95. F. Sulser, M. H. Bickel, B. B. Brodie, J.
Pharmacol., Exp. Therap. 144, 321 (1964).

96. C. L. Scheckel and E, Boff, Psychopharma-
cologia 5, 198 (1964).

97. L. S. Goodman and A. Gilman, The Phar-
macological Bases of Therapeutics (Mac~
millan, New York, ed. 2, 1955).

98. L. L. Iverson, J. Pharm. Pharmacol. 16,
435 (1964).

99. L. Stein, in Psychosomatic Medicine, J. H.
Nodine and J. H. Moyer, Eds. (Lea and
Febiger, Philadelphia, 1962), p. 297; P. L.
Carlton, Psychopharmacologia 2, 364 (1961);
A. Weissman, Pharmacologist 3, 60 (1961),

100. K. E. Moore and E. W, Lariviere, Bio-
chem. Pharmacol. 12, 1283 (1963); C. B.
Smith, J. Pharmacol. Exp. Therap. 141,
96 (1965).

101. K. E. Moore and E. W. Lariviere, Biochem.
Pharmacol. 13, 1098 (1964).

102. J. M. Van Rossum, J, B. Van Der Schoot,
J. A. T. M. Horkmans, Experientia 18,
229 (1962); C. B. Smith, J. Pharmacol. Exp.
Therap. 142, 343 (1963).

103. ¥. Cade, Med. J. Australia 2, 349 (1949);
M. Schou, Psychopharmacologia 1, 65 (1959);
S. Gershon and A. Yuwiler, J. Neuropsy-
chiat. 1, 299 (1960).

104. J. J. Schildkraut, S. M. Schanberg, I. J.
Kopin, Life Sci. 5, 1479 (1966). .
105. L. C. F. Hanson, Psychopharmacologia 8,

100 (1965).

106. A. Weissman and B. K. Koe, Life Sci. 4,
1037 (1965).

107. A. Sjoerdsma, K. Engleman, S. Spector, S.
Udenfriend, Lancet 1965-II, 1092 (1965).
108. J. Olds and P. Milner, J. Comp. Physiol.

Psychol. 47, 419 (1954).

109. J. Olds, Physiol. Rev. 42, 554 (1962); L.
Stein, in The Role of Pleasure in Behavior,
R. G. Heath, Ed. (Harper and Row, New
York, 1964), p. 113.

110. L. Stein, Recent Advan. Biol. Psychiat. 4,
288 (1962); B. P. H. Poschel and F. W.
Ninteman, Life Sci. 3, 903 (1964).

111. L. Stein in Antidepressant Drugs, S. Garutini
and M. N. G. Dukes, Eds. (Excerpta
Medica Foundation, Amsterdam, 1967).

112, and J. Seifter, Science 134, 286 (1961),

113. L. Stein, in Psychosomatic Medicine, J. H.
Nodine and J. H. Moyer, Eds. (Lea and
Febiger, Philadelphia, 1962), p. 297; L.
Stein, Federation Proc. 23, 836 (1964).

114. B. P. H. Poschel and F. W. Ninteman, Life
Sci. 2, 782 (1963).

115. D, J. Reis and L. M. Gunne, Science 149,
450 (1965).

116. R. Strom-Olsen and H. Weil-Malherbe, J.
Mental. Sci. 104, 696 (1958).

117. N. Shinfuku, D. Michio, K. Masao, Yonago
Acta Med. §, 109 (1961).

118. A. Bergsman, Acta Psychiat. Neurol. Scand.
Suppl. 133 (1959).

119. G. C. Curtis, R. A. Cleghorn, T. L. Sourkes,
J. Psychosomat. Res. 4, 176 (1960).

120. J. J. Schildkraut, E. K. Gordon, J. Durell,
J. Psychiat. Res. 3, 213 (1965); J. J. Schild-
kraut, R. Green, E. K. Gordon, J. Durell,
Amer. J. Psychiat. 123, 690 (1966).

121. N. T. Karki, Acta Physiol. Scand. Suppl.
132, 1 (1956).

122. S. Rosenblatt and J. D. Chanley, Arch. Gen.
Psychiat. 13, 495 (1965).

123. W. Studnitz, J. Clin. Lab. Invest. 11, 224
(1959); R. R. Schopbach, A. R. Kelly, J. S.
Lukaszewski, in Progress in Brain Research,
vol. 8, Biogenic Amines, H. E. Himwich and
W. A. Himwich, Eds. (Elsevier, Amsterdam,
1964), p. 207; A. Sjoerdsma, L. Gillespie,
Jr., S. Udenfriend, Lancet 1958-I1, 159 (1958).

