Control of Sequential Compartment
Formation in Drosophila

A uniform mechanism may control the locations

of successive binary developmental commitments.

Stuart A. Kauffman, Ronald M. Shymko, Kenneth Trabert

Among the most fundamental tasks
faced by the developing embryo is the re-
liable assignment of different develop-
mental programs to the proper regions of
the embryo. In many different organisms
the fate of any region becomes progres-

to discuss a simple dynamical model,
that appears able to generate reliably the
known sequence and geometries of com-
partmental boundaries in Drosophila,
and to induce the proper developmental
program in each region.

Summary. During development of Drosophila melanogaster, sequential com-
mitment to alternative development programs occurs in neighboring groups of cells.
These commitments appear to be reflected by lines of clonal restriction, called com-
partmental boundaries, which progressively subdivide the early embryo, and later the
imaginal discs, which give rise to different adult appendages. We propose that a reac-
tion-diffusion system acts throughout development and generates a sequence of dif-
ferently shaped chemical patterns. These patterns account for the sequence and ge-
ometries of compartmental boundaries, and predict that each terminal compartment is
specified by a unique combination of binary choices made during its formation. This
binary “code” interprets coherently the patterned metaplasia seem in transdeter-

mination and homeotic mutations.

sively restricted. Recent discoveries in-
dicate that in Drosophila melanogaster
this is manifested by the formation of
lines of clonal restriction, called com-
partmental boundaries (I -7), which arise
sequentially and subdivide the egg into
discrete regions in the earliest stages of
embryogenesis. Later, additional lines
subdivide imaginal discs, the larval anla-
gen that metamorphose into the different
adult appendages. The sequence and ge-
ometries of these lines almost certainly
reflect the order in which discrete spatial
domains assume different developmental
programs, and provide information
about the underlying positional cues
which delineate and trigger those com-
mitments. Our purpose in this article is
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Drosophila melanogaster is a holo-
metabolous insect. At 25°C the egg
hatches about 24 hours after oviposition,
the three larval instars last a total of
about 4 days, pupariation and metamor-
phosis require about 4 days, and the
adult lives several weeks. After fertiliza-
tion, the zygotic nucleus undergoes 12 or
13 rapid mitoses without division of the
ellipsoidal egg, thereby creating a syncy-
tium (8). By the ninth cleavage, nuclei
move outward to the cortex of the egg.
After the 13th cleavage, at about 3 hours,
division temporarily ceases, and cell
membranes separate the cortical nuclei,
creating the cellular blastoderm. About
20 minutes later gastrulation takes place,
and cell division commences.

Direct evidence shows that the nuclei
of the blastoderm are still totipotent, but
that these initial cells are already deter-
mined at least into anterior and posterior
zones (9). Additional evidence (10)
strongly suggests that, at about this time,
small nests of cells in different regions of

the blastoderm are set apart from the
forming larval structures, and become
the imaginal discs. Slightly later, each
disc is “‘determined’’ to form a particular
part of the adult epidermis during meta-
morphosis. There are the following pairs
of discs: eye-antenna, labial, clypeo-la-
brum, humeral, first leg, second leg,
third leg, wing, haltere, abdominal his-
toblasts and the single bilaterally fused
genital disc. During larval development
the discs grow to 10,000 to 40,000 cells
(10). During metamorphosis, most larval
structures lyse, and the ectoderm of the
adult is formed by the terminal dif-
ferentiation and eversion of the imaginal
discs.

Using gynandromorphs to construct a
fate map of the egg showing the locations
of regions that will give rise to each
imaginal disc (//), and with the use of
gynandromorphs and mitotic recombina-
tion (10), it has been possible to establish
that the initial determination processes
subdivide the egg into a number of geo-
metric domains, in each of which a group
of cells related by spatial proximity, but
not clonal ancestry, becomes determined
to form a specific imaginal disc.

The discovery of the sequential forma-
tion of lines of clonal restriction rests on
the genetic technique of mitotic recombi-
nation (/0). A larva that is a hetero-
zygote for arecessive gene, such as mwh
(multiple wing hairs), is phenotypically
normal. Irradiation of the larva during
development can cause a somatic recom-
bination event in a G, stage cell, leading
to the formation of two daughter cells,
one of which is homozygous mwh, the
other homozygous for the wild-type mwh
allele. The homozygous mwh cell contin-
ues to divide, generating a clone. After
metamorphosis, the clone is visible as an
extended mwh patch on the adult cuticle.
The size, shape, and location of the
clone reflect features of its history.

Operational Definition of

Developmental Compartments

Mitotic recombination events resulting
in marked clones can be induced by irra-
diation as early in development as the
cellular blastoderm stage. Garcia-Bellido
and co-workers (I, 2) found that clones
initiated at such early stages occur at ar-
bitrary locations on the adult wing, ex-
cept that they never cross a specific line
on the adult surface, even though the
border of such a clone might run along
that line for hundreds of cells. This line
divides the wing and mesothorax into an-
terior and posterior regions. The clones
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behave as though they were ‘‘respect-
ing’’ the line. This line of clonal restric-
tion provides the operational definition
of a compartmental boundary separating
the anterior and posterior compartments
of the wing and thorax (Fig. 1).

Sequential Compartmentalization

of the Early Embryo

Steiner (¢), Wieshaus and Gehring (5),
and Lawrence and Morata (/12) have in-
duced clones at the blastoderm stage and
found that no clones cross between the
adjacent prothorax, mesothorax, or me-
tathorax structures, or between the cor-
responding prothoracic, mesothoracic,
or metathoracic legs. Steiner (¢) also
found that no clone crossed between the
anterior and posterior halves of each leg.
Therefore it appears that lines of clone
restriction separate the three thoracic
segments, and even subdivide each of
these into anterior and posterior com-
partments, by the blastoderm stage.
However, clones induced at the same
stage do cross from wing to mesothorac-
ic leg, from metathorax to metathoracic
leg, and from left to right prothoracic leg
“, 5, 12).

Lawrence and Morata (I2) found
that clones induced a few hours af-
ter the blastoderm stage no longer
crossed from wing to mesothoracic leg.
These data demonstrate that lines of
clone restriction subdivide the blasto-
derm longitudinally prior to the estab-
lishment of restriction lines separating
the dorsal (prothorax, mesothorax,
metathorax) discs from the ventral (leg)
discs. It seems clear that lines of clone
restriction arise sequentially as the egg
matures past the blastoderm stage, and
progressively isolate the groups of cells
that comprise the initial imaginal disc an-
lagen.

Sequential Compartmentalization
in the Wing Disc

The anterior-posterior compartmental
boundary subdivides the wing disc by
the blastoderm stage (I, 2). Clones
marked at later stages of development al-
ways respect this boundary. However,
Garcia-Bellido and co-workers have dis-
covered in the wing disc that further
compartmental boundaries are formed in
a specific sequence and at specific stages
of development. Among flies irradiated
prior to the formation of each com-
partmental boundary, some clones will
be seen crossing that boundary; in flies
irradiated after the formation of the
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Fig. 1. A large clone whose posterior margin
runs along the anterior-posterior border of the
wing and thorax. [From Garcia-Bellido er al.

@)

boundary, no clones will be seen strad-
dling that line.

The observed compartments and their
times of appearance are: (i) anterior-pos-
terior at about 3 to 10 hours; (ii) dorsal-
ventral at about 30 to 40 hours; (iii) wing-
thorax at about 30 to 40 hours; (iv) scu-
tum-scutellum, and postscutum-postscu-
tellum at about 70 hours: (v) proxi-
mal-distal wing at about 96 hours.

Data for the occurrence and timing of
the later compartments in the wing disc
are less secure than for the earlier com-
partments, both because good surface
markers are sparse in some areas of the
wing and thorax, and because clones
marked late in development are small,
making compartmental boundaries hard-
er to observe. To overcome the latter
problem, Morata and Ripoll (/3) in-
troduced and Garcia-Bellido et al. (I, 2)

‘made use of flies heterozygotic for a mu-

tant gene, Minute, M/M*. Minute flies
develop more slowly than wild-type flies.
Irradiation produces some M*/M* cells
which grow faster than M/M™* cells,
thereby creating large clones which **fill
up’’ most of a compartment and help es-
tablish its boundaries. Because of uncer-
tainties about the relative developmental
ages of Minute heterozygotes and wild-
type flies, the timing of later compart-
mental boundaries is only approximate.

