than
the names of nearby owners or out-
standing geographical features.”’

Three basic concepts of the Texcocan
positional line-and-dot system are shared
with the Maya: base 20, vertical posi-
tion, and use of a zero (42). Since Aztec
peoples were relatively latecomers to the
Valley of Mexico and the zone of high
civilization, and since their area of politi-
cal and economic control eventually ex-
tended to the borders of Maya-speaking
peoples, the arithmetical system used in
the Texcocan area might reflect a direct
borrowing from the Maya (43). How-
ever, Texcocan-Aztec arithmetic was
probably a regional expression of a basic
set of conventions and principles known
throughout the Mesoamerican area for
two millennia or more.

Ciphers expressed by picture symbols
were geographically widespread in
Mesoamerica, but 16th-century pictorial
documents from Central Mexico show
that a number of alternate, abstract sym-
bols were also used. In the Otlazpan
manuscript, the flag and a bar were alter-
nate symbols for 20. The Codex Kings-
borough, also from Tepetlaoztoc, exten-
sively used picture symbols, in many
cases combined with lines and dots (35).
Although the choice of symbol to record
numbers may have been the scribe’s, it
seems more likely that the determining
factor was the object to be counted and

that the numerical classifier system of -

the spoken language was reflected in
writing. This could explain why picture
symbols appear in one context and ab-
stract symbols in another.

The conventions and principles em-
bodied in the Vergara and Asuncion co-
dices are not limited to those documents.
The ‘‘milcocoli convention’” of in-
dicating measurements around the pe-
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rimeter of fields by lines and dots with
values of 1 and 20 is found on the Ozto-
ticpac Lands Map and other Texcocan
manuscripts (14, 44). Similarly, the ‘‘tla-
huelmantli convention’” showing ab-
stract fields with area indicated by posi-
tional line-and-dot notation has been
found on a late 16th-century document
from another Texcocan locality (¢5), and
the cintli glyph appears in a context oth-
er than tlahuelmantli to clarify place val-
ue (46). Since the direct evidence we
have for the positional line-and-dot nota-
tional system is thus far restricted to the
Texcocan province of Acolhuacan and to
land documents within this area, it may
have been a special system devised for
the purpose of land description. It is,
however, a system in which arithmetical
computations could be accomplished
with clarity and facility, in contrast to
the more elaborate picture symbols com-
monly used in tribute records. Until the
Tepetlaoztoc documents were deci-
phered, use of positional notation, the
zero symbol, and derivation of land area
by Aztec peoples were unsuspected. The
significance of the Tepetlaoztoc deci-
pherment is that documents with hith-
erto undeciphered notations may now be
reexamined and our understanding of
pre-Hispanic arithmetical practices pos-
sibly greatly expanded.
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