124. J. J. Schildkraut, E. K. Gordon, J. Durell,
J. Psychiat. Res. 3, 213 (1965).

125. R. K. McDonald and V. K. Weise, ibid.
1, 173 (1962); A. Allegranza, R. Bozzi, A.
Bruno, J. Nervous Mental Disease 140, 207
(1965).

126. G. W. Ashcroft and D. F. Sharman, Nature
186, 1050 (1960).

127. A. Coppen, D. M. Shaw, A. Malleson, Brit.
J. Psychiat. 111, 105 (1965).
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Radiation Law

Considering Kirchhoft’s law as it was initially meant
may help us understand the rise of quantum theory.

It is well known that Planck studied
Kirchhoff’s radiation law because he
was attracted by its utter generality, and
that he was thus led to his theory of
the quantization of light. Why this stress
on utter generality? Did Wien, for in-
stance, in studying Kirchhoft’s law, dis-
regard its generality? Are not all laws
of nature general, and attractive on ac-
count of their generality (7)?

Moreover, how general, precisely, is
Kirchhoff’s law? One may say it applies
to all thermal radiation of all black bod-
ies which are in equilibrium with their
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environments, The previous sentence
contains three restrictions: the radiation
has to be thermal, the radiating body
black, and the setup that of thermal equi-
librium. We may omit any one of these
restrictions and obtain three different
interpretations of the law; we may omit
any two of these restrictions and obtain
three more interpretations; and we may
omit them all. Thus we can have at
least eight (empirically) different inter-
pretations of the law. I say at least eight
different interpretations because we may
also interpret terms like thermal radia-
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tion differently. The most radically
narrow interpretation of this term will
be (intentionally) circular: that radia-
tion is thermal which obeys Kirchhoff’s
law. This interpretation is so narrow
that, once we restrict the law to thermal
radiation in this interpretation of the
word, we obviously do not have to re-
strict the law any further; it becomes an
immediate corollary to the definition
and thus trivially a tautology. This is,
indeed, how Handbuch der Physik in-
troduces the law (2, p. 133). There is,
however, an elaborate proof of the
law (3), in which the second law of
thermodynamics is used, and so, evi-
dently those who accept the proof ac-
cept a different interpretation of the
law. One might expect—quite a priori,
indeed—to be able to read from the
proof the right interpretation. In fact,
however, all eight interpretations men-
tioned above are found in the introduc-
tory literature, even in the leading intro-
ductory literature (4), not to mention
works which are ambiguous about this
point, or even inconsistent. I do not
speak of marginal works; I need not
discuss the importance generally and
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quite rightly attached to Georg Joos’s
book (5), yet it is plainly inconsistent
on the point of interpretation, or at
least sufficiently ambiguous to be so
read.

The reason for this diversity of in-
terpretations and confusions may lie in
the fact that the proof of Kirchhoff’s
law is not clear. Inasmuch as this is the
case, I hope my present restatement of
it will dispel some of the obscurity. I am
afraid, however, that there is a little
more to it than this. Young students are
often bewildered not only by questions
concerning the generality of Kirchhoff’s
law but also by the strange fact that the
law is mentioned very seldom in the
literature—that even Kirchhoff’s emis-
sion and absorption coefficients are sel-
dom mentioned—despite the fact that
the law was proposed at so crucial a
juncture as the time of the rise of
quantum theory. Browsing through the
literature, one may find an occasional
use of Kirchhoff’s law in some experi-
mental physics, but the only place where
it is treated at all seriously today is in
the astrophysical literature. Thus, Chan-
drasakhar presents the Kirchhoff-Planck
law very clearly though as a mere ap-
proximation to better laws (6). Here,
indeed, is the crux of the difficulty. As I
have said elsewhere (7, 8), often writers
cannot repeat an idea which has been
superseded without some tinkering; the
tinkering does not improve matters, but
it does often obscure the reasoning
which underlay the old idea when it was
proposed. (Handbuch der Physik at
least claims that Kirchhoff’s own pre-
sentation was unsatisfactory.) His-
torians, however, cannot allow them-
selves the luxury of improving upon his-
tory. Let me, then, present my view of
the history of the case as briefly and
schematically as I can.

Prevost’s Law of Exchange

That radiation may be related to heat
is ancient knowledge. Blacksmiths from
time immemorial knew how to compare
the temperature of metals by the color
of their radiation. Yet it was Newton
who declared all radiation to be a func-
tion of the temperature of the radiating
body; he declared that fire is but radiat-
ing hot gas (9). To illustrate this he
filled a glass tube with black smoke and
heated it until the smoke glowed (9).