The five compartmental boundaries
are shown schematically in Fig. 2a. In
Fig. 2b they are shown projected onto
the fate map of the third instar wing disc
(I4). During metamorphosis, the wing
disc “‘folds’ along the dorsal-ventral
line, and apposes dorsal and ventral tho-
rax, while the wing everts.

Projecting the successive com-
partmental lines onto the mature third in-
star disc (Fig. 2b) may not accurately re-
flect their detailed geometries on the
growing disc at the times the lines were
first formed. In fact, the first anterior-
posterior boundary is actually present on
the blastoderm ¢, 5) before the wing and
mesothoracic leg are clonally isolated
and simultaneously divides wing and leg
into anterior and posterior compart-
ments. The remaining four boundaries

form on the wing disc proper as it grows
and changes shape. Each of the first
three boundaries successively bisects all
the compartments created by the earlier
lines. The last two each seem simultane-
ously to bisect two or more previous
compartments. Garcia-Bellido et al. 2)
point out the astonishing anterior-poste-
rior and dorsal-ventral (that is, twofold)
symmetries of the process. Indeed, the
only deviation from complete twofold
symmetry is the lack, at the fourth com-
partmentalization, of a line bisecting
ventral thorax. But, in fact, that line may
well exist, for Garcia-Bellido et al. (2)
happened only to look in the dorsal tho-
rax at that time.

If wing disc compartmental bounda-
ries separate groups of cells with dif-
ferent developmental commitments, then
the geometries of the lines suggest that a
terminal wing disc compartment is speci-
fied by a unique combination of binary
names; for example, anterior, not poste-
rior; dorsal, not ventral; wing, not tho-
rax; proximal, not distal.

Different Compartments Appear to

Have Different Commitments

At least some lines of clone restriction
almost certainly separate groups of cells
with  distinct developmental com-
mitments. The different imaginal discs
are in different states of determination.
Determination is operationally defined as
a clonally heritable state (10); therefore,
determination of groups of cells to one or
another disc implies clonal isolation of
each group. Since neighboring domains
on the blastoderm become determined to
form different imaginal discs, such alter-
nate commitments almost certainly gen-
erate the lines of clone restriction which
sequentially subdivide.the early embryo.

Compartmental boundaries  subdi-
viding the wing disc also seem to sepa-
rate domains of cells carrying different
developmental commitments. In this
case, the criterion of clonal heritability
cannot be applied since, during culture
of disc fragments, regeneration across
wing compartmental boundaries can oc-
cur (I5). However, in several homeotic
mutants, which convert one disc or disc
region to the commitment of another disc
or disc region, the boundaries of action
of the mutants coincide with the bounda-
ries of wing compartments (/6, 17). This
suggests that a homeotic gene can have a
compartment as its domain of action,
and that intradisc compartments are dis-
tinctly committed cell populations (/,
17).

Some apparent lines of clone restric-
SCIENCE, VOL. 199



tion may not separate domains of dis-
tinctly committed cells. Most critically,
mere clonal isolation itself can never
prove that the two isolated populations
of cells are different. For example, a line
of cell death might isolate two sub-
populations of identical cells. Apparent
lines of clone restriction might be arti-
facts because of the fusion of initially
separated regions of cells spanned by
early large clones, but not late small
clones; or because late clones are small
and unlikely to span between distant
structures. However, use of large M*

clones in Minute heterozygotes obviates

most of the latter problems; and it ap-
pears likely that, in most cases, a com-
partmental boundary does divide a con-
tiguous group of cells, as hypothesized
by Garcia-Bellido et al. (2) and Crick and
Lawrence (7).

The data now available indicate that
compartmental lines arise sequentially
throughout development from the
earliest stages of embryogenesis and pro-
gressively subdivide and isolate groups
of cells spatially, probably as a reflection
of the sequential commitment of neigh-
boring groups of cells to alternative de-
velopmental fates. Thus we could con-
sider that a uniform mechanism might
act throughout development to account
for the number, position, symmetries,
and sequence in which compartmental
boundaries form. We propose a model
that appears able to do so, a model that
provides an explicit measure of the simi-
larity of developmental programs in dif-
ferent compartments. Since the lines on
the wing disc are the best established, we
first construct our model for the wing,
then apply it to other discs and early em-
bryo.

Characteristic Chemical Patterns

We postulate a single biochemical sys-
tem of two components, with concentra-
tions X(r,t), Y(r,t), at position r, time ¢,
which are being synthesized and de-
stroyed at rates F(X,Y) and G(X,Y), and
which are diffusing throughout the tis-
sue. The equations for this system are:

";—)f = F(X,Y) + D, VX
(D
—aa—? = GIX,Y) + D,V*Y

Biochemical dynamical systems such
as Egs. 1 can exhibit a variety of behav-
iors. In particular, as shown long ago by
Turing (I8) and recently by Gmitro and
Scrivin (19) and Meinbhardt (20), and
reviewed by Nicolis and Prigogine
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(21), such a system can have the property
that its spatially uniform steady state,
X = X,, Y = Y, [defined by the simulta-
neous  solution of F(X,Y,) =0,
G(X,,Y,) = 0] is stable to all spatially
distributed perturbations except those
perturbations whose spatial wavelengths
fall in a narrow range around some spe-
cific, characteristic wavelength, /,. Per-
turbations with wavelengths outside this
range will decay to the spatially homoge-
neous steady state; perturbations above
and below the steady state concentra-
tions, X,,Y,, with wavelengths near the
natural chemical wavelength, [,, will
grow in amplitude and create a spatially
inhomogeneous pattern of chemical con-
centrations. If the reaction functions
F(X,Y), G(X,Y) are linear, the amplitude
of such a wave pattern grows without
bound. However, with appropriate non-
linear reaction functions F(X,Y), G(X,Y)
all such perturbations will either decay
or grow to a maximum amplitude with-
out oscillations in time. Therefore, this
system has the capability of establishing
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Fig. 2. (a) The five compartmental lines on
the thorax and wing. A, anterior; P, posterior;
V, ventral; D, dorsal; T, thorax; W, wing;
Pr, proximal wing; Ds, distal wing; Sc, scu-
tum;- Sc’, scutellum. [From Garcia-Bellido
(1)] (b) Projection of the five compartmen-
tal boundaries onto the fate map .[Bryant
(I4)] of the third instar wing disc. The dotted
line 4 is the postulated compartmental line in
the ventral thorax needed to complete the an-
terior-posterior, dorsal-ventral (twofold) sym-
metry.

stable, steady state spatial patterns of
concentration with spatial wavelength
equal to /,. Given expected values of dif-
fusion constants of about 10~7 to 10>
cm?sec, such dynamical systems typi-
cally have natural chemical wavelengths
on the order of 50 to 150 um (22). This is
appropriate for the size of developing
imaginal discs. A biochemical Kinetic
system exhibiting these properties, and
the mathematical analysis of Eqgs. 1 is
given in the appendix.

Thermal noise continuously in-
troduces small local fluctuations to the
spatially uniform steady state. These can
be décomposed into a Fourier series, a
weighted sum of very many spatial
wavelengths. Thus, thermal noise guar-
antees that some very small amplitude
wavelength equal to [, is present. The dy-
namical system acts as a filter and will
select and amplify that wave in time
while all other wavelengths are sup-
pressed, creating a stationary spatial pat-
tern of wavelength /,. This was the heart
of Turing’s model (/8) for the spontane-
ous formation of a chemical pattern from
a spatially homogeneous state.

