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Introduction 

Landing spacecraft on the lunar sur- 
face is a delicate affair; the moon's 
topography plays a vital role. Knowl- 
edge of this topography is important 
not only for lunar landing and ex- 
ploration, but in order to solve a wide 
range of scientific problems on local to 
global scales. Precise information on 
absolute heights and local slopes is 
necessary for understanding mascons, 
rilles, fault lines, land slumping, and 
mare basins. These data are required 
to understand surface adjustments and 
their time scales, which can be inter- 
preted in terms of the local subcrustal 
physical and mobility conditions. There 
are also important implications, for ex- 
ample, for lunar conditions at the time 
of formation of the basins; whether 
particular maria are highlands or low- 
lands depends on the time and gravita- 
tional circumstances under which they 
formed. 

A comparison of surface-height 
variations where mascons are present 
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Current knowledge of lunar topog- 
raphy-both local and global-is based 
almost entirely on heliometer observa- 
tions and the use of optical photogram- 
metry techniques. Despite decades of in- 

1| tensive effort, uncertainties of the order al of 1 to 2 kilometers remain, the deter- 
minations being best near the center of 

ar the visible disk and worst near the 
limbs. The most serious deficiency is 

?,~ld ~ the lack of adequate control over the 
whole hemisphere (1). Our main pur- 

)n. pose in this article is to describe new 
radar methods devised to obtain sur- 
face-height variations with higher ac- 

ers, curacy and better global fidelity than 
has heretofore been possible (2). First son 
we describe previous methods for map- 
ping the moon with radar, and then 
the new techniques for adding altitude 
information to the radar map. Finally 

ions where they we present sample results for altitude 
clues to differ- contours on the moon obtained with the 
ength of differ- Haystack and Westford radar systems 
and may yield of the Massachusetts Institute of Tech- 
de of regional nology (3). 
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an essential resolution too crude to be useful for 
n the moon's mapping. Hence, in radar observations 
;ture, internal of the moon reliance has been placed 
,mperature, and on the delay-Doppler principle (4). 
r cases, the sur- The round-trip echo time of a radar 
)ver the visible pulse provides one spatial coordinate 
)werful tool for of the reflecting region on the lunar 
theories of the surface. If the location and motion of 

well as of its the radar with respect to the center of 
In combination mass of the earth are known, the re- 
of comparable fleeting region can be localized in a 
iphy makes it particular interval of distance from the 
artures of the origin of an earth-centered coordinate 
ion from hydro- frame; this interval, in equivalent light 
i obtain answers time, is half the uncertainty in the mea- 
vhether and to surement of the round-trip delay (5). 
of isostasy pre- The Doppler shift of the echo detected 
n a global basis from the reflecting element on the lunar 
he order of 100 surface is proportional, in first order, to 
many of these the projection of the element's apparent 
ased knowledge velocity (6), as viewed from the radar, 
y will make it in the direction of the radar site. Since 
questions. the moon rotates as a rigid body, the 
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Doppler-shift measurement (if we ne- 
glect parallax) serves to localize the 
reflecting region in a planar slab parallel 
to the plane containing both the vec- 
tor from the radar to the moon's center 
of mass and the apparent angular veloc- 
ity vector of the moon (7). The thick- 
ness of the slab is proportional to the 
uncertainty in the measurement of the 
radio frequency of the echo and in- 
versely proportional to the total spread 
of Doppler shifts for the entire moon, 
the so-called limb-to-limb Doppler 
bandwidth. 

To simplify further discussion, we 
will assume that contours of constant 
delay and contours of constant Doppler 
shift form two sets of planes, the first 
perpendicular to the radar-moon vector 
and the second parallel to it. The inter- 
sections are lines approximately per- 
pendicular to the earth-moon direction, 
as shown in Fig. 1. Thus, the two- 
dimensional map is, in effect, a projec- 
tion of the moon's surface onto a plane 

Observed phase 
displacement 
of an elevated 
backscattering 
element 7 

normal to the Doppler axis (6). This 
projection stands in contrast to ordi- 
nary photographs, which constitute 
projections onto the plane normal to 
the line-of-sight vector. Features on 
such two-dimensional radar maps rep- 
resent, in analogy with ordinary photo- 
graphs, simply the variation of reflec- 
tivity of the different elements on the 
surface. For radar maps, the illumina- 
tion usually stems from the place at 
which the echo is detected; in optical 
photography, the source of illumination 
is usually the sun, and only at full moon 
does the photograph represent variations 
in backscattering as for radar. 

To present radar maps so that they 
resemble optical photographs, it has 
been customary to assume that the 
moon is spherical and therefore to con- 
sider the intersection of a delay- 
Doppler "stick," or resolution cell, with 
the sphere as representing that part of 
the moon to which the echo power in 
the given delay-Doppler cell refers. Of 

locus 

course, each such cell, except for tan- 
gency conditions, intersects the sphere 
in two places. For the moon, the rela- 
tively small antenna beam can be used 
to resolve the ambiguity (see Fig. 1); 
for more distant planetary targets, other 
techniques can be employed (8). Be- 
cause, at radar wavelengths, the moon 
and terrestrial planets behave partly as 
specular reflectors and partly as ho- 
mogeneous diffuse reflectors, the aver- 
age expected reflectivity for each cell 
is subtracted from the measured re- 
flectivity. The resultant difference for 
each cell forms the basis for the radar 
map (9). A typical radar picture, shown 
in Fig. 2 (10), was obtained from 
radar signals at a wavelength of 3.8 
centimeters; the circular polarization 
received was opposite to that trans- 
mitted. [For a specularly reflecting 
sphere, the reflected signal has a sense 
of circular polarization opposite to 
that of the incident wave; maps pre- 
pared from reflections with the same 
sense of polarization-the "depolarized" 
echoes-give information on the rough- 
ness of the target (11), since signals 
with this polarization must have been 
scattered by wavelength-sized material 
or undergone multiple reflections to 
have had the sense reversed again.] 

