Fig. 1. Map of northeastern Africa and
adjacent Asia Minor showing the location
of Kom Ombo and other localities men-
tioned.

those of Dorcas gazelle, hippopotamus,
and Nubian ass next most numerous in
descending order of frequency. All
other taxa were sparsely or uniquely
represented.

Vertebrate remains have previously
been reported from the Kom Ombo
Plain by Vignard (3), Gaillard (4),
Sandford (5), Reed (6), Reed and
Turnbull (7), Oakley (8), and Smith
(9). In summary these authors recorded
catfish, man, spotted hyaena (4), Nu-
bian ass, hippopotamus, long-horned
and short-horned cattle, long-horned
and short-horned African buffalo, bubal
hartebeest, and Dorcas gazelle. The
record of horse [Equus caballus (4)]
may be discredited (7) and that of
short-horned cattle (Bos brachyceros)
or Cape buffalo (Syncerus caffer) is
dubious.

The mammalian elements derive
from both adult and immature individ-
uals when there are sufficiently large
samples for both age categories to be
represented. Since gazelle in Arabia
drop their young in either January or
late July to August and oryx bear their
calves between May and December
(10), this suggests that hartebeest may
have behaved similarly at the same lati-
tude. Thus, it appears that the Kom
Ombo Plain was occupied at least dur-
ing those months of the year or shortly
- thereafter. The abundance of water
birds present in Egypt only during the
northern winter indicates that, at least
at Gebel Silsila III during Sebekian
" times and probably at other sites also,
the plain was occupied by man during
the winter months of January to March.
It is tentatively concluded, therefore,
that the Kom Ombo Plain was oc-
cupied throughout most of the year by
at least part of the population during
Late Pleistocene times. The presence of
catfish, some of large size, and of hip-
popotamus and wild cattle suggests
that these may have been hunted when
the river level was low and the animals
drawn to the available forage and re-
stricted water holes.

The general faunal aspect is that of
the savanna or orchard bushveld biome
with grazing plains or grassland species
in contact with species more intimately
dependent on riverine woodland and
permanent water. Dorcas gazelle and
hartebeest are possible indicators of
dry savanna conditions, at least at some
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period of the year, while wild cattle
and hippopotamus indicate the presence
of permanent bodies of water.

The presence of the Egyptian bandi-
coot or pest rat indicates a wetter cli-
matic regime than obtains in the region
today (/1) and supports its identifica-
tion by Robinson (I2) from Dabarosa
West near Wadi Halfa. The avifauna
from Gebel Silsila III also suggests a
wetter regime, at least during the win-
ter, with large, shallow meanders and
side channels in which catfish would
live. The restriction of abundant re-
mains of avifauna to the upper levels
of Gebel Silsila III is puzzling, and
has been attributed to differential pres-
ervation at other sites along the Nile
River, presumably where conditions did
not allow the smaller elements of birds
or rodents to be preserved. Alterna-

Birch’s Law: Why Is It So Good?

tively, there may have been some differ-
ence in the mode of life of the Sebe-
kian inhabitants that allowed them to
use this source of protein more exten-
sively than did those with other indus-
tries (13).
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Abstract. Birch’s law arises in the physics of solids as a linear approximation, in

"a certain range of density, of a power law. For a change of chemical composition

within the same crystal structure, the velocity-density relation is constant with a
slope of nearly —0.5 in the first-order approximation.

Birch’s law is a velocity-density rela-
tion among oxides and silicates, im-
portant in the study of the elasticity and
constitution of the interiors of the earth
and other planets (). The law is based
on experimental observations. It states
that the velocity V' of elastic waves in
oxides and silicates is mainly a function
of density p and mean atomic weight :