Newton’s illustration was not conclu-
sive, of course. In particular, the follow-
ing objection may easily be imagined. It
might be claimed that the smoke radi-
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ated in his experiment not from being
heated by its environment but from
some other environmental influence—
for example, from being forced to
absorb fire atoms. The claim that indeed
Newton was mistaken may be supported
by the observation that, once the heated
glass tube is removed from the environ-
ment, it ceases to radiate after a very
short period. It may be claimed that,
though the tube is hardly cooled, it
ceases to radiate because its environ-
ment has changed.

This objection to Newton’s idea was
answered by Prevost, who postulated, in
1809, that emission is cooling and
absorption is heating (70). It follows
from this postulate that, under obvious
circumstances, one body may emit radi-
ation and thereby cool and cease radiat-
ing, and that the radiation it has emitted
may be absorbed by another body,
which may thereby heat and start radiat-
ing light, which will be reabsorbed by
the first body, and so on periodically.
This idea is known as Prevost’s law of
exchange (/1).

Thus far I have presented a crude
idea concerning the relations between
emission and absorption, one only in-
cidentally related to the problem of the
nature of fire. The problem of the rela-
tion between absorption and emission
became significant with the discovery of
absorption spectra and the rise of astro-
physics—or, more precisely, solar phys-
ics (and solar chemistry).

Fraunhofer’s Discovery of Spectroscopy

Spectral lines were observed a few
times in the 18th century, but no' sig-
nificance was attached to these observa-
tions and they were not generally known.
The real discovery of spectral lines is
therefore attributed to Wollaston (1802),
who thought they were boundaries be-
tween colors and who devised a method
of observing them (/2), and to Fraun-
hofer (1817), who is the father of astro-
spectroscopy (13). The story of its de-
velopment goes this way.

Newton had thought that the spectrum
contained seven colors, with ranges hav-
ing arithmetic ratios corresponding to a
Pythagorean scheme of harmony. He
confessed his own inability to see
borderlines between color ranges but
claimed that an assistant of his could
see them rather systematically (/4).
Next, Thomas Young started his studies
by examining contemporary acoustic
theories and trying to relate harmony to
physiological acoustics (75). He turned

to physiological optics as an after-
thought and failed to develop a satisfac-
tory physiological optics of seven colors.
Most of the historical literature today
criticizes Newton’s corpuscular theory
of light as defective, on the ground that
it contains the postulate of an infinite
variety of light particles, corresponding
to the continuum of the wavelengths of
the visible spectrum. This criticism is a
hindsight. The proper - presentation is
this. Newton had postulated only seven
kinds of light corpuscles, each having a
spread over that part of the spectrum
allotted to it. It was only when Young
threw doubt on the existence of the
seven colors that the choice was be-
tween (i) infinitely many (rather than
seven) kinds of particles and (ii) one
kind of wave with infinitely many differ-
ent wavelengths. This is why the doubts
concerning the seven colors became so
crucial, and why Young turned to
Huyghens (16).

Wollaston devised the first spectro-
scope, and with it discovered (1802)
some of the solar dark lines. He thought
these might be the boundaries between
colors (17). This idea was soon de-
stroyed by Fraunhofer’s discovery (1817)
of the multitude of these lines (see 13).
Wollaston also discovered the emission
spectra, and the fact that, for sodium,
the absorption spectrum may be the
negative of the emission spectrum. On
the hypothesis that all spectral lines of
the sun are negatives of emission spectra
of flames on earth, chemical analysis of
the sun’s composition could begin.

But the hypothesis is false, The his-
tory textbooks tell us of elements, such
as helium, which were first identified in
a solar spectrum; they omit mention of
elements allegedly discovered on the sun
and later declared nonexistent. The fact
is that the relation between emission
and absorption spectra is not always as
simple as that between a negative and a
positive photograph (7/8). Unless we
realize this, the chief impetus for Kirch-
hoff’s research is not noticed, and his
results may seem mysterious.

Stewart’s Law of Radiation

It would be very easy to complicate
this study by considering all sorts of
factors that destroy the symmetry be-
tween absorption and emission. Some
of these factors—such as the Doppler
effect—are very important for astro-
physics but play almost no role, or none
at all, in the present study of the rela-
tion between absorption and emission.
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Other factors are more significant in this
context—factors such as chains of emis-
sions and absorptions which take place
when two radiating elements interact
but not when each one of them is ex-
cited separately. Let us ignore all such
complications and center on one factor
—temperature, with which we started.
One thing we have noted already: that
hot bodies emit and thereby cool, and
that sometimes when they are absorbing
they heat up enough to radiate (this is
Prevost’s law of exchange).