Our discussion thus far has been 
limited to two-dimensional delay- 
Doppler maps of the lunar surface. 
How may we obtain information about 
the third dimension, that is, about the 
surface-height variations with respect 
to, say, the mean sphere? We discuss 
three methods in order of increasing 
sophistication and usefulness. 

Fig. 1. Coordinate system appropriate for radar determinations of surface heights on 
the moon. The intersections of planar delay and Doppler contours with the lunar 
surface would be circles, as shown, were the moon spherical. The hemispheric am- 
biguity in the intersection of the contours with each other is resolvable by the antenna 
beam width, except close to the Doppler equator (6) where the contour intersections 
are tangent. Deviations from sphericity are distinguishable interferometrically, as 
shown, by the displacements of the fringe phase contours from positions that would 
correspond to the spherical surface initially assumed. 
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Topography along the Doppler Equator 

From the data available in a delay- 
Doppler map, topographic information 
can be extracted for the region along 
the Doppler equator-the plane normal 
to the Doppler axis (6). The basic idea 
(12) can be outlined as follows: For 
each Doppler resolution slab, the curve 
of echo power as a function of delay 
will exhibit a steep rise from the noise 
level at the delay corresponding to the 
region near the Doppler equator, fol- 
lowed by a moderately slow decline in 
echo power for greater delays (13). In 
the noise-free, spherical-target idealiza- 
tion, the first echo received at a given 
Doppler shift will be from the intersec- 
tion of the corresponding Doppler slab 
with the Doppler equator. From a 
knowledge of the lunar orbit and the 
moon's rotational motion, one can 
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Fig. 2. Radar reflectivity map of a portion of the moon (10). Each map element (rectangle) represents a region approximately 
2 km on a side on the lunar surface. The coordinates are selenographic latitude and longitude. 

predict for each Doppler slab the delay 
at which the first echo will appear for 
a given radius of the sphere. (Orbital 
information is not too critical since one 
can calibrate all points with respect to 
the subradar point-the point on the 
lunar surface pierced by the line from 
the radar to the moon's center of mass.) 

Thus, in the actual case, an estimate 
of the delay time corresponding to the 
arrival of the first echo, when compared 
with the expected arrival time for 
echoes with that Doppler shift, provides 
an estimate of the surface-height cor- 
responding to the point of intersection 
of Doppler slab and Doppler equator. 
This method has been used at Haystack 
to develop topographic contours along 
the Doppler equator of the moon (14). 
The radar signals for these experiments 
were transmitted in short pulses, each 
lasting 3 microseconds, with an inter- 
pulse period of 30 milliseconds. The 
echoes were integrated coherently (4) 
for a period of about 10 seconds, yield- 
ing a frequency resolution of about 0.1 
hertz, or about 2 km when converted 
to an equivalent distance on the surface 
of the moon near the subradar point. 
The postintegration signal-to-noise ratio 
for the first-arrival echoes is sufficiently 
great, especially near the subradar point, 
to allow better accuracy in the height 
determination than the ? 225 m implied 
by the 3-jusec pulse length (15). A sys- 
tematic procedure can be developed to 
exploit this possibility: The echo power 
as a function of delay for a given 
Doppler slab can be cross-correlated 
with an expected profile based on the 
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average radar scattering law for the 
moon; the delay offset from the ex- 
pected position for the maximum in 
the cross-correlation will yield the sur- 
face height. 

The results obtained with this ap- 
proach can, in principle, be distorted 
by (i) the presence of anomalously high 
topography near, but not on, the 
Doppler equator; and (ii) the presence 
near or on the Doppler equator of a 
surface region with unusual backscat- 
tering properties. Such distortive effects 
can be largely accounted for by care- 
fully comparing the results from a num- 
ber of observations carried out with 
different orientations of the Doppler 
equator and different positions of the 

subradar point. This redundancy also 
minimizes the effects of ephemeris 
errors. Further, "normalization" for 
each delay-Doppler measurement can 
be accomplished by assuming that the 
average shape of the Doppler equator 
is always spherical and adjusting the 
set of profiles rigidly in delay to achieve 
the best match with the reference shape. 

Surface-height profiles have already 
been obtained by this method, but with- 
out the use of the cross-correlation pro- 
cedure described above. Such profiles 
from sets of observations made almost 
2 months apart of the same lunar re- 
gion are exhibited in Fig. 3; the traces 
of the Doppler equator on the lunar 
surface for each date are shown in Fig. 

16 May 1969 1400 UT 
24 March 1969 1810 UT 

24 March 1969 16 May 1969 
1810 UT 1400 UT 

1.8 Subradar 
E . points - 
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Ptolemaeus Hipparchus Lade S 

t I I I 1 I I I 
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 

Angular distance from subradar point of 16 May 1969 (deg) 

Fig. 3. Lunar topography along the Doppler equator as determined by radar on 
two separate dates. The major differences between the two surface-height contours 
are due to actual differences in topography along the neighboring traces of the two 
Doppler equators (see Fig. 4). UT, universal time. 
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4. The agreement between the two 
profiles is generally quite good; the 
most conspicuous disparities appear, on 
examination of Fig. 4, to be attributable 
to the differences in the orientation of 
the Doppler equator. The local relief 
shown in Fig. 3 correlates well, over 
typical 30-km distances, with both 
topographic maps prepared by the Aero- 
nautical Chart and Information Center 
(ACIC) (16) and measurements of this 
area by the Naval Research Laboratory 
(17). The absolute height and the re- 
gional slopes, on the other hand, dis- 
agree with the ACIC charts by as much 
as 2 km over typical correlation dis- 
tances of 100 km. In other measure- 
ments, such as those made from Lunar 
Orbiter photographs, the same order of 
systematic error is found when large 
areas are compared to one another. 

