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Momentum Transport in Turbulent 
Flow between Concentric Rotating Cylinders 

Abstract. Apparent shear stress in turbulent flow between a stationary inner 
cylinder and a rotating outer cylinder is measured by computing radial flux 
of tangential momentum by use of velocities obtained from photographs of suc- 
cessive positions of marker particles assumed to represent the fluid motion. Values 
are consistent with total shear stress at the inner cylinder found by measuring 
the velocity gradient. 

Bagnold (1), experimenting on flows 
of water containing neutrally buoyant 
solid particles between a stationary 
inner cylinder and a coaxial rotating 
outer cylinder, observed an excess nor- 
mal stress on the inner cylinder. He 
assumed that this was caused by colli- 
sions of the particles with the boundary, 
and on this basis developed a theory 
(2) that shearing of a fluid containing 
sediment grains causes the grains to 
come into contact, and that in open- 
channel flow the dispersive forces gen- 
erated by these collisions cause grains 
to be supported independently of the 
fluid turbulence. 

Rather than reflecting grain collisions 
throughout the flow, Bagnold's excess 
normal stress may be an inner-boundary 
effect peculiar to the flow system. The 
general importance of grain collisions 
in turbulent shear flows with appreci- 
able sediment concentrations has yet 
to be demonstrated. The lack of a firm 
test of the theory prompted me to 
study a similar flow system from a dif- 
ferent standpoint, by following motions 
of fluid and grains in the flow. If the 
neutrally buoyant grains move passively 
with the fluid, their contribution to 
radial flux of forward momentum is 
nearly the same as an equivalent vol- 
ume of fluid, so that the ratio of rates 
of momentum transport due to grain 
motions and to fluid motions (the mo- 
mentum transport ratio) would equal 
the ratio of volume of grains to vol- 
ume of fluid in the flow, but if grain 
collisions are important, the momen- 
tum transport ratio should be sig- 
nificantly larger, reflecting dispropor- 
tionate momentum transport by the 
colliding grains. This report describes 
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preliminary experiments showing that 
the basis of the method, evaluation of 
momentum flux by photographing tra- 
jectories of small marker particles, gives 
the expected magnitudes. 

The apparatus (Fig. 1) consists of 
concentric lucite cylinders terminated 
by lucite disks. The inner cylinder is 
supported only by bearings above and 
below, and was held fixed while the 
outer cylinder and end plates were ro- 
tated. Theoretically the flow, though 
turbulent when first set in motion, 
should be laminar at any rotation rate 
after an initial transient stage (3, 4). 
Continuing turbulence in real rotating- 
cylinder flow is caused by minor ir- 
regularities in equipment (4). The outer 
cylinder was rotated at 136 rev/min, in 
the range for continuing existence of 
turbulence (5), although strong turbu- 
lence is restricted to the inner part of 
the annulus owing to inherent flow sta- 
bility and the tendency for shear to be 

Fig. 1. Axial section of the apparatus. 
Hatched parts are held fixed. 

concentrated near the inner boundary 
by rotation of the end plates. 

Marker particles were made from 
candle wax and titanium dioxide pow- 
der by spraying a melted mixture. The 
solidified droplets were brilliant white 
spheres. Particles with the proper den- 
sity were separated from sieved batches 
by flotation. The particle size best for 
film and lighting conditions was 0.15 
mm. The outer cylinder was covered 
to leave exposed only a 4-mm band at 
midheight, and the light source, a Strob- 
otac electronic stroboscope, illuminated 
a horizontal tabular volume of the 
flow. To ensure steady-state flow, the 
apparatus, filled with distilled water and 
suspended marker particles, was run 
for 10 minutes before pictures were 
taken. 

A Polaroid camera was mounted 
pointing vertically upward into the flow. 
Two factors governed exposure: (i) 
total exposure time was limited by 
background fogging to about 2 seconds; 
(ii) it was desirable to limit the number 
of trajectories photographed at the same 
time, because these tend to be cor- 
related. Each photograph was exposed 
about ten times for a few tenths of a 
second at intervals of a few seconds, 
with a particle concentration such that 
usually only one or two trajectories 
were obtained during each exposure; 
five to ten substantially independent 
trajectories were thus obtained on each 
photograph (Fig. 2). 

The measuring arrangement consist- 
ed of a stationary binocular micro- 
scope over a horizontal stage that trav- 
eled in two perpendicular directions by 
means of threaded shafts. By suitably 
aligning a photograph on the stage, the 
coordinates of each image along a tra- 
jectory could be measured, by dials on 
the shafts, in a Cartesian x, y coordinate 
system formed by lines inscribed 
through the center and parallel to the 
sides of the photograph (Fig. 2). For 
each trajectory the quantities Ax = 
x, + 1 - x and Ay = y' + 1 -y,, the dif- 
ferences in x and y coordinates be- 
tween successive points, were plotted 
versus point number i along the trajec- 
tory (Fig. 3). Smoothing of the scatter 
is important, because velocities used 
in momentum flux computations are 
based on measured coordinate differ- 
ences, and velocities from unsmoothed 
differences fluctuate strongly. As the 
scatter seemed not to be inherent in 
the particle motion, smooth curves were 
drawn by hand to the plots of Ax, and 
Ayi versus i and the ordinates of the 
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curves at the abscissae i were substituted 
for the measured differences. 

