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Convection in a Rotating Layer: A Simple Case of Turbulence 

Abstract. Convection in a layer heated from below and rotating about a vertical 
axis exhibits a unique phenomenon in fluid dynamics in that the small-amplitude 
motion is governed by random effects in both its spatial and its time dependence. A 
simple theoretical description of the phenomenon is compared with laboratory obser- 
vations. A more detailed mathematical description appears to be feasible because of 
the weakly nonlinear nature of the problem. 

Considerable progress in the under- 
standing of the onset of turbulence in 
fluid systems has been achieved in the 
past decade through studies of the ap- 
pearance of randomness in simple, well- 
controlled experiments. Laser Doppler 
velocimetry measurements of Taylor 
vortex flow have led to the discovery of 
discrete transitions to oscillatory, ape- 
riodic, and turbulent flow (1), and similar 
results have been obtained for convec- 
tion in layers of small aspect ratio (2). 
The sequence of transitions leading to 
turbulence parallels the behavior of bi- 
furcating solutions of some simple nort- 
linear systems of ordinary differential 
equations, of which the Lorenz equa- 
tions (3) are the most famous example. 
Although the general similarity between 
the mathematical bifurcation problems 
and the experimental observations is 
highly suggestive, a quantitative com- 
parison of theory and measurement has 
not yet been obtained. The equations de- 
scribing the experimentally realized fluid 
motions are partial differential equations 
and, because of the four-dimensional na- 
ture of the mathematical problem, it is 
difficult to derive accurate models of the 
observed phenomena. 

Our purpose in this report is to point 
out a particularly simple example of the 
transition to turbulence for which a close 
correspondence with the solutions of a 
system of three ordinary differential 
equations does exist. The phenomenon 
of convection in a layer heated from be- 
low and rotating about a vertical axis has 
been studied before (4), but only recently 
have sufficiently detailed observations of 
the time dependence of the convection 
cells been made (5) to permit a com- 
parison with the theoretical predictions 
(6, 7). Before discussing some of the ex- 
perimental observations, we will briefly 
consider the theoretical problem. 

A horizontal layer of fluid of thickness 
d is heated from below and rotating 
about a vertical axis with the angular ve- 
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locity Q1. It is assumed that the centrifu- 
gal force is negligible in comparison with 
gravity so that the physical conditions 
are homogeneous and isotropic with re- 
spect to the horizontal dimensions and a 
static state exists as a basic solution of 
the problem. The temperatures T2 and T, 
at the lower and upper boundaries are 
fixed. For the velocity field either a no- 
slip or a stress-free condition may be ap- 
plied at the boundaries. By using d, 
T2 - T,, and d2/K as scales for length, 
temperature, and time, respectively, the 
physical conditions of the layer can be 
represented in terms of the dimension- 
less parameters Rayleigh number, 

R = y(T2 - T1)gd3/Kv 

Taylor number, 

T = 4f2d2/v2 

and Prandtl number, 

P = V/K 

where K is the thermal diffusivity, v is the 
kinematic viscosity, y is the coefficient 
of thermal expansion, and g is the ac- 
celeration due to gravity. When the 
Rayleigh number exceeds a critical value 
Rc depending on the Taylor number T the 
static state becomes unstable and con- 
vective motions set in (8). The linear 
analysis describing the onset of con- 
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Fig. 1. Time dependence of the coefficients c,. 
Because the amplitudes y, are proportional to 
c,2, the solutions of Eqs. 2 exhibit the same 
behavior. 

vection predicts the horizontal wave 
number a, of the motions but does not 
determine their horizontal structure. A 
general description of the latter is given 
by the following expression for the verti- 
cal component of the velocity field in the 
limit of small amplitudes 

N 

Ux =f (Z, ac) Cn cexp {1n r} (1) 
n --N 

where z is the component of the position 
vector r in the vertical direction and the 
horizontal vectors kn are arbitrary ex- 
cept for the conditions 

Iknl = ac, k-n = -kn for n = 1, ? , N 

The coefficients Cn represent arbitrary 
complex numbers subject to the condi- 
tions 

Cn = - Cn+ 

where Cn, denotes the complex con- 
jugate of Cn. The parameter N indicating 
the number of nonvanishing coefficients 
cn may vary from one to infinity. 