These particular radar results have 
uncertainties of about 3 /sec in the 
round-trip delay time .(corresponding 
approximately to + 225 m in height) 
since they were not obtained by use of 
the -sophisticated matching technique 
described above. The more refined anal- 
ysis could reduce the uncertainties in 

relative heights to about ?L 100 m or 
less; the systematic contribution from 
ephemeris errors can be easily elimi- 
nated when a sufficiently improved lunar 
ephemeris becomes available. With in- 
creased radar-system performance, pos- 
sible through modest improvements in 
computer capability, the errors in the 
determination of average heights could 
be reduced below _?+ 50 m, at least 
near the subradar point. 

Delay-Doppler Stereoscopy 

Another method for deducing topo- 
graphic variations from delay-Doppler 
-maps is based on the principle of 
stereoscopy. This principle has long 
been applied in studies of the moon, 
through the comparison of optical 
photographs taken at different orienta- 
tions (18): By noting the change in the 
apparent positions of features for dif- 
ferent projections, the surface-height 
contours can be deduced. Applied to 
optical photographs taken from the 
earth, the stereoscopy technique has 
severe limitations: (i) The difference in 

Fig. 4. Traces of the Doppler equators along the lunar surface for the times of ob- 
servations shown in Fig. 3. The prominent crater Horrocks has selenographic coordi- 
nates 4.0?S, 5.9?E. 
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orientation of the planes of projection 
is at most ? 8? because of the very 
restricted geometrical and physical 
libration of the moon; and (ii) atmos- 
pheric turbulence restricts the resolu- 
tion achievable to about 0.5 km at the 
center of the lunar disk; due primarily 
to the foreshortening, the resolution 
achievable near the limbs decreases 
drastically. 

In delay-Doppler stereoscopy (19) 
neither of these difficulties is encoun- 
tered. The limits set by the atmosphere 
and ionosphere on the delay-Doppler 
accuracy are reached, for microwaves, 
only below the meter level of resolu- 
tion. Changes in the relative motion 
and position of the radar site and the 
moon over the course of a day and a 
month cause the delay-Doppler coordi- 
nates associated with a particular physi- 
cal location to change with time. The 
delay coordinate, in common with the 
angle coordinates in the optical case, 
does not change greatly, due to the 
limited libration and parallax effects. 
But the Doppler coordinate changes 
drastically, as intimated earlier, with 
the apparent libration axis varying 1300 
on a typical day and more than 1800 
on several days each month. Thus, a 
pair of delay-Doppler measurements, 
each made with a different orientation 
of the libration axis, can serve to define 
the three-dimensional position of a re- 
gion. The times of observation can be 
selected to maximize the relative in- 
clination of the delay-Doppler sticks 
(Fig. 1) that result from the individual 
measurements, in order to minimize the 
error in the determination of the co- 
ordinates of the intersection point. 

But how do we "tag" each region on 
the moon so that we know to which a 
given pair of delay-Doppler coordinates 
applies? Fortunately, as shown in Fig. 
2, the moon viewed at radar wave- 
lengths is rich in features as sharply 
defined as in optical images (Fig. 4). 
The essential requirement is that these 
features should appear in the same 
physical position, independent of the 
viewing geometry. This condition is 
vital for the validity of topography de- 
termined from a stereoscopic analysis 
of delay-Doppler data obtained under 
various kinematic situations. There is 
no reason to believe that the condition 
will be seriously violated, at least for 
regions larger than about 100 m in 
lateral extent. 

Although two separate measurements 
of delay-Doppler coordinates for each 
region suffice in principle to determine 
its three-dimensional position, actual ex- 
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periments would involve considerable 
redundancy, both to check consistency 
and to reduce the effects of random 
errors of measurement. Not every arbi- 
trarily small region is accessible by this 
technique because of the lack of dis- 
tinguishable features at present levels of 
contrast discrimination. Nonetheless, 
there is no paucity of such features 
in any reasonably large part of the 
visible hemisphere (Fig. 2), and these 
can form the basis for a global topo- 
graphic grid. 

Since radar features can often be 
identified unambiguously with optical 
ones (20), the sets of two-coordinate 
radar measurements can be combined 
with the complementary optical pro- 
jections to yield three-dimensional posi- 
tions. The strong advantage of such a 
combination is clear: Whereas the un- 
determined coordinate in the optical 
photograph lies along the line of sight, 
the undetermined coordinate in the 
radar case lies normal to the line of 
sight. The redundancy afforded by the 
four coordinates can be used to test 
the consistency, or reliability, of the 
topographic deductions. 

This method of delay-Doppler stere- 
oscopy has not yet been widely ap- 
plied; its main use has been to provide 
calibrations for the three-dimensional 
radar technique described in the next 
section. The combined radar-optical 
method, although possessing consider- 
able promise, has not yet been tried. 

Delay-Doppler Interferometry 

The most sophisticated and simul- 
taneously most promising technique for 
determining lunar topography involves 
the combination of delay-Doppler map- 
ping with radar interferometry (21). 
Aside from the "hemisphere ambiguity" 
(4), which is, in general, eliminated for 
the moon by the single-antenna resolu- 
tion, the delay-Doppler coordinates 
serve to localize the echoing region on 
a stick, as shown in Fig. 1. The loca- 
tion of this region along the stick can 
be obtained by interferometry. Thus, 
suppose two antennas are used inter- 
ferometrically. If their baseline, when 
projected onto the plane normal to the 
earth-moon line, is parallel to the 
delay-Doppler stick, then maximum 
resolution will be obtained along the 
stick. This resolution is given approxi- 
mately by 

L Rxas 
- 2wbcose 

where R is the earth-moon distance, 
bcosO the projection of the baseline 
(length b) along'the plane normal to the 
earth-moon line, X the wavelength of 
the radar signal, and 8o the uncertainty 
in the determination of the fringe phase 
(22). For X equal to 3.8 cm and a 
projected baseline of 1 km, as with the 
Haystack-Westford radar interferom- 
eter, we find that SL is approximately 
+ 200 m for an uncertainty of - 5? 