Reactions in a Growing Domain

Create a Sequence of Patterns

A critical feature of compartmental
boundaries is that they arise in a well-de-
fined sequence as the. imaginal disc
grows in size. Our Eqgs. 1 support only
chemical patterns with wavelengths
equal to /,. Let this chemical system oc-
cur in a closed bounded domain; and as-
sume that there is no flux of reactants X
and Y through the boundaries. Since dif-
fusion occurs down spatial gradients of
concentration, this assumption imposes
the mathematical boundary condition
that the spatial gradient of concentration
at the boundaries be flat along lines per-
pendicular to the boundaries (23). If, for
example, the chemical system is in a
one-dimensional domain of length L, the
no-flux boundary condition constrains
the spatial patterns that appear to be su-
perpositions of one or more sinusoidally
shaped functions of the form cos(nzr/L),
(n=123..., 0=r=L), which have
zero spatial derivative, and consequently
local maxima or minima, at the bounda-
ries r = 0 and r = L. The n™ of these
patterns has wavelength 2L/n; if this pat-
tern is present, n half-waves of length
L/n fit into the domain of length L. How-
ever, our chemical system (Eqgs. 1) only
allows chemical patterns of one wave-
length, [,, to grow. Therefore, the bound-
ary conditions can be satisfied and pat-
terns can appear only when the length of
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the one-dimensional domain L is an in-
tegral multiple of the half-wavelength
1,/2; thatis, L = nl,/2.

Now suppose the length L of the one-
dimensional domain is less than [,/2.
No pattern of wavelength [, can “‘fit” in-
to this length, hence no pattern can
emerge. The chemical system stays at its
spatially homogeneous steady state. Let
the “‘tissue’’ length gradually .increase.
When L = [/2 the first chemical pat-
tern, in which one half-wavelength fits
into the length L, will grow, with a maxi-
mum of concentration at one boundary
and a minimum at the other boundary.

Fig. 3. (a) Wave pattern generated on a circle
with scaled radius kr = 1.82. The pattern is
the product of a radial part, J,(kr) [the first
order Bessel function (26)] and an angular part,
cos ¢.. The dashed nodal line of zero (that is,
steady state) concentration runs along the di-
ameter of the circle from ¢ = 90° to ¢ = 270°.
The dotted circle outlines the circular radi-
us. (b) Wave pattern, J,(kr) cos 2¢, gen-
erated at a scaled radius of 3.1. The dashed
lines are crossed nodal lines on two per-
pendicular diameters. (c¢) Pattern generated
at a scaled radius of 3.8, where the zero
in the derivative of Jy(kr) matches the radial
boundary condition. The pattern is Jo(kr) cos
0¢, which has no angular variation. The nodal
line is concentric with the outer radius.
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As the length of the tissue increases
beyond L = [y/2 the first pattern will no
longer fit, and will decay back to the ho-
mogeneous steady state. When the tissue
grows to L = [, an entire cosine pattern,
maximal at both ends and minimal in the
middle, or vice versa, arises. In general,
at length L = nly/2, n half-wavelengths
fit into the domain in tandem. Thus at a
discrete succession of lengths L = [,/2,
lo, 3l4/2, ...nly/2 distinct sinusoidal
chemical patterns emerge and decay.

Nodal Lines of Sequential

Patterns Create Compartments

In direct analogy to the one-dimen-
sional case, chemical system (Egs. 1)
will produce a sequence of differently
shaped chemical patterns on complex,
growing surfaces such as the wing disc.
The exact shape history of the wing disc
is not yet known in detail (24), but by
mid-first instar it is a single-cell layer
backed by a thin peripodial membrane.
We will therefore approximate it as a
planar shape. Since the wing disc is only
joined to the larva by a stalk, a natural
assumption is that no flux of X and Y oc-
curs across the edge of the disc into the
hemolymph.

On a growing two-dimensional do-
main, the shapes of the chemical pat-
terns that arise depend on both the size
and shape of the domain. For example,
on a growing circular imaginal disc, the
first three patterns that arise are shown
in Fig. 3, a to ¢. As we describe below,
distortion from a circle to an ellipse dis-
torts the shapes of the chemical patterns.

The chemical patterns that form pro-
vide a means for drawing a succession of
compartmental lines across the disc.
Since compartmental lines appear to re-
flect the commitments of the divided
groups of cells to two alternative fates, it
is natural to assume that each of the
chemical patterns induces cells in dif-
ferent regions of the disc to adopt one of
two different commitments. The steady
state concentrations, X, and Y, occur as
the nodal lines of each chemical pattern,
dividing the disc into alternate regions
with concentrations above and below the
steady state (Figs. 3, a to c). Therefore
we suppose X, is the threshold concen-
tration of a morphogen, inducing one bi-
nary commitment (for example, anterior)
in cells above threshold, and the alter-
nate commitment (posterior) in cells be-
low threshold and that this commitment
is recorded by a two-state memory
switch or on-off ‘‘selector gene’ (1) in
each cell.

Our model postulates a succession of

differently shaped chemical patterns that
grow and die away. The two-state switch
recording the ‘‘anterior” or ‘‘posterior”’
decision in each cell provides a memory
device for the location of the first line,
which can thereafter decay. A different
two-state switch would be required for
the compartment boundary induced by
each successive pattern, the first record-
ing ‘‘anterior’’ or ‘‘posterior’’; the sec-:
ond recording ‘‘dorsal’’ or ‘‘ventral’’;
the third ““‘wing’’ or ‘‘thorax.”’ The se-
quential activation of each binary switch
by the successive formation of bounda-
ries would therefore create a binary com-
binatorial ‘‘code word’’ specifying each
terminal compartment. We discuss this
below. '

Each chemical pattern can arise in ei-
ther of two orientations, since concen-
trations on one side of a nodal line could
be above or below threshold. To break
this symmetry, we must suppose that
some inhomogeneity properly orients
each chemical pattern. For example, the
stalk of the disc might play such a role.
An important further implication of the
assumption of a single threshold X, is
that, in a given chemical pattern, more
than one nodal line might simultaneously
divide the domain, creating more than
one compartmental boundary, but only
the two possible switch states would be
induced alternately (+,—,+ ,...—) in the
neighboring regions with concentrations
above and below X,. If, in Drosophila,
more than one compartmental line simul-
taneously arises, then more than two
commitments might conceivably have
been chosen. For example, the wing-tho-
rax boundary (Fig. 2b) seems to arise as
a pair of lines separating the disc into
three regions. Our model assigns identi-
cal states to the two ends of the disc and
the alternate state to the middle. It is in-
teresting that, behaviorally, the two ends
are thoracic and the middle is wing.

Fig. 4. The coordinates of an ellipse, ¢ and 7,
are constant on confocal ellipses and hyper-
bolae, respectively. The interfocal distance is
2h.
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Any model of compartmentalization
requires a mechanism by which clones
“‘respect’”’ the lines. Morata and Law-
rence (I7) and we propose that the alter-
nate commitments create distinct cell af-
finity properties on the two sides of each
line such that local cell sorting maintains
the clonal integrity of compartment lines.
Local sorting is consistent with the ob-
servation that marked clones remain co-
herent.

Chemical Patterns on an Ellipse Fit

the Sequence on the Wing

As was noted earlier, the first, ante-
rior-posterior, compartment line is
formed on the blastoderm and must be
explained in the context of the ellipsoi-
dal geometry of the surface of the egg.
We show below that our model accounts
for this first boundary. The dorsal-vent-
ral, wing-thorax, scutum-scutellum, and
proximal-distal compartment lines arise
on the wing disc itself and should closely
match the lines predicted by our model
on an appropriate geometry. Two factors
dictate the choice of an ellipse for our ap-
proximation instead of, for example, a
circle (Fig. 3, a to ¢). First, throughout
larval life the true wing disc is more simi-
lar to an ellipse than to a circle (24). Sec-
ond, the ellipse is the most complex
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planar figure for which the succession of
chemical patterns can be investigated an-
alytically; thereafter, detailed simulations
or other approximation techniques be-
come necessary.

On the circle, the nodal lines form
along the radii and along the concentric
circles. That is, the model com-
partmental lines run along lines that are
the natural coordinate system for the
circle. On an ellipse, the natural coordi-
nate system (25) (Fig. 4) consists of con-
centric ellipses rather than concentric
circles, and pairs of confocal hyperbolae
rather than radii. Thus, on an ellipse,
model compartmental boundaries form
along these lines. As the ellipse grows,
the modes that occur are given by prod-
ucts of cosine- or sine-elliptic Mathieu
functions (25, 26, 27) of the form
Ce (€5 n)cen(M ;) OF Sen(€,5p)5e,(n.s ni)>
which we abbreviate Ce,; or Se,; (see ap-
pendix for explanation of the symbols).
For most of the modes we consider,
j =1, and therefore we use the further
abbreviations Ce, or Se, for the above
modes whenj = 1.