In order to decide which solution 
among the manifold of Eq. 1 is physically 
realized, the nonlinear equations must be 
considered. By using a perturbation ap- 
proach for the weakly nonlinear prob- 
lem, it was found in the case T = 0 that 
only solutions corresponding to N = 1 
and describing convection in the form of 
two-dimensional rolls are stable with re- 
spect to arbitrary infinitesimal distur- 
bances (9). Kuippers and Lortz (6, 10) ex- 
tended this result to the case of finite val- 
ues of T. In addition, they found that all 
solutions including rolls are unstable 
when Texceeds a critical value T,, which 
depends slightly on the Prandtl number 
and assumes the value 2285 for P = o in 
the case of stress-free boundaries. For a 
given roll solution described by the wave 
vector k, the instability assumes the 
form of secondary rolls characterized by 
the vector k2, which encloses an angle 4 
with k,. The angle ( has a value of about 
58? when measured in the direction of ro- 
tation and varies little with the Prandtl 
number. 

To answer the question of what form 
of convection is physically realized, the 
initial value problem must be consid- 
ered. Since the instability develops on 
the time scale (R - Rc)d2IRcK, it is suf- 
ficient to consider weakly time-depen- 
dent solutions of the form of Eq. 1 with 
coefficients cn that are now assumed to 
depend on time. Starting with the initial 
value for c1 given by the steady solution 
for two-dimensional rolls and much 
smaller values for all other coefficients 
Cn, the integration exhibits the instability 
predicted by Kiippers and Lortz when T 
exceeds T,. The coefficient c2 corre- 
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Fig. 2. Development in time of the horizontal structure of convection in a rotating layer heated 
from below. The parameters of the experiments are Q1 = 1.29 sec-1, d = 3.3 x 10-3 m, and 
R = 3.8 x 103. The fluid is methyl alcohol (v = 7 x 10-3 cm2/sec and K = 1.0 x 10-3 cm2/sec). 
The number of revolutions since the start of the experiment is 1208, 1348, 1488, 1628, 1716, and 
1945 for (a) to (f), respectively. 

sponding to the vector k2, which approx- paradoxical result comes from the recog- 
imately encloses the angle b with k,, nition that in any fluid system, small-am- 
grows until it reaches an amplitude com- plitude disturbances are present at all 
parable to that of c,, at which point c, times and not just at the initial moment, 
starts to decay and c2 replaces c1 as the as assumed in the solution shown in Fig. 
approximately steady solution. At the 1. The existence of a noise level prevents 
same time, the disturbance amplitude c3 the amplitudes y, from decaying to arbi- 
corresponding to the vector k3, which trary small levels. At the same time it in- 
encloses an angle close to b with k2, troduces a random element into the time 
starts growing exponentially and even- dependence of the system; that is, the 
tually replaces c2, as shown in Fig. 1. system acquires one of the characteristic 
Since C3 had been decaying before it properties of turbulent fluid flow. Ac- 
started growing, it takes longer for the cordingly, it must be expected that the 
disturbances to reach the equilibrium cycles displayed in Fig. 1 become nearly 
value. Since b is close to 60?, a simple periodic, but with a period that fluctu- 
model is obtained by restricting the anal- ates statistically in time. 
ysis to the case N = 3 and assuming an The experimental observations con- 
angle of exactly 60? enclosed by neigh- firm this theoretical picture at any partic- 
boring vectors kn. In this case the pro- ular point in the convection layer. But 
cess repeats itself cyclically as shown in the problem is complicated by the fact 
Fig. 1. After suitable renormalization, that randomness develops in the spatial 
theeequations for the amplitudes y,n dependence, as well as in the time de- 

ICn2 can be written in the form pendence. Even if a convection pattern 
in the form of two-dimensional rolls is 

Y1 - Y - 

- 

/32 - YY3)Y generated by controlled initial condi- 

2 = (1 - Y2 - PY3 - Y)Yy2 (2) tions, the changeover from the unstable 

-2)Y3 
roll pattern described by c1 to the roll 

y3 ( - - Yi - 2)ypattern described by c2 is completed at 

where the dot denotes differentiation different times in different places be- 
with respect to time. System 2 is identi- cause of the statistical spatial variations 
cal to a system of equations considered of the disturbance amplitudes. The frac- 
in population biology (11). For T > Tc, tionation of the convection pattern into 
1/2(/ + y) exceeds unity and all equilibri- patches of rolls with different orientation 
um points of Eqs. 2 are unstable, leading is balanced by the effects of horizontal 
to the behavior exhibited in Fig. 1. A diffusion. Thus the average size of a 

nonphysical feature of this solution is patch of approximately homogeneous 
that the properties of the system depend rolls depends inversely on the growth 
on the time elapsed since the initial con- rate of the instability, which is propor- 
ditions were set. The resolution of this tional to the deviations of both the 
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Rayleigh number and the Taylor number 
from their critical values. 