(approximately 0.1 radian) in the fringe 
phase. Since the radar echo signal is 
essentially monochromatic, the resolu- 
tion is ambiguous. The real uncertainty 
in q is 8( + 2n,n where n is an unknown 
integer. But, for the example cited, an 
ambiguity of 2,- corresponds to an am- 
biguity in distance at the moon of 14 
km, which is substantially larger than 
the initial uncertainty in the third di- 
mension. This illustration demonstrates 
that a projected baseline of about 1 
km, for a radar signal wavelength of 
about 4 cm, is nearly ideal for the first 
determinations of the third dimension 
of the echoing region with interferom- 
etry. A much longer baseline would 
cause ambiguities since the initial un- 
certainty would then be large compared 
to the distance equivalent (at the moon) 
of a 27r change in phase; a much small- 
er baseline would yield no useful in- 
formation: The interferometer resolu- 
tion would be cruder than the prior 
knowledge of the third dimension. After 
the uncertainty has been reduced from 
short-baseline observations, then a long- 
er baseline can be used to improve 
the resolution. The limits on such a 
bootstrap procedure are discussed in 
the next section. 

How can the topography actually be 
determined from these radar observa- 
tions? To answer this question, we now 
sketch the procedures used in delay- 
Doppler interferometry; a mathemati- 
cal formulation of the theory is given 
in the Appendix. Two or more anten- 
nas can be employed, but for simplicity 
we shall restrict the discussion to a 
single pair (23). A train of pulses, or a 
set of phase-coded wave forms of short 
duration, is transmitted from one an- 
tenna toward the moon, with the inter- 
val between adjacent pulses adjusted so 
that the echoes are received interleaved 
with the transmissions (24). The fre- 
quency "aliasing" (4) introduced by the 
reciprocal of the interpulse period is 
rendered harmless by the Doppler shift 
selection afforded by the antenna beam. 
The transmissions are circularly polar- 
ized with the receiver being set for the 
opposite sense of circular polarization. 
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Phase coherence is maintained quite 
rigorously between successive pulses 
over at least several minutes when the 
phase of the transmitted wave form is 
derived from a very stable frequency 
standard, such as the hydrogen maser 
used at Haystack. If the two antennas 
are separated by only a few kilometers 
the local oscillators in the receivers can 
also be controlled in a phase-coherent 
manner by the same frequency standard. 
For a separation that is too great for 
direct electrical connections to be 
feasible, the techniques of long-baseline 
interferometry (25) can, in principle, be 
employed. However such long baselines 
have not yet been used in radar inter- 
ferometry. 

The echoes received at each site are 
sampled, usually at intervals equal to 
the effective pulse length, and can 
therefore be sorted separately by rela- 
tive delay to isolate the first coordinate; 
from a succession of such echoes from 
a transmitted train of coherent pulses, 
segregated by delay, the second (Dop- 
pler) coordinate can then be isolated by 
Fourier analysis. The length of time 
over which the echoes can be ac- 
cumulated coherently determines the 
achievable frequency, or Doppler, res- 
olution and is limited by the frequency 
stability of the site standard in the 
otherwise "ideal" situation. (At the 
present state of the art there are more 
stringent limits which are discussed 
in the next section.) 

This two-dimensional analysis yields 
what may be termed a set of complex 
reflectivities, each member associated 
with a particular time delay and Dop- 
pler shift. Because the two sites are 
not colocated, a given delay-Doppler 
coordinate pair would not correspond to 
the same physical location on the moon 
or the same orientation of the reflecting 
element of the surface. To ensure that 
the correspondence is adequate correc- 
tions are made during the processing: 
We know the difference in delay from 
any location on the moon to the two 
sites more than well enough initially to 
adjust the delay coordinate for the 
echo signals received, say, at the second 
site-by altering the sample times-so 
that the center of the corresponding 
physical region being observed on the 
moon will be sampled at the same 
time in the two sets of received echoes. 
The Doppler-shift difference can be ac- 
commodated accurately enough by rota- 
ting the phase of each sample of the 
echo received at the second site in ac- 
cord with our prior knowledge of the 
Doppler difference corresponding to the 
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site separation and the center of the 
observed region on the moon. An arbi- 

trary phase error is introduced by this 

process; however, it does not change 
from pulse to pulse as the rotations are 

performed coherently (26). 
After these corrections are made, the 

centers of the observed regions will 

correspond to the same delay-Doppler 
coordinate pair in the echoes processed 
at each site. But the other sets of delay- 
Doppler coordinate pairs will not cor- 

respond. To produce the proper cor- 

respondence for these, the complex 
reflectivity for each set of delay- 
Doppler coordinates from the second 
site is further rotated in phase by an 
amount corresponding to the a priori 
difference appropriate for that particu- 
lar delay-Doppler cell. If our prior 
knowledge of the cell location were 
without error, then corresponding com- 

plex reflectivities determined from the 
echoes received at each site would be 
identical. In particular, the product of 
each complex reflectivity by the com- 

plex conjugate of its counterpart ob- 
tained at the other site would be real. 

Any residual phase therefore represents 
the phase error (modulo 2-r) in the esti- 
mate of the "third coordinate." If this 
error is known initially to be less than 

2rr, then the three coordinates-delay, 
Doppler, and phase-serve in general to 
define the three spatial coordinates of 
the physical cell on the moon (27). The 
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determination is better the more nearly 
perpendicular are the directions of con- 
stant delay, Doppler, and phase in the 

region being mapped. 
Primarily because of the large ex- 

cursions of the Doppler equator during 
each lunation, all areas of the visible 

hemisphere of the moon approximate 
the desired conditions reasonably well 
at some times during the month. Thus, 
topographic maps of regions of the 
lunar surface can be produced in a 
manner analogous to the reflectivity 
maps described above. Here, of course, 
the map brightness associated with a 
resolution cell would be made propor- 
tional to its altitude above a reference 
value rather than to its reflectivity rela- 
tive to the mean at the corresponding 
angle of incidence. The latter can be 
determined from the magnitudes of the 

products of the corresponding complex 
reflectivities determined at each site. In 

Figs. 5 and 6, respectively, maps of 

height and reflectivity, or backscatter, 
are shown for the area around the 
crater Copernicus. In Fig. 5, the bright- 
ness (black to white) scale covers 

heights from 0 to 6 km. A sample 
comparison of surface-height variations 
obtained from interferometry with 
both the results from earth-based opti- 
cal observations and those from the 
radar method for the region along the 

Doppler equator (described above) is 

given in Fig. 7 (28). 