The elongation of an ellipse, relative to
a circle, confers two preferred axes, the
major and minor. This serves to orient
successive wave patterns in contrast
with the random orientation of succes-
sive patterns on the circle. The first pat-
tern to fit on is a distortion of the first
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pattern on a circle, and not surprisingly
for a dynamic system with a preferred
wavelength, it fits on the long way first
(Fig. SA) (28). This wave pattern is a
product of first cosine-elliptic functions,
Ce(£,511)ceq(m,s11), or Ce, in our nota-
tion. Figure 5, A to F, show the succes-
sion of characteristically shaped pat-
terns. The solid lines are the anti-
symmetry nodal lines corresponding to
postulated ‘‘threshold’’ compartmental
lines. The succession of modes is Ce,
(Fig. 5A), Se, (Fig. 5B), Ce, (Fig. 5C),
Se, (Fig. 5D), Ce; (Fig. 5E), and Ce,
(Fig. SF).

The first elliptical mode, Ce, (Fig. 5A),
has a nodal line along the minor axis of
the elliptical disc which draws the first
boundary on the disc proper, the dorsal-
ventral line, which also occurs the short
way across the wing disc (Fig. 2b). The
second mode, Se, (Fig. 5B), repeats the
anterior-posterior line. The third mode,
Ce, (Fig. 5C), has a pair of hyperbolic
nodal lines which nicely match the pair
of lines separating ventral and dorsal
thoracic compartments from the wing
compartment lying between them. Se,
(Fig. 5D) repeats the dorsal-ventral and
anterior-posterior lines. Ce; (Fig. SE)
draws two nodal hyperbolae near the
dorsal and ventral narrow ends of the el-
lipse. The dorsal member of the pair
draws the fourth line separating the dor-

c 90°
0o -1 o 60°
180° 1 1 0°
0 1 0
270°
Cez
90°
F
180° o°
270°
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Fig. 5. Nodal lines of successive wave patterns which fit onto an ellipse as it enlarges. The patterns are similar to those on a circle. (A) Ce (£,51;)
(n,s1;) (abbreviated Ce,) is a slight distortion of J,(kr) cos ¢ (Fig. 3a). (B) Se,(£,511)se1(n,511) (that is Se;) is Ce, rotated 90°. (C) Ce, is analogous
to Jo(kr) cos 2¢ (Fig. 3b) but on an ellipse the radii split to form pairs of confocal hyperbolae. (D and E) Se, and Ce; are analogous to J,(kr) sin 2¢
and J3(kr) cos 3¢, respectively. (F) Cey(€,501)cen(n,s01), Or Ce, is analogous to Jo(kr) cos O¢. This mode is a hill-shaped pattern with an interior
nodal ellipse, similar to Fig. 3c. See the appendix for definitions of the symbols.
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Fig. 6. Taking account of wing disc growth,
we project all five predicted compartmental
boundaries onto one ellipse. The observed
boundaries are shown in Fig. 2b.

sal thorax into scutum-scutellum and
postscutum-postscutellum. The ventral
member of the pair of hyperbolae is the
predicted bisection of ventral thorax
needed to complete the twofold symme-
try of the observed compartment lines
(Fig. 2, a and b). The final ‘“‘hill’’ pat-
tern, Ce, (Fig. SF), draws a concentric
interior nodal ellipse separating proximal
and distal wing.

Taking account of the growth of the
wing disc, the predicted compartmental
boundaries are summarized in Fig. 6.
They compare well to the observed
boundaries (Fig. 2b). In short, the se-
quence, number, position, and symme-
tries of the second through fifth com-
partmental boundaries are almost identi-
cal to the characteristic chemical pat-
terns arising on a growing ellipse. The
compartment lines reflect the symme-
tries and natural coordinate system of an
ellipse.

Predictions: Compartment Lines on
Other Discs and the Blastoderm

Our model postulates that the chem-
ical patterns occurring in a tissue depend
on the tissue’s size and shape. It there-
fore makes testable predictions about se-
quential compartmentalization on the
different, distinctly shaped, imaginal
discs and on the ellipsoidal egg.

The compartmental boundaries that
form on the leg (4), genital (6), and hal-
tere (11, 29) as well as on the blastoderm
4, 5, 12) are now partially known (Fig.
7, A to C). The occurrence of compart-
mental boundaries in the eye-antenna
disc is in doubt (3, 29).

If the unstable chemical wavelength is
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roughly identical in all discs, then the
model predicts that the smaller of two
discs with homologous shapes should
form only the first few of the lines that
form on the larger disc. The different
imaginal discs fall into two major shape
classes. Wing, haltere, and the individual
leg discs are convex, fairly symmetric
shapes (24, 30). The eye-antenna, gen-
ital, and the pair of first leg discs, which
are fused, are nonconvex, bilobed struc-
tures during most of their development
(24, 30). Our model makes distinct pre-
dictions for these two shape classes. As
predicted, the three lines that form on
the smaller haltere disc (29) are homolo-
gous to the first three that form on the
larger wing disc. The first two on each
leg disc match the first two on the larger
wing disc. Our model cannot explain the
failure of the second leg boundary to ex-
tend across the disc. On nonconvex, but
symmetrical bilobed structures, one
might intuitively expect that a com-
partmental boundary would form in the
narrow isthmus between the lobes. How-
ever, none appears to form between the
left and right halves of the symmetrical,
fused genital disc (6), or between the left
and right members of the fused first leg
discs ).

Our model predicts these counter-
intuitive observations (see the appen-
dix). In symmetrical bilobed structures
joined by a sufficiently narrow and short
isthmus, the chemical patterns that form
must approximately fit in each lobe sepa-
rately. Thus, chemical patterns with
nodal lines across the isthmus, which
would create boundaries that isolate one
lobe from the other, are suppressed. On
the other band, symmetrical patterns
with maxima or minima in the isthmus
can form lengthwise along the symmetri-
cal bilobed structure, generating the sec-
ond compartmental boundaries that arise
simultaneously in each lobe of the fused
first leg discs, and in each lobe of the
fused genital disc.

On the asymmetrical bilobed eye-an-
tenna disc, Baker (3) reports that a longi-
tudinal compartment boundary running
through the isthmus divides dorsal eye
and dorsal first antennal segment from
ventral eye and the rest of the antenna.
Later, two lines form at about the same
time, perpendicular to the first line, and
divide the eye into three regions. The
predictions of our model are consistent
with this sequence for an appropriate
asymmetric bilobed structure. However,
other workers (29) have been unable to
confirm the occurrence of these com-
partmental boundaries in the eye-an-
tenna disc.

The most interesting predictions of our

2y
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Fig. 7. Schematic compartmental lines on the
(A) leg, (B) genital, and (C) haltere.

model concern the forming blastoderm.
The egg does not grow during cleavage
or later embryogenesis. However, it is
likely that, as cell membranes form and
separate nuclei, resistance to diffusion
increases so that effective diffusion con-
stants are made smaller. If diffusion con-
stants become smaller while the ratios of
the diffusion constants do not change,
the effect is to shorten the unstable
wavelength. Mathematically, the effect
is the same as if the unstable wavelength
remains constant and the spatial domain
grows; as the allowed wavelength be-
comes shorter, a succession of different
patterns fit on the egg at a discrete suc-
cession of allowed wavelengths.

A fundamental geometric difference
between the cleaving egg and the discs is
that the egg is ellipsoidal, whereas the
discs are effectively planar. The axis ra-
tio of the egg is about 3.7 to 1 (30). As the
allowed wavelength gradually shortens,
the patterns that fit on such an ellipsoid
arise as longitudinal sinusoidal patterns
for the first several allowed discrete
wavelengths (26-28). These create cir-
cumferential nodal lines, which segment
the egg along its length. Only after sever-
al longitudinal segments are created is
the wavelength short enough to ‘‘fit”
around the circumference of the egg.
Such circumferential patterns will create
longitudinal nodal lines, and, on an ellip-
soid, the first to arise should divide the
dorsal and ventral halves of the egg
(Fig. 8). Hence, the model predicts that
longitudinal segmentation into at least
siX, or perhaps more, compartments
should occur prior to the establishment
of clonal restrictions between dorsal and
ventral discs.