The simplest way to understand
Prevost is to say that, although a body
emits only when it is hot, it absorbs
whenever it is exposed to light. That this
is an oversimplification is common
knowledge: ordinarily bodies absorb
certain wavelengths, reflect others, and
transmit still others. Indeed, the idea of
the reciprocity between emission and
absorption attempts to take these differ-
ences into account. So let us consider
just one wavelength and the material
which, when hot, emits it. Now one can
read Prevost’s law of exchange in the
following manner: matter absorbs a
wavelength which, when hot, it emits.
This is Angstrom’s law (1853) (/9).
What about the wavelengths which the
given body cannot emit? It cannot
absorb them under any conditions. This
is Stewart’s law (1854) (20).

One corollary to Stewart’s law may
be pointed out at once. Suppose there
exists a body which may, under some
conditions (namely, when hot), emit
white light—Ilight of every wavelength
of the spectrum. Then this body must
also absorb all light—it is black. A black
body is one which absorbs all light
which falls on it; when cold, it appears
black but, when hot, a black body may
radiate light of different wavelengths,
including white light, and thus appear to
the eye not black at all. In any case,
appearance to the eye is incidental. As
Foucault had shown a little earlier
(1849), a small flame located between
the eye and a large flame of the same
kind appears dark (because its absorp-
tion effect is stronger than its emission
effect, and because the eye adjusts to
the setup) (21).

A black body, then, is supposedly that
body which absorbs all wavelengths, re-
gardless of whether or not it looks
black. This definition is not good
enough, because even transparent bodies

seem to absorb some portion, however -

minute, of any given wavelength. And
so both Angstrom’s law and Stewart’s
law look either false or hopelessly in-
adequate. It is easy to correct the defini-
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tion of a black body. Whereas, before,
we spoke of blackness as the ability to
absorb radiation of any wavelength and
concluded that all bodies are black, we
may now speak of blackness as the abil-
ity to absorb in its entirety any radiation
of any wavelength. This definition will
make blackness not too common but
too rare to be a subject of study. More-
over, it raises the need to distinguish be-
tween various phenomena previously
lumped together. Let us consider Fou-
cault’s experiment again, with a strong
and a weak radiation source of the same
material, and ask whether that material
may be black. If, as Foucault thought,
the weak source creates an absorption
spectrum by dispersing light from the
strong source through resonance, then
the weak source cannot be made of
black matter. Black matter cannot dis-
perse light, since it must absorb all of
it. It may, however, create an absorp-
tion spectrum by absorbing light from
one direction, storing it for a while, and
then emitting it in all directions. This is
not resonance but resonance emission.

The existence of resonance emission
proper, we have seen, -contradicts
Prevost’s law of exchange. We must,
therefore, declare seeming resonance
emission to be really some other phe-
nomenon: absorption raises the temper-
ature of the weak source for the delay
period, and this slight increase in the
temperature causes the increase in radi-
ation.

We thus see that both Angstrom’s and
Stewart’s laws raise more problems than
they solve; they force us to speak of the
degree of absorption and of the relation
between absorption, emission, tempera-
ture, and so on.

This was the situation when Kirch-
hoff entered the scene, trying to take all
these complications into account. This,
indeed, was his first (1859) achieve-
ment (22). For simplicity’s sake, I
present it as follows.

Preliminaries to Kirchhoff’s
Law of Radiation

Let us take one unit of matter of a
given chemical nature; the unit may be
an arbitrary volume or mass, or it may
be an atom. Let us use the following,
rather loose, nomenclature concerning
its emission, its absorption, and its dis-
position to emit and to absorb during a
unit of time: E = actual emission; e =
the disposition to emit; 4 = the actual
absorption; a = the disposition to
absorb.

Obviously, since A4 depends on the
environment (there is no absorption
when there is no surrounding radiation,
for instance) in a manner different from
that in which ¢ depends on the environ-
ment, these terms cannot be equal. We
may suggest that e and a are indepen-
dent of the environment, and that E,
too, in accord with Prevost’s law, is not
explicitly dependent on the environment.
We postulate the following.

Functions e and a are explicit func-
tions of internal variables only, such as
the temperature of the material in ques-
tion and its chemical composition. We
also postulate,

E=e (1)

Equation 1 is false, since it implies
that there is no induced emission. How-
ever, it is an immediate corollary of
Prevost’s law, and so we shall pretend
that it is true. Furthermore, we postu-
late

A = Ia, (2)

where I is the intensity of the incident
beam or the density of the radiation in
the immediate environment.

One immediate corollary from Eqgs. 1
and 2 is of supreme importance, and
takes much of the mystery out of the
dimension of Planck’s constant, as we
see later. (Dimensions are denoted here
by square brackets.) We have seen that,
by definition, [E] = [A]; and from this
we can deduce, with the aid of Eqgs. 1
and 2, that

lel/[a] = [E] [1]/[A] = [1]

which is the dimension of the density
of light passing through a unit of area
in a unit of time ¢, or the dimension of
energy divided by /%¢.