We now return to the issue of phase 
calibration. Earlier we pointed out that, 
for the region mapped at a given time 
from coherent processing of the echoes, 
there is an overall, constant phase un- 

certainty. It is therefore necessary to 
have specific cells on the moon to 
serve as calibration points. At first, one 

might think that the subradar point 
could be used to calibrate a set of 
second-order calibration points distrib- 
uted over the visible hemisphere. 
Mainly because of the poor resolution in 

delay at the subradar point, such an 

approach is not feasible. One needs a 

delay-Doppler cell size small com- 

pared to the fringe spacing of the inter- 
ferometer in order to obtain strong 
fringes, that is, accurate phase data. 

Another approach, which is the one 
being used at the Haystack Observa- 

tory, is to select a set of calibration 

points distributed over the visible sur- 
face. These are chosen from among the 

sharp, well-localized, bright regions that 

appear on the radar reflectivity maps. 
The technique of delay-Doppler stereos- 

copy, discussed above, can be used 

effectively to determine the three spatial 
coordinates of these cells, and the in- 

terferometry technique can serve to tie 

together the regions surrounding each 
calibration point. Similarly, the absolute 

phase of such regions can be deter- 
mined by careful calibration of the in- 
terferometer, provided there are no 2-r 
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Fig. 5 (left). Map of surface heights determined near the crater Copernicus with the Haystack-Westford radar interferometer. 
The brightness is proportional to the altitude above the reference height. Full scale (black to white) corresponds to 6 km. The 

selenographic coordinates of Copernicus are 9.6?N, 20.0?W. The smaller conspicuous crater is Reinhold. Fig. 6 (right). Map 
of radar reflectivity of the region of the moon shown in Fig. 5. This map was obtained from the same data that yielded the 
surface heights. 
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ambiguities introduced by initial un- 
certainties. The earth's atmosphere, rela- 
tively most stable in the winter, is less 
of a problem here than might be 
thought because the ray paths to the 
two elements of a short-baseline inter- 
ferometer pass through nearly identical 
parts of the atmosphere. With either 
method of absolute calibration, overlap 
areas will, of course, enable consistency 
to be checked. 

Resolution Limits 

We may also inquire about the pos- 
sible improvements in resolution that 
might be obtained with this radar tech- 
nique and the limitations that must be 
overcome to achieve such resolution in 
three-dimensional radar photography. 
The ultimate limit posed by the quan- 
tum-mechanical uncertainty principle is 
too far removed from practicality to be 
of relevance. The immediate limit is 
signal-to-noise ratio; beyond this the 
limit on resolution in the delay compo- 
nent is set at present by the bandwidth 
limitations of the transmitter, which 
correspond to a surface resolution of 
approximately 20 m near the lunar limb. 
In the Doppler domain, the funda- 
mental limitation is provided by the 
frequency stability of the oscillators gov- 
erning signal transmission and echo 
detection. For an averaging time on the 
scale of a few seconds to a few hours, 
a late-model hydrogen maser-the best 
available frequency standard-has a 
stability of nearly 1 part in 1014, which 
implies a maximum frequency resolu- 
tion of about 10-4 hertz at 10 Ghz (X- 
band) and a corresponding surface res- 
olution of about 5 m in the Doppler 
component near the subradar point. The 
minimum integration time required to 
achieve such a frequency resolution is 
about 101 seconds! Longer integration 
times might even be required, depend- 
ing on the signal strength relative to the 
system noise temperature and on the 
phase fluctuations introduced by the 
changing phase relations of the reflec- 
tions from the different objects within 
the physical resolution cell on the tar- 
get's surface. Depending on how much 
longer the integration times are, the 
resolution limit implied by the fre- 
quency standard will be that much 
further from realization. Such severe 
constraints on integration time imply, 
of course, that only very limited regions 
of the lunar surface could be studied 
at this resolution. 

The resolution in the third dimension, 
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Fig. 7. Comparison of surface heights determined by two radar methods with cor- 
responding results obtained by photogrammetry from earth-based optical observations. 
The profile extends through the craters Pallas A (6.0?N, 2.2?W) and Ukert A 
(8.7?N, 1.4?E). The systematically positive slope of the Doppler-equator profile rela- 
tive to that determined by the interferometer technique is probably due to ephemeris 
errors, which can be removed when an improved lunar ephemeris becomes available. 
(Note that the two radar results were obtained from observations several months 
apart.) 

given by the fringe phase, depends on 
the instrumental phase stability and on 
the separation vector of the interferom- 
eter elements. The resolution is also 
limited by the size-in the fringe-phase 
"direction"-of the physical lunar re- 
gion isolated by the delay-Doppler res- 
olution cell. An instrumental phase 
stability of about 1? is achievable at 
X-band; for a baseline of 50 km, prop- 
erly oriented, the corresponding limit 
on resolution at the lunar surface is 
about 1 m, if we ignore the slight ambig- 
uity problem. Substantially longer 
baselines are not practical at X-band 
because of the consequent loss of corre- 
lation between the received echoes 
from even the smallest resolved ele- 
ments (29). 