As was described earlier, the data now
available ‘confirm these predictions.
Clones formed at about 3 hours—the
blastoderm stage—show restrictions to
each of the three thoracic segments, and
probably also respect the anterior-poste-
rior compartment lines in the thoracic
segments 4, 5, 12). However, clones
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Fig. 8 (right). Suc-
cessive compartmen-
tal lines predicted on
the fate map (11, 49)
of the blastoderm by
the chemical wave

model, with the bi-
nary  combinatorial
code assignment in
each compartment
generated by the suc-
cessive lines. A,
antenna; E, eye;

Pb, proboscis; Cl, clypeo-labrum; P, prothorax; W, wing and mesothorax; H, haltere; Abd,
abdominal segments; G, genital. Assignment of clypeo-labrum to a position below proboscis

is tentative. Transdetermination predictions are given in Table 1.

Fig. 9 (far right). Quali-

tative form of the two branches, A,;; and \,;_, of the dispersion relation, Egs. A3, which gives
rise to sequential pattern formation. Only those modes with wave number k,; in the neighbor-
hood of 27/l, will grow in time and create spatial patterns.

created at this time can run from me-
sothorax to mesothoracic leg, metatho-
rax to metathoracic leg, and prothorax to
prothoracic leg. By 2 hours after the
blastoderm stage (12), clones no longer
cross between dorsal and ventral discs.
Hence, longitudinal segmentation has in
fact preceded dorsal-ventral clone re-
striction, as predicted by our model.
The qualitative predictions of our
model are shown in Fig. 8 for the first
three longitudinal sinusoidal patterns
and the first circumferential pattern.
These four patterns create com-
partmental boundaries that would suffice
to separate the major imaginal discs. A
fourth longitudinal pattern, analogous to
Ceg, would simultaneously generate six
circumferential compartment boundaries
that would form the anterior-posterior
compartment lines in the three thoracic
segments, and also further subdivide the
posterior and anterior thirds of the
blastoderm. The thoracic portions of
these predicted lines correspond to well-
established boundaries. The number of
circumferential compartment lines which
subdivide the abdomen and the anterior
third of the egg at the blastoderm stage is
not yet established. The longitudinal
compartmental line which separates the
(dorsal) thoracic discs from their corre-
sponding leg discs (ventral) may also ex-
tend posteriorly across the abdomen,
isolating dorsal from ventral histoblast
anlagen and dorsal from ventral genital
anlagen (6, 12). Evidence for the exten-
sion of the same ‘‘dorsal-ventral’’ line to
the head region is in doubt (3). Our mod-
el predicts a specific sequence among the
compartmental lines described above.
These predictions are now being tested.
An important further prediction of the
model is that the sequence and locations
of compartmental lines are invariant with
respect to moderate variations in the size
of the egg. As the unstable wavelength
becomes shorter, each successive pat-
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tern arises when the wavelength be-
comes short enough for that pattern to
satisfy the boundary conditions. If the
initial wavelength is too long to “‘fit’’ on-
to the egg, and eventually becomes short
enough, the proper sequence of patterns
will arise on the egg and be recorded by
distinct binary switches. Each pattern
will generate its nodal lines at propor-
tionally identical locations on larger or
smaller eggs of the same shape. There-
fore, the locations of the nodal compart-
mental lines are size-invariant. Since
there is a finite, small number of binary
switches, say five, only the first five
chemical patterns generate compart-
mental boundaries and no further pat-
tern is recorded. Similar considera-
tions apply to the growing imaginal
disc. As long as it is initially small
enough and if it eventually grows larger
than required for the final recorded pat-
tern, the locations of nodal compart-
mental lines will be at the proper lo-
cations. We stress that, while the nodal
compartmental lines are size-invariant,
they are not shape-invariant.

Certain difficulties arise in making de-
tailed predictions about the expected se-
quence of compartmental lines, tissue
sizes at which they occur, and their ex-
act locations. On the wing disc, patterns
Se, and Se, merely repeat previously
drawn lines, and therefore the role they
might play in compartment formation is
not obvious. Dorsal-ventral and wing-
thorax boundaries arise at about the
same time, while our model predicts an
interval of growth between them. On the
egg, our linearized equations may pre-
dict that the anterior-posterior intra-
thoracic lines arise after clonal isolation
of the dorsal from ventral discs. The
wing disc grows 70-fold between the for-
mation of the dorsal-ventral and proxi-
mal-distal boundaries, while our model
on a perfect ellipse predicts 30-fold
growth (Fig. 10). Finally the wing disc

boundaries appear to arise asymmetri-
cally in the disc. Fully nonlinear forms of
Eqgs. 1 generally have the properties that
the expected sequence of chemical pat-
terns can differ from the linear predic-
tions (21, 31, 32); early patterns can, for
instance, suppress later patterns; and on
the wing disc, for example, Ce, and Ce,
might suppress Se; and Se,. Also, the
nodal lines might be displaced from the
locations predicted by the linearized
equations (31, 33). An appropriate non-
linear model, coupled with distortions
from perfect ellipses and ellipsoids, may
therefore be able to circumvent many of
the above difficulties. We have limited
ourselves to the restrictive predictions of
the linearized forms of Egs. 1.

Each Compartment May Be Specified by

a Binary Combinatorial Code Word

The first aim of our article has been to
account for the sequence and geometries
in which compartmental boundaries
arise on the blastoderm and imaginal
discs. However, our model leads to an
interesting hypothesis about the form of
developmental commitments in distinct
compartments. It is the nodal lines of the
successive chemical patterns that appear
to correspond to the observed compart-
mental boundaries. The model’s ability
to predict the sequence and geometries
of ‘‘nodal’’ compartmental lines is inde-
pendent of how these nodal lines might
be recorded. For example, a nodal line
might induce special cell junctions or a
line of cell death, which thereafter isolates
two parts of identical cells. We stress
this, since the hypothesis that compart-
ments are distinctly committed cell pop-
ulations is not conclusively established.

However, it appears highly likely that
most compartmental lines do separate
groups of cells as a reflection of their
commitment to different developmental
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Table 1. Predicted relative transdetermination frequencies derived from the chemical wave
model applied to the blastoderm. L;,, = A > L;, > G means the model predicts trans-
determination from the first or second leg to antenna is greater than to genital. Abbreviations
are explained in the legend of Fig. 8.

Prediction Status Prediction Status Prediction Status
H->W>H->A T A—->W>A—>H T L->W>L—->E T
H->W>H->1L,, T A—-L>A->W F Lip,—>W>L,,—>H T
H->W>H->E T A—>Pb>G—-Pb ? L>A>L—->E T
H—-> W>H->Pb T A->E>A->W F L,—->A>L,—>G T
W—->A>H—-A T A—->G>L,,—»G T L,>-G>1;—0A ?
W—-E>H—->E T A—-E>E—>A T L,—-Pb>L, -G ?
W—-L,>H—->L,, T A—-L,>L,—> A T G—->A>G—-Pb T
Wo>L>W->A T E—->W>E—->H T G->A>G->W T
W—-L>W-—>G T E-A>E—>G T G—-L;>G—->W T
W—->A>W-G T E->A>E—-L T G—2>A>G-L, T
W—-E>W-—>Pb T E->W>E—-L T G—>A>A->G T
W—-E>W->G T G-L>L->G T
W>E>W—- A ? G->H>G->W 7F

pathways; therefore, a natural inter-
pretation of our model has been to postu-
late that the nodal lines of a pattern are a
threshold level of a morphogen, which
acts to induce one of two different cell
choices in cells below or above thresh-
old. By this we are led to suppose that
cells in each terminal compartment have
recorded the sequence of binary com-
mitments as compartment boundaries
form successively. Then each terminal
compartment would be named by a
unique combination of states of a small
number of binary switches (Fig. 8). The
possible combinations of states of the
several binary switches could properly
be thought of as an epigenetic code, each
word of which specifies a single com-
partment.