There are three possible causes for 
the scatter. (i) It could be inherent in 
the particle motions. If the minimum 
scale of the turbulence was smaller 
than distances traveled by particles be- 
tween flashes, intermediate points would 
be needed to draw curves representing 
true particle motions. (ii) It could 
be caused by imperfection in film or 
optics. Centers of images would not 
represent centers of particles. (iii) It 
could be caused by error in measuring 
centers of particles. The third possibility 
is excluded because the coordinates of 
well-defined points are closely reproduc- 
ible. However, the coarse grain struc- 
ture of the extremely fast film causes 
images of Ipoorly illuminated or poorly 
focused particles to be indistinct. Two 
lines of evidence indicate that this, 
rather than the nature of the particle 
motions, causes the scatter. First, con- 
sidering that diffuse, irregular images 
are as large as 0.3 mm, uncertainty in 
locating the points representing centers 
of particles can easily account for the 
maximum scatter of about 0.2 mm in 
AXx and Ayi; second, there is a direct 
relation between sharpness of images 
along a trajectory and goodness of 

fit when a smooth curve is drawn 
through the measured coordinate dif- 
ferences (Fig. 4). 

The velocities easiest to obtain from 
the trajectory data are tangential and ra- 
dial velocity components ti and v; 
averaged between successive image 
points i and i -- 1, 

u = [(0o + 1 - ) (r, + 1 + ri)/2]/zt 
Vi = (r' +1 - rd)/At 

where ri and 0i are the coordinates of 
the ith point on the trajectory with 
respect to a polar coordinate system 
centered on the axis of the cylinders 
and with radii in the illuminated plane, 
and At is the flash interval, 2.4 X 10-3 
second. These closely approximate true 
particle velocities at points on the tra- 
jectory midway between the measured 
points if distances between points are 
small compared to radii of curvature 
along the trajectory, as is mostly the 
case. The uti, v were associated with 
points whose polar coordinates are the 
averages of the polar coordinates of the 
two successive points (this leads to some 
deviation from true trajectory mid- 

points where radii of curvature are 
smallest). All velocity computations, 
after smoothing of coordinate differ- 
ences, were done on an IBM 7094 

x 

qIIIN. 

Fig. 2. A typical photograph. The two bands of light nearest the center represent 
intersections of the light beam with the flow boundaries; the other bands are reflec- 
tions. Particle trajectories show up as sequences of illuminated dots. 
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computer; for each trajectory, the x:, y, 
were built from the smoothed differ- 
ences Axi, Ay1, the ri, B0 were obtained 
by transforming to a polar system, and 
the ui, vi were computed. 

Velocities used in computing momen- 
tum flux were derived from the uit, v 
by interpolating to obtain velocity com- 
ponents U, V associated with preas- 
signed radii R in the flow. During 
computations for each trajectory, an 

interpolation was made whenever the 
radial coordinates of trajectory mid- 
points straddled one of the Rj: 

U=Ui - -+[(Ui--U - )(Rj-ri i)/(r,-r - 1)] 

V=-vi - [(vvi -v )(Rj-ri - )/(ri-r - 1)] 

where U and V are the tangential and 
radial velocity components, respectively, 
formed by interpolating between the 
(i - l)th and ith positions along a 
trajectory. Radii were chosen at r = 
13.95 cm, near the inner boundary, and 
at intervals of 0.05 cm outward. 

A curve of u, the average tangential 
velocity, versus r was constructed by 
fitting a smooth curve to a plot versus r 
of the average of all the velocities U 
at each Rj (Fig. 5). Fluctuating tangen- 
tial velocities U' at any Rj can then be 
found from the relation U' = U - u. 
Fluctuating radial velocity V' was as- 
sumed to be simply V, because secon- 
dary flow due to end friction should be 
small compared to turbulent fluctua- 
tions in the zone of strongest turbu- 
lence near the inner boundary. A grand 
average of all V values was found to 
be near zero, indicating that this as- 
sumption is valid. 