The phase fluctuations introduced by 
the earth's atmosphere are far more 
severe than those due to instrumental 
instabilities. To decrease drastically 
such atmospheric effects on "absolute" 
phase calibration, one can alternate ob- 
servations of the region under study 
with those of a suitable first-order cali- 
bration point. The switching cycle needs 
to be short compared to the time scale 
of the atmospheric fluctuations that 
would provide the limit on accuracy. 
The power spectrum of such fluctuations 
over horizontal paths (30), which should 
provide an upper limit, indicate that 
cycle times as short as 20 seconds 
should be quite sufficient. These are 
within the capabilities of antenna mo- 
tions; in addition, there would be no 
difficulty in the maintenance of phase 
coherence in processing echoes from 
successive cycles. Since the line of sight 
from each antenna to any region of 
the moon would be inclined to the cor- 
responding line for the calibration point 
by no more than 0.25?, the atmospheric 

paths will virtually coincide and the 
phase changes introduced by the atmo- 
sphere will cancel almost completely in 
the comparison with the phase as- 
sociated with a resolution cell at the 
calibration point (31). 

An essential aspect, not previously 
mentioned, concerns the fact that the 
delay-Doppler-phase coordinates of a 
particular physical location on the tar- 
get change with time. If this change 
during the interval of coherent integra- 
tion required to achieve high Doppler 
resolution is an appreciable fraction of 
a resolution cell, then it becomes neces- 
sary to track each physical element in 
each of the three coordinates. This 
necessity always obtains in practice; 
further, many cells are observed simul- 
taneously-the number depending on 
the region of the target covered by the 
antenna beam-and differential track- 
ing of the different cells is required for 
fine-resolution mapping. Such differ- 
ential tracking can be accomplished, in 
principle, in the data processing. At 
present, however, the uncertainties in 
the motion of the moon relative to that 
of the earth would set the limit on 
achievable resolution because of the 
"smearing" introduced by these errors 
into the results of differential tracking. 
A small resolution cell, as stated, re- 
quires a long integration time, and both 
exacerbate the smearing problem. Two 
solutions are possible. The relevant 
parameters of the moon's motion can 
be estimated from the radar data 
themselves, or improved values for the 
orbital and rotational motion can be ob- 
tained from laser observations of the 
lunar retroreflectors and from observa- 
tions of the ALSEP (Apollo Lunar Sur- 
face Experiment Package) transmitters 
by very-long-baseline interferometry 
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(VLBI). The accuracy expected from 
the analysis of the latter data over the 
next several years should make it un- 

necessary to implement the first solu- 
tion and should prevent smearing 
effects from being the limiting factor 
in topographic resolution. A side bene- 
fit will be the availability of the retro- 
reflectors as independent calibration 

points. 
Another important consideration de- 

volves around the usual necessity to 
achieve higher time resolution and aver- 

age signal power than is possible simply 
by shortening the length of the trans- 
mitted pulse. Such resolution is accom- 

plished by phase-coding the transmitted 

signal and decoding the echo as men- 
tioned earlier. But the resultant fringe- 
phase determinations are then affected 

adversely by the echoes from surface 
elements in the delay "sidelobes." This 

problem will be especially severe if a 

bright feature is located in one or more 
of these sidelobes. However, repeated 
measurements with, for example, dif- 
ferent codes should enable such side- 
lobe effects to be averaged down to a 
harmless level. 

Other Applications 

These techniques of three-dimensional 
radar photography can also be applied 
to other celestial bodies. The most at- 
tractive possibility is Venus, not only 
because it is our closest planetary neigh- 
bor but also because its surface is visible 
from the earth only in the radio part 
of the spectrum. The signal-to-noise 
requirements are about 107 as great 
for Venus as for the moon, and 
so the resolution available with 
earth-based radar will not be as 

spectacular. Nevertheless, since Venus 
rotates completely as seen from 
the earth, the entire planet, and especi- 
ally the vicinity of the equatorial belt, 
is accessible for study (32). Useful three- 
dimensional measurements can likely 
be made near Venus' inferior conjunc- 
tions with the new Goldstone radar in 
California (33). Far greater resolution 
will be obtainable in Puerto Rico with 
the soon-to-be-improved Arecibo radar 

telescope and a suitable addition- 
al receiver located perhaps 50 to 
100 km away (34). The effect of fluc- 
tuations in Venus' atmosphere on the 

phase of interferometric signals should 
not be serious because the paths from 

any resolution cell on the surface to 
receivers on the earth could never be 

separated by more than about 10-4 
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radians and would probably be sep- 
arated by two orders of magnitude less. 
Because of these nearly identical paths 
through Venus' atmosphere, its influ- 
ence tends to cancel in the comparison 
of the signals from the different re- 
ceivers. The effect of the earth's atmo- 

sphere, as for observations of the moon, 
will similarly cancel on comparison of 
the fringe phase for a particular resolu- 
tion cell with that for specially chosen 
calibration points. 

Delay-Doppler stereoscopy can also 
be applied to Venus. For the moon, 
the main advantage over optical stere- 

oscopy is the far greater range in value 
of the Doppler coordinate of a particu- 
lar physical location than of either 

optical coordinate. For Venus, optical 
stereoscopy does not suffer from a simi- 
lar disadvantage (32), but it would be 

inapplicable for earth-based observa- 
tions because of the poorer resolution 
in both coordinates that would obtain 
even if the atmosphere did not com- 
pletely obscure the surface. 

The determinations of global topog- 
raphy from earth-based radar observa- 
tions are so severely limited by the 
signal-to-noise ratio that only the inner 
planets Venus, Mercury, and Mars are 
conceivable targets for the foreseeable 
future. Even for them, the polar re- 
gions may not be accessible. With the 
aid of radar systems aboard orbiting 
spacecraft, however, truly global topo- 
graphic studies could be made of these 
bodies, of the hidden hemisphere of the 
moon, and perhaps of some of the larg- 
er satellites of the outer planets as well. 
The echoes from the signals transmitted 
by the spacecraft can be detected by 
suitable combinations of receivers on 
earth, on the spacecraft, and on other 
orbiters. The time histories of the posi- 
tions of the space platforms, needed for 

proper interpretation of the measure- 
ments, can be monitored by phase- 
stable tracking systems orbiting the 
earth. For such orbiters, delay-Doppler 
stereoscopy can also be combined with 

optical stereoscopy for all of these solar- 

system objects save for Venus. The 
main requirement is that the radio and 

optical images of each surface feature 
be identifiable with each other unam- 

biouously. 