30
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The geometries of wing disc com-
partments also suggest that each is speci-
fied by a combination of binary names:
anterior or posterior, dorsal or ventral,
and so on. On the basis of these geome-
tries and an analysis of the homeotic mu-
tants engrailed, bithorax, and post-
bithorax, which convert one thoracic
compartment to another, Garcia-Bellido
(1) and Morata and Lawrence (I7) have
suggested that each compartment is
specified by a combination of several on-
off “‘selector genes.”’

A binary code (Fig. 8) implies that
each switch partitions the discs and disc
compartments into two complementary
subsets, those where the switch is in
state 1 and all the rest, where it is in state
0. If there are genes that act only when

0.5

Fig. 10. Two parameters, £ and s (see text), specify all possible ellipses. For all ellipses whose
size and shape parameters lie along one of the curves shown, the indicated mode satisfies the
no-flux boundary condition with k,; = 2m/l, and is therefore amplified. The dotted portions of
the curves are extrapolations of available data (28). The arrow labeled W shows approximate

shape changes during growth of the wing disc.
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this switch is in state 1 and others that
act only when this switch is in state 0,
pairs of mutants should exist that affect
complementary subsets of discs. Four
such pairs are already known (34, 35).
They provide independent evidence that
each disc is specified by a combination of
binary switches (35, 36), and yield a code
almost identical to that predicted inde-
pendently by our chemical pattern model
on the blastoderm (Fig. 8) (37).

Prediction of Transdetermination

and Homeotic Transformations

Two highly ordered forms of meta-
plasia occur in Drosophila: trans-
determination and homeotic mutations.
Transdetermination occurs when an
imaginal disc determined to form one ap-
pendage is cultured in adult abdomen for
several weeks, then injected into a larva
for metamorphosis (10, 38). Occasion-
ally, adult cuticle typical of another disc
is found in the metamorphosed implant.
The patterns of transdetermination fre-
quencies from each disc show that there
are sequences of transdeterminations,
and there is a global orientation toward
thorax (35-38). For example, the transi-
tions genital to antenna to wing to thorax
represent one such oriented sequence.
Any transdetermination altering one
switch should be more frequent than
those altering the same switch plus any
additional switch. A binary combina-
torial code therefore predicts specific se-
quences of transdetermination as a result
of one-step transitions in that code. It al-
so predicts a global orientation of transi-
tions toward the most stable state of
each binary switch (35, 36). The particu-
lar binary code (Fig. 8) generated by the
compartmental lines we predict on the
blastoderm yields a large number of spe-
cific predictions, most of which are con-
firmed (Table 1).

For example, transdetermination from
haltere to wing should be more frequent
than from haltere to antenna, since in
both cases the first switch changes from
0 to 1, while in the conversion of haltere
to antenna the second and fourth switch
must also change from 1 to 0. Of 30 pre-
dicted relative frequencies which are
unambiguously true or false, only two
are false. Four of the 30 predictions re-
flect a subsidiary assumption that state 1
is more stable than state 0 of each
switch, hence that the transition of 0 to 1
is more frequent in each switch than the
transition of 1 to 0.

Homeotic mutants convert one tissue
to another in highly specific ways (10,
39). If each disc and disc compartment
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has made a unique combination of binary
choices recorded by means of switches,
or ‘‘selector genes,”” then some home-
otic mutants might convert one com-
partment to another by altering the state
of a single switch. Garcia-Bellido (/) and
Morata and Lawrence (17, 40) have al-
ready carried out an analysis of the mu-
tants engrailed, bithorax, and post-
bithorax on the basis of this idea.

There are at least three general proper-
ties predicted of homeosis by a binary
code:

(1) In most cases, any given ‘‘selector
gene’’ is in the same state in several
discs. If a homeotic mutant converts the
switch from one.to another state in one
compartment, it might also do so in other
compartments. A combinatorial code
predicts coordinated homeotic transfor-
mations (35, 36).

2) The developmental programs in
“discs which are geographically distant on
the blastoderm can differ in-the state of
only a single switch (Fig. 8). Thus, some
homeotic mutants should transform be-
tween tissues widely separated on the
blastoderm.

3) If transdetermination in a disc re-
sults from altering any one of several
switches, but a homeotic mutant alters

the state of a specific switch, then the set
of tissues to which one disc can trans-
determine should be broader than, but
should include, the specific tissue to
which one disc is transformed by a
homeotic mutant.

Homeotic mutants do exhibit these
three general properties (39). Table 2
lists the homeotic mutants that cause
transformations between tissues given
distinct combinatorial code names in
Fig. 8. Many of the mutants involve
coordinated transformations of two dis-
tinct tissues. In addition, many involve
transformations between noncontiguous
domains on the blastoderm fate map.
Comparison of Tables 1 and 2 confirms
that the spectrum of transdeterminations
from each disc is broader than, but in-
clusive of, the effects of a specific
homeotic mutant.

If a homeotic mutant acts by altering
the states of a binary ‘‘selector gene,”’
then an observed homeotic transforma-
tion of one tissue to another tissue might
require a maximum of four switch altera-
tions in a four digit binary code or a mini-
mum of a single switch alteration. Simi-
larly, if a homeotic causes coordinated
transformations of two tissues to two
other tissues (parallel transformation),

both might, at a minimum, be due to the
simultaneous alteration of the same
single switch in the two tissues. How-
ever, homeotic transformation. of one tis-
sue into two different tissues (divergent
transformation), or of two tissues into
one tissue (convergent transformations)
must require alteration of at least two
switches. Table 2 shows that, in our spe-
cific binary code in Fig. 8, all but one
single and coordinated parallel transfor-
mations require only a single switch al-
teration. All but one of the remaining
transformations require the minimum
two switch alterations.

The code in Fig. 8 derives from our
predicted compartmental boundaries on
the blastoderm. If compartmentalization
truly reflects binary choices, then a more
accurate code should result from an anal-
ysis of the actual detailed sequence and
geometries of compartment formation in
the early embryo. Correlation of such re-
sults with the body of data concerning
sequential commitment in insect eggs
provided by egg ligature, induction of
double abdomen phenotypes, and other
experiments (20, 48, 50), should not only
test our model (51), but provide a more
complete understanding of early devel-
opmental processes.

Table 2. Observed homeotic transformation, and the code changes required for the code scheme in Fig. 8. A set of homeotic mutants causing the
same transformation is represented by one member (10, 39) : (1) Antennapedia, Antennapedix, aristapedia, aristatarsia; (2) Opthalmoptera,
opthalmoptera (44), eyes-reduced; (3) tetraltera, Metaplasia, Haltere mimic; (4) extrasex combs, Extrasexcomb, reduplicated sex comb, sparse
arista. Transformations with 1* and 2* require one additional switch to account for other transformations of that homeotic.