Figure 2 shows a typical sequence of 
pictures of the horizontal structure of 
convection under stationary conditions. 
The photographs were obtained by the 
shadowgraph visualization method (12). 
A parallel beam of light traverses the lay- 
er and experiences slight deflections be- 
cause of the variation with temperature 
of the index of refraction of the con- 
vecting fluid. Accordingly, dark and light 
areas in the pictures indicate hot rising 
and cold descending fluid, respectively. 
The circular feature near the center of 
each picture is a part of the apparatus 
that does not interfere with the formation 
of the pattern. 

The sequence of pictures in Fig. 2 
shows that convection rolls at a particu- 
lar place are replaced as time goes on by 
new convection rolls inclined at an angle 
of about 60? in the counterclockwise di- 
rection with respect to the old rolls. In 
the case of the patch of rolls on the lower 
left side, the sequence of instabilities 
completes a full cycle and the patch of 
rolls in Fig. 2f looks surprisingly similar 
to that in Fig. 2a. The instability usually 
progresses from a neighboring patch 
with rolls of suitable orientation. The 
theoretical scenario outlined above does 
not take into account this aspect and a 
more detailed theory is required to repre- 
sent the nonlocal properties of the pro- 
cess. Since the equations describing the 
convection are only weakly nonlinear, a 
comprehensive two-scale analysis is-fea- 
sible based on the difference between the 
size of the patches and the wavelength of 
the rolls. 

Even the simple system of Eq. 2 is 
quite accurate in describing the local 
evolution in time of the convection pat- 
tern if an appropriate lower bound for 
the amplitude of the disturbances is in- 
troduced. A quantitative comparison on 
this basis will not be attempted here. The 
experimental observations shown in Fig. 
2 clearly indicate that the particularly 
simple case of turbulence in a rotating 
convection layer can be understood in 
terms of a manifold of stationary solu- 
tions, each of which is unstable with re- 
spect to another solution of the same 
manifold so that the system evolves in 
time by realizing cyclically the different 
solutions of the manifold. It will be of in- 
terest to see the extent to which this con- 
cept applies to more complex turbulent 
fluid systems. 

F. H. BUSSE 
K. E. HEIKES 

Department of Earth and Space 
Sciences, University of California, 
Los Angeles 90024 
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evolution. 

The site of Laetoli in northern Tan- 
zania (3?12'S, 35?11'E) has yielded abun- 
dant fossils of Pliocene age. Included 
among the 5000 vertebrate specimens re- 
covered from Laetoli are remains of 24 
hominid individuals (1). The Laetolil 
Beds include a laminated airfall tuff 
(Tuff 7) that bears the tracks of Pliocene 
animals ranging in size from millipedes 
to large elephantids (2). Vertebrate fos- 
sils and tracks from the Laetolil Beds are 
radiometrically dated to between 3.6 and 
3.8 million years (1). 

Hominid footprints were discovered at 
Laetoli site G by Dr. Paul Abell in July of 
1978. Illustrations and descriptions of 
the discoveries are available (2). The 
footprints are undoubtedly in situ and as 
old as reported. 

Excavations at site G in 1978 and 1979 
revealed trails of at least two hominid 
individuals. Portions of the trails are 
eroded but several intact prints are pre- 
served. The uneroded footprints show a 
total morphological pattern like that seen 
in moder humans. Heel strike is pro- 
nounced. The great toes appear fully 
adducted, lying immediately ahead of the 
ball of the foot. The medial longitudinal 
arch of the foot is well developed. Spa- 
tial relationships of the footprints are 
strikingly human in pattern. Preliminary 
observations and experiments suggest 
that the Laetoli hominid trails at site G 
do not differ substantially from modern 
human trails made on a similar substrate. 