Appendix 

We outline here, in mathematical 
terms, the main principles of delay- 
Doppler interferometry. Our main 

object is to determine the location in 

space of an arbitrary reflecting region 
on the lunar surface from measurements 
of the time delay, Doppler shift, and 
fringe phase of radar echoes from that 
region. For simplicity, we assume that 
the orbit and rotation of the moon, 
the rotation of the earth, the location 
of the antenna sites, and the instru- 
mental calibrations are all known; 
further, we neglect the earth's atmo- 
sphere. Uncertainties in each of these 
contributions can be treated separately. 

Let Re,,, Rei (i = 1, 2), and s represent, 
respectively, the (time-dependent) vec- 
tors from the center of mass of the 
earth to the center of mass of the 
moon, from the center of mass of the 
earth to antenna site i, and from the 
center of mass of the moon to a point 
on its surface whose coordinates are to 
be measured. From these vectors we 
may form: 

b = R,9 - Roe (1) 

and 

Ri _ Re,.. +s-Re,; i= 1,2 (2) 

where b is the baseline vector, extend- 
ing from site 1 to site 2, and Ri is the 
vector from site i to the observed point 
on the moon. The time arguments for 
these vectors are in general all differ- 
ent and in some cases compound. How- 
ever, we shall suppress these arguments 
here for convenience; they are readily 
taken into account in the actual data 
reduction (35). Letting w,,, and w, 
denote the spin angular velocity vec- 
tors of the moon and earth, respective- 
ly, we have all the quantities we need 
to determine s from the time delay, T, 

the Doppler shift, f, and the interfero- 
metric fringe phase, p, associated with 
the echoes from the corresponding point 
on the lunar surface. In terms of these 
basic vectors, we find (with r- R1/ 
R1) 

T--2-R, 

2F 

27rF 
(I ' ? 

(3) 

(4) 

(5) 

when we refer the measurements to 
site 1 and neglect the motion of the site 
and the moon during the round-trip time 
of the radar signals. The quantity F 
denotes the radar transmitter frequency, 
c the speed of light, and V the time 
derivative of R. In the expression for 
b, we have retained only the first term 

in an expansion in powers of (b/Rj); 
we also ignore any possible ambiguity in 
b. The expressions for 7 and f are well 
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known; the expression for 4 represents, 
in terms of phase, the difference in the 
times of arrival of a given wave front at 
the two antennas, referred to the time 
of arrival at site I. 

Our initial knowledge of s is suf- 
ficiently good that we need solve only 
for first-order corrections. With the 
subscripts o and c denoting, respective- 
ly, observed and computed values, the 
corrections will satisfy: 

AT = T,, - T - s * As (6) 

and similar equations for A =- /o - f/ 
and AO -- = -- b., where As represents 
the correction to the initial value as- 
sumed for s. These partial derivatives 
can be evaluated approximately by re- 
writing Eqs. 3 through 5 with the aid 
of simple vector identities: 

R 1 + (7) 

2F 
f/- ---[V r-(w. Xr) sl (8) 

and 

2rF : --:-- [b * r- 

R- (b X r) x r s] (9) 

where 

RR . -m -R e; r _ R/R (10) 

V = Ven -- w X R,l (11) 
and 

W.l = Wi +J-V Xr (12) 

The first terms on the right sides 
of Eqs. 7, 8, and 9 represent, respec- 
tively, the round-trip time delay from 
the site to the moon's center, the 
Doppler shift of echoes from the sub- 
radar point, and the fringe phase in 
the limit R->oc. Equation 12 gives ap- 
proximately the apparent angular veloc- 
ity of the moon as seen from the radar 
site; the second term is the contribution 
from the relative orbital motions of 
site and moon. Returning to the evalua- 
tion of the partial derivatives, we 
express s for convenience in time- 
dependent Cartesian coordinates (x, y, 
z) referred to an origin at the center 
of mass of the moon, with axis direc- 
tions given by unit vectors (i, j, k) 
chosen so that i -r, j = (w x r) / 

l w, X r, and k= i j. The conver- 
sion of components to a similar seleno- 
centric coordinate system, at rest with 
respect to the moon, can be accom- 
plished by means of the appropriate 
orthogonal transformation after the 
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determination of the first-order correc- 
tions to s implied by the measurements 
of To, fo, and 0,,. From Eqs. 6 through 
9 it follows after some manipulation 
that 

AS-i - 2A- (13) 

C 
*j x-rl (14) 2FJw, x r (14) 

and 

__C b. 
2Fjw,, X rl b k 

- 

cR 
27F(bk) ) (15) 

From s2 = X2 + y2 + z2, we deduce 
the correction As to the surface height: 

x/z c R 

c 
ry 

z b_ j 
2F|w, Xr|Ls 5s b-kJk 

s 2'(b-k) (16) 

If the measurements of t0, f,, and p0 
are independent and unbiased, with 
errors of o(rr), o(/f), and a(p0o), re- 
spectively, then the standard error in 
the surface-height correction is, of 
course, given by the square root of 
the sums of squares of the three terms 
on the right side of Eq. 16 with or(zro), 
or(f,), and a((o) replacing Ar0, Afo, 
and Ap,, respectively. If redundant data 
were available, the ensemble would be 
processed to yield the maximum likeli- 
hood estimates of the corrections. 

An examination of Eq. 16 shows 
that the error o(As) in the height 
determination will be minimized if 
y O and if (bk) >> (bj). The 
first condition corresponds approxi- 
mately to the direction of increasing 
delay being perpendicular to the direc- 
tion of increasing Doppler shift at the 
point of interest, as measured on a 
(spherical) lunar surface. Thus, this 
point would lie on the same meridian, 
defined with respect to the Doppler 
equator, as the subradar point (see 
Fig. 1). The second condition implies 
that the baseline vector has a maxi- 
mum projection in the direction normal 
to that of increasing Doppler shift, thus 
affording maximum resolution for this 
orthogonal component. In summary, 
maximum accuracy in the determina- 
tion of As is achieved at places where 
the contours of constant delay, Doppler 
shift, and fringe phase are mutually 
orthogonal. Because of the large excur- 
sions of the Doppler axis and the 
motion of the baseline, for the Hay- 
stack-Westford system, almost all parts 

of the visible hemisphere of the moon 
exhibit this good geometry at some 
times during a lunation. 