Switches

Mutant Symbol Transformation Coordination Code Change Required. Ref
Antennapedia(l) Antp antenna > leg 2 - 1010-+1110 1 10,39

Pointed wing Pw antenna - wing - 1010+1111 2 39

Nasobemia Ns antenna > leg 2]_ 1010+1110 1 44

: parallel

eye he wing : 1011+1111 1 45

dachsous ds tarsus > arista - 1110-1010 1 39

Opthalmoptera(2) optG eye > wing - 1011+1111 1 39

Hexaptera Hx prothorax - mesothorax - 11011111 1 39

podoptera pod wing > leg 1111+1110 1 39

tetraltera(3) tet wing > haltere - 1111+0111 1 39

Contrabithorax Cbx wing - haltere]_ 111-0111 1 39

arallel -

leg 2 > leg 387 P 1110+0110 1 43

Ultrabithorax Ubx haltgre > wing}_ parallel 01111111 1 43

leg 3 > leg 2 110-1110 1 39

tumorous head tuhl,3 eye > genital}_ 10110011 1 47

) ’ s parallel —{

mtema 3 ety femem foCNN L 2

lethal (3)III-10 1(3)III-107shaltere > wing arallel {0111+1111 1 34

lethal (3)XVI-18 1(3)XVI—18}Igenita1 - antenna giver ent 010->1010 1 39

o genital - leg & 0010-0110 1* 34

lethal (3)703 1(3)703 antenna - leg 1010~>1110 1 © 34

lethal (3)1803R  1(3)1803R! |genital - leg%—_ gjﬁiﬁ;:}lt 1 0100110 1 39 -

genital > antenna 010-1010 1* 39

hal}t)ere > wingl~ Pparallel 111+1111 1 39

proboscipedia pb proboscis - antenna . 1000-1010 1 .10

et N O I A

extrasexcombs . ecs eg he eg ]_ convergent > 1 39

leg 3 > leg 1 g 0110+1100 2 39

Polycomb Pc‘f}_. antenna > leg 2 1010~-1110 1 39

lethal (4)29 1(4)29 .{leg 2 - “leg 1 1110~+1100 1* 10

leg 3 > leg 14 convergent {o11051100 2 39
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Conclusion

During development of Drosophila
melanogaster, sequential commitment to
alternative developmental programs oc-
curs in neighboring groups of cells, and
probably is reflected by formation of
compartmental boundaries which pro-
gressively subdivide the early embryo
and later the imaginal discs. The reason-
able success of our chemical pattern
model in predicting the locations and
temporal order of compartmental bound-
aries, may lead to other projects showing
that a uniform mechanism may act
throughout development to determine
the locations of succesive developmental
commitments. The success of the binary
combinatorial code generated by the
chemical patterns in accounting for
transdetermination and homeotic mu-
tants not only underscores the possibility
that the logic of developmental com-
mitments in Drosophila is written in a bi-
nary code, but also it yields a new view
of sequential commitments in early em-
bryogenesis, which is open to experi-
mental tests.

Appendix

This section deals with the analysis of
the reaction-diffusion system.

In the chemical system (Egs. 1), spa-
tial patterns can spontaneously arise-
from an initial spatially homogeneous
concentration profile by the selection
from noise and amplification of per-
turbations with wavelengths in the neigh-
borhood of some preferred wavelength.
To determine the conditions under which
this occurs, the behavior of the system in
the vicinity of the spatially homogeneous
steady state, X = X,, Y = Y,, where
F(X,,Y,) = G(X,,Y,) = 0, is analyzed
using a standard linearization procedure.

The system (Egs. 1) is linearized about
the spatially homogeneous steady state
by - substituting X(r,t) = X, + x(r,1),
Y(r,t) = Y, + y(r,t), and retaining only
terms up to first order in x and y in a Tay-
lor expansion of F(X,Y) and G(X,Y). The
resulting linear equations in x and y are

dx/ot = K, ;x + K,y + D, %
ay/at = Kyix + Kppy + Dy /2y
‘ (A1)
These equations are solved by separating
out the time dependence through the
substitutions x(r,r) = x'(r)e, y(r,f) =
y'(r)e*, and diagonalizing the resulting
pair of spatially dependent coupled equa-
tions. These two separated equations are
Helmholtz-type' equations whose solu-
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tions can be straightforwardly obtained
in different coordinate systems (23, 25).
The complete space-time dependent so-
lutions are sums of spatial modes or pat-
terns, each with a characteristic tempor-
al behavior. For example, the complete
solution on acircle can be written

NV RIS e B

y(r,é,0).
exp Ayt Ju(knr)cos nep (A2)

ST

where J, is the n'" Bessel function and r
and ¢ are the radial and angular coordi-
nates, respectively. a,;; and b,;; are arbi-
trary constants to be determined by ini-
tial conditions. Each mode has two tem-
poral eigenvalues, indicated by the sum
i = +,—. The sum over j depends on the
boundary conditions chosen.

For no-flux boundary conditions, the
spatial gradient at the boundary must
have zero component normal to the
boundary (23). In a circle of radius r,,
this means that dx(r,b,1)/dr = dy(r,d,t)/
ar = 0 at r = r,. The zeros in the deriva-
tives of J,(z) occur at particular values of
the argument z = z,; (26). Therefore, the
spatial mode J,(k,;r)cos n¢, which we
abbreviate by J,;, is obtained when the jt!
zero in the derivative of J, occurs at the
boundary; that is, when k) = z,;. This
fixes the value of k,; associated with the
mode J,; for any given radius r,. As the
radius changes, the value of k,; changes
in inverse proportion.

The temporal behavior of the mode J,,;
is determined by the dynamics through
the dispersion relation between the tem-
poral eigenvalues \,; and the spatial ei-
genvalue k,;. For Egs. Al this relation
has the form

1
Ay =5 lKu + Ky — krztj(Dl + D)
* {[.Ku — Ky~ krzm‘(Dl - DZ)]2

+ KK | (A3)
As seen in Eq. A2, each mode J ,; behaves
in time according to a sum of terms of
the form A exp At + B exp Ay-t,
where A and B are specified by initial
conditions. Therefore, any mode with
the real parts of A,;+ and A,;— both nega-
tive will decay and disappear; a mode
with either or both real parts positive
will grow and create a spatial pattern.

On an ellipse, the solutions of Eq. Al
are

Semnl =2 2 2

exp Ayt [Cen(f’snj)cen(n ,Sm') +

o
nﬁ} X
bnji

J

SMisen(§9sM)sen(n ’snj)] (A4)

Here ce, and se, are periodic cosine- and
sine-elliptic Mathieu functions, respec-
tively, of integral order and Ce, and Se,
are the corresponding nonperiodic (or
modified) Mathieu functions (25). £ and 1
are the elliptical coordinates tracing out
confocal ellipses and hyperbolae, re-
spectively (Fig. 4), and s,; = h%2;,
where A is one-half the interfocal dis-
tance of the ellipse. The constants a,;,
b.;i, and S,; are determined by initial con-
ditions. We use the abbreviations Ce,; or
Se,; for the patterns Ce,(£,5,;)ce,(M,Sy;)
or Se,(&,5n5)5e,(n,s,;), respectively.

At the boundary of the ellipse, & = &,,
the no-flux condition becomes dCe (£, )/
¢ = 0 or dSe,(¢,5,)/06 = 0, analogous
to the circular case. This condition fixes
the value of the scaling factor k,; for the
pattern Ce,; or Se,;, and the temporal be-
havior of this pattern is determined by
exactly the same dispersion relation (Eq.
A3) as for the circular case. Those
modes which grow in time will form spa-
tial patterns on the ellipse; those which
decay in time will not be seen. ’

If the following five conditions hold

() Ky + Kup < 0
(i) KK — KiKor > 0
(i) (Ky, — Ka)? > —4K Ko,
(iv) DKy + DK,y > 0

_ O 2
(W(\/%Kzz _\/%Ku) >—4K K,
Dy 1

(AS)
spatial patterns will arise spontancously.
In such a system, one reactant diffuses
more readily than the other, one cata-
lyzes its.own production while the other
inhibits its own production, and one
catalyzes the production of the second
while the second inhibits the production
of the first. Under these conditions, the
temporal eigenvalues \,;; and A,;— will
both be real and the larger of them, A,
will be positive only in the neighborhood
of a particular value of k,;, equal to
2w /l,, where [, is the natural chemical
wavelength of the system (Fig. 9). Since
only those modes with positive \,;, are
amplified, only that pattern Ce,; or Se,;
will grow which satisfies the no-flux
boundary condition with k= 2x/l,.
Furthermore, since A,; is real, this pat-
tern will‘grow without oscillation.

For an ellipse with a given eccentricity
€ = 1/cosh &, the wave number k,; for
the pattern Ce,; or Se,; is inversely pro-
portional to the interfocal distance, 24,
and therefore to the size of the ellipse
25), in direct analogy with the circular
case. Therefore as the size increases,
each k,; will be scaled downward along
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the abscissa in Fig. 9, and different
modes will appear in sequence as their
respective k,;’s enter. the region of posi-
tive \,;+. However, since more and more
modes will be compressed into the re-
gion of small k,;, eventually more than
one mode will fall in the positive \,;; re-
gion. In this case, a superposition of
modes might appear or, in a fully non-
linear system, a previously established
mode might suppress a later mode even
though both are allowed in the linear the-
ory.