Equation 2 is false, too, since it as-
sumes that excited atoms have the same
disposition to absorb as unexcited ones.
But the merit of Eq. 2 is its simplicity—
that is, its linearity—and so it is a good
approximation in weak fields; we shall
accept it for the time being as true.

Up to now we have been very impre-
cise, speaking of e, a, and so on without
paying heed to wavelengths at all. So
let us correct this and speak from now
on of ey, ay, E\, Ay of the given unit of
matter; we shall retain Egs. 1 and 2
with this modification. Equation 1, now
E, = e, has changed its meaning in a
somewhat unintended way: it now
denies not only the possibility of in-
duced emission but also the possibility
of resonance emission. Similarly, Eq. 2,
which becomes A, = I, a), now denies
not only saturation but also secondary
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absorption. Still, we shall accept both
equations as true. Now, Stewart’s law
becomes:

e =0->a,=0 (3)

—in other words, what a body cannot
emit (when hot) it cannot absorb (when
hot or cold); we may rewrite Eq. 3
thus:

e,\:K,\ a; K,\E 0 (33)

for all wavelengths, where K, is a still
undefined coefficient, except in that it is
nonnegative.

Both Egs. 3 and 3a contradict our
observation that every body will absorb
some portion of any incident radiation,
that no body is utterly unable to absorb
any given wavelength. From the view-

point of the old quantum theory it is’

quite clear that some quanta will not be
absorbed by some systems under any
conditions; but in the old quantum
theory the term absorption is much
more rigorously defined than the term
absorb is in the observation that any
matter will absorb some portion, how-
ever small, of any incident radiation.
The situation here is much more baffling
than it looks, and we must, in despera-
tion, declare Eq. 3a to be true and turn
a blind eye to many common observa-
tions as being too complex to handle as
yet. So, back to Eq. 3a.

Since e, and a, are both explicit func-
tions of internal variables only, so is K.
For, by the very use of Eq. 3a, K may
be construed as an explicit function of
internal variables. To put it differently,
if K were an explicit function of an en-
vironmental variable, then, obviously,
we might, by varying that variable, alter
e/a.

To take care of Angstrém’s law, we
must view a, as larger than or equal
to e, at low temperatures and the re-
verse at high temperatures, or else view
both e, and a, as 0. In the latter case,
it does not matter what value we assign
K,. Otherwise, we can write

K—=—¢/a, (3b)

remembering that the arguments of this

equation are all internal variables.
The standard way of writing Eq. 3b is

eNT, .. ) la(AT,. ) =

K(\T,..) (Be)

where the dots stand for the unspecified
- internal variables, such as chemical con-
stitution, specific gravity, or specific
heat. The change from e to e, was
viewed as an increase in precision; the
change from e, (T,...) toe (A, T,...)
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is viewed as mere change of nomencla-
ture. But Eq. 3c may somehow have
smuggled in the hypothesis that K for
any single wavelength is independent of
K for any other wavelength—that a
body’s absorption-emission mechanisms
for one wavelength (the energy levels
for one wavelength) bear no relation to
those for another wavelength. The Bohr
model already assures us that this hy-
pothesis simply is not valid. But we
have not advanced thus far yet. Also,
we may say that if there really is any
interdependence between mechanisms
for absorption and emission of different
wavelengths, the dots in Eq. 3c will
register that difference. Moreover, the
dependence of the quantities in Eq. 3c
on temperature may take care of the
point at issue: remembering Prevost’s
law we may say that the body in ques-
tion, when absorbing wavelength 1, is
heated, and so it may thus change its
pattern with respect to wavelength 2.
Are there other internal variables sig-
nificant in this way, and, if so, what are
they? If not, how does the dependence
on temperature reflect the absorption-
emission mechanism?

Kirchhoff’s Law and Its Proof

Kirchhoff’s most important step was
to prove the following formula:

KM\T,..)=K(\T), (4)

where, again, the dots stand for unspeci-
fied internal variables.

The proof can be given in two steps.
First, imagine that, under some external
conditions,

KM\NT,..)=KM\T). (5)

Since K is independent of external vari-
ables, Eq. 4 follows Eq. 5. (Eq. 4 may
read, “under «all external conditions,
etc.,” whereas Eq. 5 reads, “under some
external conditions, etc.” Yet the
stronger Eq. 4 follows here from the
weaker Eq. 51)

The second step is to prove Eq. 5.
Take two bodies amalgamated with a
cavity between them, both having tem-
perature T and both emitting a wave-
length A. If K is not the same for both
under such equilibrium conditions, radi-
ation may be used to destroy the equi-
librium, contrary to the second law of
thermodynamics. For, this law implies
that a system does not by itself move
away from thermal equilibrium. Hence,
under equilibrium conditions, K is the
same for both bodies, and so Eq. 5 is
true and thus our proof is complete.