V=a(@m) +b (1)

where a and b are constants, frequently
referred to as Birch’s constants, and the

mean atomic weight is defined as the
product of the molecular weights di-
vided by the number of atoms in 1
mole of the substance. Although Birch’s
law is used in most geophysical theories
and models of the elasticity of the
earth, the validity of Eq. 1 over the en-
tire range of density distributions in the
earth’s interior has not been analyzed.
Furthermore, the physics behind Birch’s
law is not yet generally understood (2).
In this report I examine how Birch’s
law arises in the physics of solids.
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Consider the nondispersive relation
among the frequency o, the sound ve-
locity V, and the wave number k,

w=V k (2)

Taking the partial derivative of Eq. 2
and evaluating it term by term, we find
that

(Ban

m) ﬁI:'Y—l/3 3)

where y is Griineisen’s parameter (3).
Since for most crystalline solids y is
of the order of 1 to 2, Eq. 3 implies
that sound velocities increase with in-

Fig. 1. Comparison of the relation among
compressional wave velocity (V,), den-
sity (p), and mean atomic weight (#7) due
to Birch’s law (Eq. 1) with that resulting
from the power law (Eq. 4). It can be
seen that Birch’s law is a linearization,
over a certain range of density, of the
power law.

3 is integrated, the velocity-density
relation takes the form

V =A@m)p 4)

where A is constant, a function of i,
and A=y — 1/3. Equation 4 itself is
then a velocity-density relation for solids.
As we shall see below, Birch’s law, Eq. 1,
is a linearization of Eq. 4 over a cer-
tain range of density p.

Let us examine the two functions given
by Egs. 1 and 4. For p = p, where
po is the reference density point, we have

a + bpo = Apd* (5)
And, in the differential form of Egs. 1
and 4, we have dInVy/dp = b/ (a + bp)
and dInV,/dp = A/ p, where subscripts
1 and 4 refer to Eqs. 1 and 4, respec-

b A vy —1/3
a+pr:;) (E T) 6
Thus, the parameters 4 and A in Eq. 4
are given by Egs. 5 and 6, respectively,
in terms of Birch’s constants and the
density p,.

Figure 1 is visual display of Egs. 1
and 4 for substances for which 7 is 19
through 31, a range of # common to
rocks and minerals. Let us consider one
example (4). For substances with # =
21.0 g-atom/mole, we find for the veloc-
ity of compressional waves V, that a =
— 2.0 km/sec and b =3.0 (g/cmd)/
(km/sec) as given in Birch’s original
work (7).

Suppose we let p, = 3.00 g/cm3, a
common value of density for min-
erals and rocks, for our illustration
(at this density point, then, the two
functions given by Egs. 1 and 4 match
exactly). From these Birch’s constants,
we find 4 =1.70 and A =1.286 for
the power law given by Eq. 4. As can
be seen from Fig. 1, the linear law for
the velocity-density relation due. to
Birch (1) provides virtually the same
results as the power law derived from

creasing density of the solid. When Eq. tively; for p = p,, we have fattice dynamics within the density
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Fig. 2 (left). Illustration of the concept that the product NKV. B
(= KVwn) is almost constant for materials with thg same
crystal structure. The observation that KV is constant is illus- 2 | | | | L1 1
trated here with materials of eight different structures; K, 0 20 30 40 50 60

bulk modulus; V., mean molar volume; m, mean atomic

weight (see text).

Fig. 3 (right). Illustration of the veloc-

m (g-atom/mole)

ity—density—chemical composition relation in oxides and silicates; V,, bulk sound velocity; 'ﬁ‘z,‘mean atomic weight. ‘The
velocity-density relation for a change of chemical composition within the same crystal structure is, in the 'ﬁ'rst-order approxima-
tion, normal to the velocity-density relation characterized by the power law. Similar diagrams for the velocities of compressmnz}l
and shear waves can be constructed, but in these cases the slope is expected to deviate somewhat from —0.5 because of their
sensitivity to the moncentral forces between constituent ions.
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range of about 2.5 to 4.0 g/cm?;
beyond this the linear law deviates
significantly from the power law. For
this range of density, then, Birch’s law
is merely a linear approximation of the
power law given by Eq. 4; as was shown
earlier, both laws provide estimates of
elastic parameters in a solid as it un-
dergoes compression or phase changes
as long as no alteration in chemical
composition is involved (5). Rocks and
minerals are polyatomic solids without
group formation, that is, the average
weight per unit volume is almost con-
stant, and their densities and mean
atomic weights (compared to those of
metals and alloys) tend to cluster within
a narrow range. Most rocks and min-
erals, in fact, have densities of approxi-
mately 2 to 4 g/cm3. The apparent suc-
cess of Eq. 1, which is a linearization
of the power law over this limited range
of density, arises from the empirical
fact that most rocks and minerals do
possess density values in that range.
A perusal of Birch’s papers (/) sug-
gests another important consequence of
lattice dynamics. The velocity-density
relation for a change of chemical com-
position within the same crystal struc-
ture is such that the variation of sound