Flux of tangential momentum in the 
radial direction, - pu'v,. was computed 
for the inner third of the annulus by 
finding U'V' for each interpolation at 
a given Rj and taking the average of 
these products over all N interpolations 
at that Rj, 

N 

[ (U' V')] /N 
i=l 

The density was taken to be 1 g/cm3. 
Though the momentum flux values lie 
mostly .between 5 and 20 dyne/cm2, 
they show considerable scatter (Fig. 6); 
this is to be expected, because only 10 
to 20 pairs of fluctuating velocities were 
used in forming each value (6). How- 
ever, taken as a whole the momentum 
flux values involve well over a hun- 
dred trajectories, so that a grand aver- 
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51- ~- ~ ~ yb 1 0.5 tire zone should be close to momentum 

flux values based on a much larger 
E number of trajectories. 

0 Ideally, the computed momentum flux 

< X should be checked by adding the shear 

5 --0.5 stress due to mean motion, to obtain 
the total shear stress, and then evalu- 

o _ lo _ 20i 30_- ~ating the total shear stress indepen- 
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dently by measuring torque on the 
inner cylinder. There is no straightfor- 

3. Coordinate differences AXx and Ay ward way of doing this because sec- 
us image number i for a representa- ward way of doing this, b ecau se sec- us image number i for a representa- ? . 
trajectory near the inner boundary. ondary flow due to end friction causes 

the distribution of total shear stress 
across the annulus to vary with dis- 
tance from the ends. A satisfactory 
check can nonetheless be made by de- 

.8 
~ 

termining the total shear stress at the 

.6 \- inner boundary from the slope of the 
0< o mean velocity curve there and assuming 

.4 - that the total shear stress does not de- 
crease greatly from the inner wall to 
the zone where the momentum flux 

5 - 10- 15 -20 was computed. 
i The shear stress due to mean motion 

4. Ax, versus image number i for a in the zone where momentum flux was 
ectory whose images become less dis- computed was found by measuring the 
t from left to right; there is a corre- velocity gradient, about 100 cm 
nding increase in the scatter. sec-1 sec-l, from Fig. 5 in the range 

14.00 to 14.50 cm and using the rela- 
tion r = /t(du/dr). The result, 1 dyne/ 

a ' i E l a- 
- cm2, is so small that the measured 

outer woa: momentum flux represents quite closely 
uav=244.8 cm/sec o/ the total shear stress. Very near the 

I. ./ -inner boundary, where the turbulent 
- / "momentum flux decreases to zero and 

the shear stress is due entirely to lam- 
;inner cwall: // inar flow, the mean velocity gradient 

r=13.88 cm 
uav= o. cm/sec increases very sharply. The slope of the 

[/ Ioc u versus r curve at the inner wall can 
=u=o.o~ / be estimated reliably, because the posi- 

i (cm/sec) the same time as the coordinates of the 

5. Average tangential velocity versus images. The total shear stress in the 
ius. The open circles represent the immediate vicinity of the inner wall 
)wn velocities of the inner and outer determined in this way is 25 ? 5 dyne/ 
indaries. The dashed line shows rigid- cm2. The total shear stress in the zone 
ty velocities lof the end plates. where momentum flux was computed 

is thus smaller than the total shear stress 
at the inner wall by no more than a 
factor of 2, so that the computed 
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a factor of 2. Actually, the agreement 
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because the momentum transport ratio 
defined above involves the quotient of 
two values of momentum flux which, 
owing to the experimental method, 
should differ from the respective true 
values by about the same factor. The 
method is thus certainly sensitive enough 
to provide a test of Bagnold's grain- 
collision theory. 

J. B. SOUTHARD 
Division of Geological Sciences, 
California Institute of Technology, 
Pasadena 91109 
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Seed from the Upper Devonian 

Abstract. We present evidence prov- 
ing the existence of seeds in the Upper 
Devonian and extending the known age 
of seed plants from the Lower Car- 

boniferous (Mississippian) into the Up- 
per Devonian. 

The origin of seed plants is one of 
the most interesting problems in the 
fossil history of the vascular plants. In 
the Lower Devonian, vascular plants 
were entirely homosporous. The late 
Devonian saw attainment of hetero- 

spory in some lycopsids and some 

macrophyllous plants, and hitherto it is 
from the Lower Carboniferous (Missis- 
sippian) that fossils that are unques- 
tionably seeds are first recorded. 

Recent discovery (1) of megaspore 
tetrads (Cystosporites devonicus) in the 
Upper Devonian, in which a single, 
large, presumably functional megaspore 
was developed at the expense of the 
other three members of the tetrad, dem- 
onstrates that by the late Devonian one 
group of plants had attained a marked- 
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tetrads (Cystosporites devonicus) in the 
Upper Devonian, in which a single, 
large, presumably functional megaspore 
was developed at the expense of the 
other three members of the tetrad, dem- 
onstrates that by the late Devonian one 
group of plants had attained a marked- 
ly high level of heterospory. More re- 
cently (2) it has been shown that this 
type of tetrad organization occurs in 
some authenticated Lower Carbonifer- 
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