There are various more precise ver-
sions (3, 22) of the proof of Eq. 5;
what is objectionable in the proof, how-
ever, is not its imprecision but the as-
sumption it rests on, which is much
more stringent than appears to be the
case. The assumption is that any two
bodies at any temperature may radiate

~any given wavelength, which we may

filter and allow to be emitted and ab-
sorbed by both bodies in isolation from
any other wavelength, interference from
the filter (in terms of temperature and
of emission of its own radiation), and so
on.

Let us accept the proof, nonethe-
less—namely, accept

ela =K (\, T)

as a universally true equation. Notice
that we have no reason to  accept
e=e (M T)ora=a (A T); indeed,
were e independent of other variables,
spectroscopy would be impossible. To
estimate K we may choose a black
body. By definition, a body is black if,
for it, a == 1; thus, for a black body,

e=e(NT)=K (\T).

Are there any black bodies? Can we
assume that any exist? If the assumption
that they do leads to a theoretical diffi-
culty, the difficulty may be used as’
proof for the nonexistence of black
bodies (23). We shall, therefore, have to
avoid all theoretically significant corol-
laries to the hypothesis that black bodies
exist; the use of black bodies is either
a simplification of a discussion for the
sake of convenience or an asymptotic
ideal case considered for the sake of
empirical investigation. Let us assume
the existence of a black body and the
presence of a cavity in it, under equilib-
rium conditions. We can easily see that,
for any given wavelength, there is in the
cavity a constant energy density & of
waves of that length, and that, in each
time unit, each part of the walls of the
cavity absorbs this amount of energy
multiplied by ¢, the speed of light, and
emits the same amount of energy. That
is, -

Ey=d4,=1,=cc=cla=c=K.

If we fix 7, make in the black body a
very small hole leading to the cavity,
and place in the hole a filter for light
of fixed A, we can measure /, provided
our interference with the system is negli-
gible. We may consider an alternative
setup. Einstein has envisaged a perfectly
white cavity (a = 0) with a piece of a
black body inserted for- a while -to
arrange the energy distribution in the
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cavity to equal K. For this white cavity
(with the black body eliminated), K is
of no interest, since, if @ equals 0, ¢ also
equals 0 and K has no physical sig-
nificance; yet this white cavity will give
us a way to measure K and then use the
results on ordinary bodies where K is of
great significance, especially where we
are trying to deduce emission spectra
from absorption spectra.

Between Kirchhoff and Planck

The Stefan-Boltzmann law

(1879) is as follows:

(24)

I(T) T[K (MT)yda=qoTs (6)

Boltzmann derived it (25) from the
Maxwellian assumption that radiation
causes pressure, and from the two laws
of thermodynamics. It is nowadays con-
sidered valid for black bodies only,
since, now, K is viewed as being less
universal than Kirchhoff thought it was;
but Boltzmann’s considerations are not
thereby impaired.

The same thing may be said of Wien’s
theorem (1893) (26, 27),

KXMNTD) =2 6D, ()

where f is a still undetermined function
of the one variable \+T. Equation 6
follows from Eq. 7, as it should.
Also, by considering a parallel be-
tween the radiation pressure and the
pressure of a Maxwellian gas, Wien
further determined the relationship
known as Wien’s law (1896) (27):

fNT) = e /AT, (8)

This parallel was made complete in
Einstein’s famous paper of 1905, where
radiation was itself treated as a gas
proper (quantized).

From considerations of degrees of
freedom and the Boltzmann distribu-
tion, Lord Rayleigh concluded (1900)
(28, 29), however, that

FONT)=A4\T. 9)

That Eq. 9 violates the idea of equi-
librium between radiation and the walls
of the cavity is obvious; this follows
from the assumption of a Boltzmann
distribution for infinitely many degrees
of freedom, as Jeans pointed out in
1901 and 1904 (30), on quite general
grounds. He even quoted Maxwell to
say that the introduction of degrees of
freedom for radiation brings in infinitely
many new degrees of freedom, and that
hence any distribution which takes them
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into account will lead to a catastrophe.
Jeans himself thought that, if the time
required for ‘its occurrence were very
long, the catastrophe would not matter
overmuch (37).