velocities with density is nearly per-

pendicular to the line provided by Eq.
1. This observation, made originally by
Birch (1) and supplemented by many
other authors (2, 6, 7) for various
minerals and rocks, can be analyzed in
terms of lattice dynamics.

From the nondispersive relation, Eq.
2, the velocity of elastic waves can take
the form

s Vs
V:w(ﬂ;— V,,) :w(%": ros) (@D

where V, is the mean atomic volume
given by the mean interatomic separa-
tion r, at the equilibrium conditions.
Since in laitice dynamics the frequency
o is specified by o = (f/m)*%/ 2=, where
m is the mass of a body in harmonic
oscillation and f is the restoring force
given by the second derivative of an in-
teratomic potential U(r) with respect to
r, Eq. 7 can be evaluated for a parti-
cular potential. For all practical pur-
poses in geophysics, the frequency o
can be estimated with confidence from
the Born-Mayer type of potential of
the form: U(r) = — az;20€%/r + B/r,
where zie and z,e are the ionic charges,
« the Madelung constant, B a constant,
and n the Born repulsion parameter
(8). Rewriting U(r) in a form such that
the potential is a minimum at the 7,
point, we find then

21 JULY 1972

_ ez’ [r 1 (K"
=T [r _n(r")] ®)
Thus, Eq. 7 takes the form

V=

1 471') V"(a2122€2 (n—1) 1\* (9)
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where the product aziz.e2(n—1)/r,
corresponds to a macroscopic quantity
NKV,, where N is Avogadro’s number
and K is the bulk modulus; this quantity
is almost constant for materials with
the same crystal structure, as illustrated
in Fig. 2. What is implied in Fig. 2 is
that the quantity az,z,e? is approxi-
mately invariant within a given struc-
ture and that both n and r, increase
with increasing atomic weight. The vari-
ation of sound velocities with varying m
(thus density within the same structure)
is then in essence the variation of m
given by 7/ N; taking the partial deriv-
ative of Eq. 9 with respect to 1, we
obtain the desired relation

JlnV -
(Fie) s = — 172
where CS stands for constant structure.
Shankland (9) independently found the
same expression as Eq. 10 above.

Experimental information on sound
velocities and mean atomic weights for
various isostructural oxides and silicates
are found in the literature (2, 6, 7). As
an illustration, a InV 4~ Inm diagram
is constructed in Fig. 3 (Vs is the bulk
sound velocity). Figure 3 shows that the
slope of this relation among oxides and
silicates is indeed in the neighborhood
of — 0.5 as implied by Eq. 10.

I have described how Birch’s law
arises in the physics of solids. It is
simply a linearization, over a certain
range of density, of the power law (Eq.
4) resulting from lattice dynamics.
Beyond that range of density, Birch’s
law should be used with caution. Within
that range of density, either Birch’s
law or the power law should be
broadly applicable in geophysics and
materials science, and below and above
it the power law should be used with
wide generality. Finally, the velocity-
density relation for a change of chemi-
cal composition within the same crystal
structure arises essentially from the ef-
fects of mass variation; the velocity-
density relation in that case is, in the
first-order approximation, perpendicular
to the velocity-density relation charac-
terized by the power law.

DAE H. CHUNG
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