The particular pattern selected de-
pends not only on the size of the ellipse,
but also on its eccentricity or shape. In
Fig. 10 we show a two-parameter space
of all possible ellipses. The abscissa ¢
specifies the eccentricity of the ellipse,
cosh &€ = 1/e, and the ordinate specifies
the parameter s = h%k?, where 2h is the
interfocal distance and the subscripts
have been dropped. Since all allowed
patterns have the same value of &k
(= 2m/ly) s depends only on A2, and
therefore is a direct measure of the size
of the ellipse. The lines labeled Ce,; or
Se,; are the loci along which the in-
dicated mode satisfies the no-flux bound-
ary condition with k,; = 27 /l, 28). The
dotted portions of the lines are our ex-
trapolations of the available data.
Changes in size and shape of a smoothly
growing ellipse can be plotted as a con-
tinuous trajectory in Fig. 10. Whenever
such a trajectory intersects one of the
mode lines, that mode will be selected
and amplified. Therefore, the sequence
of patterns that arise is determined by
the sequence in which the mode lines are
crossed by the growth trajectory. Note
that since the region of amplification in
Fig. 9 has a finite size, a given mode can
be amplified in a small region on either
side of its indicated mode line. If two
mode lines are near one another both
may be allowed in the linear theory, and
superposition of the two or suppression
of one by the other could occur.

The curve labeled W in Fig. 10 shows
an estimate of the size and shape
changes which occur in the growing wing
disc, approximating it as a perfect ellipse
(24). The predicted sequence of modes is
Ceyy, Seyq, Ceyy, Seyq, Cesy, and Cey,. The
final subscripts are dropped in the text.

In the linear approximation given by
Eqgs. Al, modes selected for amplifica-
tion grow without bound. The nonlinear
reaction-diffusion system

x __ _BY" 2

o = AX+ T+ DX

Y D(Y" + b

W ox 2D D, /%Y (A6)
at 1+ y"
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is an example of a system which can
create spatial patterns as described
above, but in which these patterns grow
only to a finite size. In this system, X in-
hibits both its own and Y’s production,
and Y catalyzes the production of both.
Also, X diffuses more readily than Y.

In Eqs. A6, with A = 7.8, B = 15.6,
cC=1, D=17, b=02, n=6,

1 =16, D, = 1, this system has one
spatially homogeneous steady state at
X, = Y, = 1. Linearizing about this
steady state and substituting the result-
ing linearization constants K;; into the
dispersion relation, Eq. A3, we find that
M+ 18 positive for k,; between 0.7 and
1.0, corresponding to wavelengths be-
tween [, = 6.1 and [, = 9.1. In a
one-dimensional domain 0 < r < L, the
linearization of Eqs. A6 would there-
fore amplify the pattern cos nwr/L hence-
forth called the ‘‘n-model,’” in the range
of lengths Yanly, < L < Vonl .. Com-
puter simulations showed that the anal-
ogous nonlinear patterns appeared in the
identical length ranges, although their
shapes were slight distortions of pure
cosines.

In symmetrical bilobed domains, rep-
resented by two identical rectangles
joined by a short narrow isthmus, the
even lengthwise modes, with antinodes
at the join, appeared at the same overall
lengths as for the one-dimensional case.

The range of lengths supporting the
one-mode was compressed and shifted
downward toward zero as the join was
made narrower. The range of each higher
odd mode shifted downward, overlapped
that of the even mode below, and finally
became coincident with the even mode’s
range in the limit of a very narrow join.
These conditions tend to suppress the
antisymmetrical modes if tissue growth
is rapid enough, since the first anti-
symmetrical mode could well be skipped
entirely, and each symmetrical mode will
become established and may not fully
decay before growth has taken the sys-
tem beyond the range of the overlapping
antisymmetrical mode.

For nonsymmetric bilobed shapes
(with unequal rectangles) simulations
showed that all lengthwise modes tended
to appear at somewhat shorter overall
lengths than their one-dimensional coun-
terparts. However, the exact sequence
of modes depends critically on the geom-

etry, making predictions difficult.
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Science Centers:

A Potential for Learning

Science centers are educational institutions designed

around informal learning activities.

Science centers provide a whole new
field of self-motivating experiences in
learning, through environmental exhibits
that appeal to the senses, emotions, and
intellect. They are among the most rapid-
ly developing institutions of learning in

Lee Kimche

praisal; perhaps some of the methods
used in science centers can be adapted to
enhance more conventional methods of
teaching.

The growth of science centers began
early in the century. The greatest growth

Summary. The past decade has witnessed a proliferation of science-technology
centers, or public places for informal learning about science and technology. Science
centers are the only institutions that can provide the general public with participatory
exhibits and experiences, together with an accurate scientific interpretation of the
materials that are involved. The dramatic rise in attendance and the enthusiasm of
repeat visitors to science centers reflect a strong public demand for exhibits designed
to help the visitor develop a better understanding of the contemporary scientific issues

of society.

contemporary society. They have been
responsive to a growing public demand
for knowledge and information. As more
and more people visit them, the science
centers have a unique opportunity to as-
sist a large segment of the public to gain
a greater understanding of the contempo-
rary technological issues of society. The
objects and exhibits can form the basis
for other types of educational programs,
not only within museums, but through-
out the entire community. The informal
educational techniques that science cen-
ters employ may have implications for
other types of institutions. Traditional
forms of education are undergoing reap-

The author was executive director of the Associa-
tion of Science-Technology Centers in Washington,
D.C. She is now director of the Institute of Museum
Services, U.S. Department of Health, Education,
and Welfare, Washington, D.C.

has occurred within the last 10 years,
and there is no sign that the trend will
slow down soon. The expansion of exist-
ing science centers is proceeding apace
with the building of new facilities.

Attendance Explosion at Science Centers

The increasing number and size of sci-
ence centers is a direct result of the
sharp rise in public demand on existing
institutions. The number of visitors to
science museums is greater than to any
other single type of museum. According
to a 1974 survey of 1820 institutions con-
ducted by the National Endowment for
the Arts (1), 38 percent of all museum
visits were to science museums, 24 per-
cent to history museums, and 14 percent
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least their major qualitative features. We shall
discuss this in detail elsewhere.
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to art museums. The survey, which in-
cluded natural history museums in the
science museum category, found that, of
a total of 308 million museum visits in
FY 1971-72, 117 million were to science
museums. Excluding natural history mu-
seums, science-technology centers alone
have experienced skyrocketing attend-
ance in this decade, with the 14.4 mil-
lion visits registered in 1973 soaring to
36.5 million in 1975. And in 1976, more
than one-fifth of the members of the As-
sociation of Science-Technology Centers
reported attendance increases of at least
10 percent since 1975. Many science cen-
ters that offer after-school, evening,
weekend, and summer courses have re-
ported waiting lists for enrollment, and
still other museums have been forced to
impose time limits at certain participato-
ry exhibits due to long waiting lines.

Until recently, it was thought that sci-
ence centers appealed primarily to chil-
dren. It is true that school groups form
approximately 25 percent of visitors to
these centers, but a brief survey shows
that 45 percent of the visitors are adults,
including college students and senior
citizens (2).

Most full-scale science-technology
centers offer workshops for all age
groups in chemistry, biology, photogra-
phy, ham radio operations, computers,
magnetism, model airplane construction,
and other popular fields. Classes and
workshops for school-age children re-
veal some intriguing offerings, such as
‘‘Elementary, My Dear Watson: Solving
Problems by Deduction,”” ‘‘Marble
Shoot Computers,” ““Water Wizardry,”
“Optical Toys and Parlor Amuse-
ments,”” and ‘‘Performing Plants.”” Al-
though fewer programs are offered for
adults, they range from auto rally classes
to lapidary labs, from workshops on de-
hydrating foods to ‘‘Wild Parties,”” ban-
quets based on edible wild plants (3).

Characteristics of Science Centers

Most other kinds of museums have
evolved as depositories for categorical
collections that may be admired by the
public and studied by scholars in private.
While traditional museums emphasize
static displays of objects and artifacts,
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