Planck was quite ignorant of this
difficulty and even of Rayleigh’s for-
mula (32, 33)—for reasons mentioned
below—whereas Rayleigh was well
aware of Planck’s formula and, in a
note published in 1902, refers to it and
to the simple relation between the
Planck and the Rayleigh formulas (29).
That he did not follow Planck’s reason-
ing, then or later (as he confessed in
1911 in a letter to Ehrenfest) (33) is a
different matter. Planck’s reasoning still
requires some clarification.

Planck’s Studies Prior to

His Quantization

Enter Planck.

Planck’s initial interest was in thermo-
dynamics. He interpreted (34) Helm-
holtz’s view on the law of conservation
of energy in a very interesting manner,
as follows. Given the forces acting in a
system, we can examine them, or the
potentials from which they may derive,
and deduce the law of conservation of
energy. We may assume, quite gen-
erally, even if we do not know the
forces in a system, that these forces are
conservative. [t may be argued that such
an approach is defective, since it is
based on ignorance; not so, says Helm-
holtz according to Planck; the law of
conservation of energy is philosophically
deeper than any law of force of any
system; conservation of energy is the
primary law of nature. Planck greatly
admired Helmholtz, and he intended to
apply to the second law of thermo-
dynamics the same mode of reasoning
he thought Helmholtz had applied to
the first law. Whereas others would view
the application of these laws as a kind
of shortcut to circumvent our ignorance,
Plank viewed these laws as primary.
Whereas others preferred, when possi-
ble, to deduce the two laws from spe-
cific conditions of given systems—
whether laws of force, models, distribu-
tions, or other conditions—Planck pre-
ferred to deduce his results from the
laws without specific assumptions (which
he called “models” or “mechanisms,”
in this generalized sense) whenever
possible. Whereas Lorentz derived the
theory of oscillators from this theory
of the electron, Planck tried to deduce
it from Maxwell’s equations and from
general considerations only. He said

later that he was unfamiliar with Lo-
rentz’s work, but that he would have
rejected it anyway as being based on
a specific mechanism (35). And he
refused to assume the Maxwell-Boltz-
mann distribution throughout his work;
he did assume it in the last stage of his
work, but he never viewed this as any-
thing but a symptom of a defeat (36).

Planck’s interest in Kirchhoff’s law
derived from its utter universality, which
suggested that it depended on no specific
mechanism (37). He was dissatisfied
with Wien’s derivation of the value of
f (X-T), which, we remember, was
based on an analogy with a Boltzmann
gas—a dual violation of Planck’s funda-
mental principles (since it was an
analogy, and an analogy to a model).

Planck’s first contribution was to cor-
relate the average energy of an electro-
dynamic (Maxwellian) oscillator and
the average energy of the field with
which it is in equilibrium, for a given
frequency, or, rather, for the frequency
range (v, v + d v). His formula, which
Lorentz had arrived at by other means,
is

E 8 o »2

V:AéTUVdV

(10)

where U is the average energy of the
oscillator for the given frequency range
and E is the energy density of the field
for the same range. (Note that [Ey] =
[UV1/B)

Planck’s second step was in line with
exercises which he performed, and de-
scribed in his Treatise on Thermo-
dynamics, for various systems: he
searched for an arbitrary function §
such that the second law of thermo-
dynamics would be characterized by its
asymmetry and such that .§ would help
describe the behavior of the system
under consideration—in the context of
this discussion, would help in the deriva-
tion of Wien’s law. First we have to
translate Wien’s theorem and Wien’s
law from a function of A to a function
of v, remembering that

dv=d (c/\) = (—c/N2) d A

or
3
d)\:-—Ldll.
c

Equation 7 then becomes
K@T)y=wf(/T) (7a)

where we write f (v/T) in preference
to f (T/v), because this makes it easier
to write

f/T) = /7. (8a)
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According to Wien’s law, the energy
density in a black cavity is

Ey=av e dy (11)
and, from Eq. 10, we have
U,=vvebv/T (12)
From thermodynamics we have
as = du/T
or
ds/dU = 1/T,
and from Eq. 12 we have
1 1 U
T= —‘é—; Iny y— (12a)
so that
ds = w_ d—U In —U—
T Br Yy
and
ﬁ =3, (13)
dvuz U *

Under the force of experience, which
refuted Wien’s law (see 38), Planck
changed his Eq. 13 to

dzs a

— (14)
AUz~ U (b+ )

from which he concluded, with the aid
of Wien’s theorem and his own law for
the relation between the energies of the
oscillators and the cavity (Eq. 10) that

U, = hy (ehv/kr —1)-1 (15)
and
8arhy3 '
E, = = (e /FT —1)-1dy, (16)

It is a strange fact that Planck’s dis-
covery of the constants 2 and &k was
made prior to his quantization of radia-
tion, and that he himself, as well as tra-
dition, has obscured this fact (39).
Planck himself was so impressed by
these constants and their dimensions
that, even before he introduced quanti-
zation, he spoke of the new possibilities
that he himself had opened toward a
theory of natural constants and natural
units.