A complete discussion of how the 
radar signals are processed to yield 
values for A', Af, and AO is not 
possible in the confines of this article, 
and we restrict discussion simply to 
the primary concepts not already 
treated in the literature. Thus, the 
method for determination of Ar and 
Af-the delay-Doppler corrections- 
from the echoes received at either site 
will be omitted (4). To determine AO, 
the phase of the voltage signal V2 (t) 
received at site 2 is first transformed 
to the value V2' (t) which it would have 
had if it were received at the reference 
site and reflected from the center of 
the observed region: 

V2'(t) = V.(t)exp[iAw,.(t)tj (17) 
where 

Aw(t) 2t (b *F d r ) ,Awo (t) dt(b ? r) c dt (18) 

is the a priori value calculated for the 
difference between the angular fre- 
quencies of the signals received at site 
1 and site 2. For the Haystack-West- 
ford interferometer, Aoc can be as large 
as 47r sec-1. We ignore here the 
difference in time of arrival of the 
wave front at the two sites and the 
arbitrary phase offset. The former 
is taken into account by an adjustment 
in sampling times; the latter will remain 
constant during the period over which 
the echoes are integrated coherently 
and causes no difficulty (see text). The 
modified signal V2' (t) is then processed 
in the standard manner for delay- 
Doppler mapping (4) to produce the 
(complex) reflectivity S' (T, /) as a 
function of the delay and Doppler co- 
ordinates r and /. For each coordinate 
pair the interferometric fringe phase 
will be different, and we further trans- 
form S, by using the a priori value 
fe(Tr, f) of the differential fringe phase 
corresponding to the different delay- 
Doppler resolution cells being observed. 
Thus, 

S2o(r,f) = S,2'(r,/)exp[i(r,f( )] (19) 

If <,. were exact, then the cross-spec- 
tral power 

P(r,f) _ Si(rJ,f)Si(r,/) (20) 

would be a real number. Its actual 
phase is A?. Its magnitude is the geo- 
metric mean of the backscattered power 
received at sites 1 and 2 from the 
echoes reflected by the surface element 
with associated coordinates r, f. 
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dinates of that point on the limb contour. To 
distinguish such a point from outcroppings 
near the Doppler equator that have larger 
Doppler shifts, the second coordinate might 
be determinable from the interferometric 
phase of the echo with the largest Doppler 
shift rather than from the known direction 
of the Doppler equator. Nonetheless, one 
measurement would only yield the coordinates 
of one point on the limb. 

The large excursion of the Doppler equator 
-a rotation of about 180? with respect to 
the moon's surface on each of several days 
during a month-ensures the possibility, in 
principle at least, of complete limb coverage. 
But this rapid rotation is not an unmixed 
blessing because of the consequent limitation 
on integration time, and hence on Doppler 
resolution, for a given orientation of the 
Doppler equator. If the integration time At 
is chosen so that the resolution AL along the 
limb contour is equal to that normal to it, 
then 

At = (c/2FWvr,) 10 seconds 
and 

AL z (cWs2/2Fv,s). 1 km 
where c is the speed of light, F the (assumed 
X-band) frequency, W the time rate of change 
of the orientation of the Doppler equator, s 
the radius of the moon, and v,r the difference 
in radial velocity between the subradar point 
and the point at the limb on the Doppler 
equator. This resolution could be im- 
proved at least severalfold by an increase in 
the signal-to-noise ratio, assumed marginal in 
the above expressions for AL, or by an in- 
crease in the radar frequency (note, however, 
the square-root dependence). It may there- 
fore be possible to produce useful limb con- 
tours from radar observations, although a 
reliable decision in regard to practicality can 
not be reached without more detailed analysis. 

29. For example, the echoes from a delay-Doppler 
resolution cell corresponding to a region 20 
m square on the moon would yield no fringes 
for projected baselines of 2 X 107 wavelengths 
or greater, corresponding to a limit of about 
800 km for X-band radar frequencies. To ob- 
tain strong fringes a substantially shorter 
projected baseline would be required. Thus, 
relatively small delay-Doppler cells appear 
like point sources to the interferometer; the 
echoes are consequently highly correlated and 
no fading or scintillation will be encountered. 

30. M. C. Thompson, Jr., personal communication. 
31. The atmospheric cancellation described earlier 

is not applicable in virtue of the much greater 
interferometer baseline involved here. 

32. Unfortunately, Venus' Doppler equator is not 
nearly as accommodating as the moon's and 
changes its orientation comparatively little, 
thus restricting the regions in which good 
resolution can be obtained. 

33. R. M. Goldstein, personal communication. 
34. G. H. Pettengill, personal communication. 
35. For example, if t, denotes the time of arrival 

of a particular wave front of the lunar echo 
at site 1, the reference site, then the corre- 
sponding arrival time for site 2 will be 
t2 c t5-b-r/c. Similarly, the argument of 
R1 is compound: The vector combination 
Rem + s is evaluated at t -R,/c and the 
vector R.e at t, (i = 1, 2). Because the motions 
of the sites and the moon are very slow 
compared to the speed of light, these in- 
terrelated equations can be solved easily by 
iteration. In fact, for most applications at 
most one iteration is required. One additional 
note of caution is appropriate: All theoretical 
calculations of observables, including the con- 
tributions of orbital motions, must be carried 
out consistently in a single coordinate system. 

36. The Haystack Observatory is supported by 
NSF grant GP-25865 and NASA grant 
NGR22-174-003, contract NAS9-7830. 
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