Discoveries of fossilized hominid re- 
mains at Hadar in Ethiopia (2.6 to 3.3 
million years ago) (3) and Laetoli in Tan- 
zania (3.6 to 3.8 million years ago) (I) 
provide a new perspective on hominid 
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evolution during Pliocene and Pleist 
cene times. These sites provide tl 
earliest skeletal evidence of the Horr 
nidae. The fossil material is assigned 
Australopithecus afarensis (4), the on 
hominid species known from rocks 
this age. 

Numerous investigators have es' 
mated stature in early hominids by usir 
skeletal remains (5, 6). The Laetoli foc 
prints can be used in a similar manne 
but stature estimates derived from foo 
print dimensions are based on numeroi 
assumptions. If it is assumed that 
Laetoli hominids had foot proportioi 

Table 1. Stature reconstruction. Stature es 
mates for the two Laetoli individuals are gi 
en here. These estimates are based on avera 
values for modern human populations and a 
based on several assumptions; M, male; 
female. 

Stature 
estimates 

Foot- (meters) (2) 
Human length of Laetoli 

(7) average hominids 
(%)* 

Sma 
Largert er er: 

Bushmen M 14.6 1.47 1.2 
(San) F 14.4 1.49 1.2 

Mawambi M 15.6 1.38 1.1I 
Pygmy F 15.5 1.39 1.11 

Japanese M 13.8 1.56 1.3 
F 14.9 1.44 1.2 

American M 15.9 1.35 1.11 
Negro F 16.1 1.34 1.1 

American M 15.0 1.43 1.2 
White F 14.0 1.54 1.3 

*Percentage of body height. tFootprint leng 21.5 cm. tFootprint length, 18.5 cm. 
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dt, like modern humans, (ii) the individuals 
P. represented were adult, (iii) the foot- 
?- prints are good indicators of foot length, 
aid and (iv) the reported measurements are 

accurate; then stature estimates are as 
of given in Table 1 (7). These estimates are 
nd 
5)]. consistent with those derived from the 
ng postcranial skeleton of A. afarensis. All 
by available evidence makes it probable 

d that the Laetoli hominid footprints were 
H. made by members of this Pliocene spe- 

cies. 
'M The acquisition of erect posture and 

striding bipedal gait by human ancestors 
represented a major evolutionary event. 
Anatomical correlates of this form of 
stature and locomotion have been the 
subjects of many comparative studies (8- 
11). Anthropologists and zoologists de- 
fine the family Hominidae on the basis of 

rs anatomical features associated with ha- 
d1- bitual bipedal locomotion (9, 10, 12-14). 
in Students of human evolution have 

speculated freely on the origins of biped- 
al locomotion. They have suggested that 

o- the protohominid involved in the transi- 
he tion to habitual striding bipedalism was 
ii- like the gibbon (15), the pygmy chim- 
to panzee (16), or even Gigantopithecus 
ly (17). Selective factors posited to account 
of for this transition have included vision 

over tall grass, carrying food or off- 
ti- spring, eating seeds, intimidating rivals 
ig or predators (or both), and using tools 
t- (18). 
r, In the absence of fossil evidence, 
>t- scholars were forced to speculate on the 
us evolution of structures like the human 
(i) foot by relying on comparative anatomy 
ns and embryology (14, 19, 20). Calling on 

Darwinian gradualism and a scala na- 
turae of modern primates, most com- 

iti- parative anatomists predicted that, when 
iv- fossil hominids were found, they would 
e show various stages of intermediacy be- ire 

F tween modern humans and chimpanzees 
(21). Early interpretations of Neander- 
thals and Homo erectus were undoubt- 
edly influenced by such reasoning, and 
hence many reconstructions were de- 
picted with semidivergent great toes 
(22). There has been a persistent reluc- 

ll- tance on the part of human paleontolo- 
: gists to acknowledge fossil hominid post- 

cranial remains as indicative of a fully 
9 modern human gait (23). When informa- 

tion on the skeletal anatomy of Austra- 
8 lopithecus was gathered in the Trans- 

4 vaal, it was recognized that these fossils 
4 were very old (24) and anatomically dis- 
6 tinct from modern humans in their crania 
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