Einstein’s Version of Kirchhoff’s Law

Planck’s work on the entropy of oscil-
lators has been, of course, entirely
superseded by the work of others. Its
historical importance is that it enabled
him to modify Wien’s formula (Eq. 9)
by modifying Eq. 13 into Eq. 14 by the
use of Eq. 10. The strange dimension of
h in Eq. 16 looks strange only in retro-
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spect; there was nothing puzzling about
it before Planck’s postulation of his
famous quantization of energy.

Planck set out to solve one problem
and ended up with three. His original
problem of explaining Kirchhoff’s law
was one; the nature of quanta and the
explanation of the distribution of radia-
tion in the cavity are the two new ones.
All too often people confuse Kirchhoff’s
law with the law of distribution of
radiation in black cavities under equilib-
rium conditions, because of the numer-
ical equivalence of these two laws. In
any case, it is well known that Planck
thought he had explained the black-
cavity radiation distribution by quanti-
zation plus Boltzmann distribution.
These postulations lead to Wien’s law,
not to Planck’s (40-42); replacing
Boltzmann’s distribution by the Bose-
Einstein distribution will lead to Planck’s
law of distribution. But Kirchhoff’s law
of emission and absorption is still un-
explained; though Planck’s distribution
does provide the estimate for the corre-
lation between emission and absorption,
it does not explain it. The next develop-
ment of quantum theory was divorced
from all thermal considerations and all
statistical considerations, but it did
throw immense light both on quantiza-
tion and on the relations between emis-
sion and absorption; I am referring to
Bohr’s theory, of course, which needs
no discussion here. But the step follow-
ing it deserves some mention, since it is
all too often neglected, and since, when
represented, its logic is not made clear
(43). 1 refer to Einstein’s theory of
Kirchhoff’s law of 1916 (41, 44).

Whether because of the studies of in-
duced emission (resonance radiation,
fluorescence) of Wood and of others
(45) or ad hoc, Einstein, in order to
arrive at Planck’s distribution, assumed
the existence of induced emission. Fur-
ther, he considered the dispositions of
matter to emit and absorb definite
quanta to be in accord with Bohr’s
theory. Thus, instead of speaking of
E,, he spoke of E,, ,, the disposition of
matter to emit by a quantum jump from
energy level m to energy level n, and,
similarly, replaced 4, with 4, ,; but he
did not assume E,, , to equal e, ,, as
€,,» depends on internal variables alone,
whereas E,, ,, depends on the field, too,
since induced emission is allowed.

Again, let us consider a black cavity
under equilibrium conditions (see 46).

Due to the equilibrium conditions, the
probability of an oscillator’s attaining
the energy state U, is

p (U,,) = e-em/kT (17)

The probability of emission v,, ,, when
the state m occurs is denoted as Apns
the probability of emission e, ,, then, is

(18)

The absorption coefficient a,,, is like-
wise defined, so that

— €, JET
ey =€ n/ A ne

= e-En/kT
a?n, n e "/ Bm,n’

(19)

where B,,, denotes the probability of
absorption of v, , when the state n
occurs and v, ,, is present.

In line with the linear Eq. 2 above,
let us assume that

A E (W T)  (20)

mm am,n

where E is the field-energy distribution,
as above. .

The third factor to consider now is
induced emission, where, instead of
E = e, as postulated above, we postulate
E = e 4 i, where i denotes induced
emission and

i = e~&m/kT
Yan = € m/k Cm,n

E (v T, (21)

m,n?

where C,, ,, denotes the probability for
induced emission of v,, , when the state
m occurs and when v, , is present.
Since, in equilibrium, 4,, , = E,, ,.,

~En/kT E =
e~en/ Bm,n E (Vm,n’ T) -

e En/BT A+ e-em/FT C, -E (v, ., T).

22)

It is nice to note that the linearity in
the various equations, though used more
extensively than in the original con-
siderations, is now very natural, since it
follows from assumptions of stochastic
independence which are quite natural.
We now introduce a new assumption,
which is physically appealing, though it
may be less neat. It is the assumption
that when T goes to infinity, E does too.
Eddington has shown that this assump-
tion is unnecessarily strong—that mo-
notony will do (47). Nonetheless we
shall make the strong assumption, which
reduces Eq. 22 with T going to infinity
to the case

m,n M,

B =C

m,n wn.nt

(23)

From Egs. 22 and 23 we easily de-
duce that, under equilibrium conditions,

E (Vm,n’ T) =

(Am,n/Bm,n) [e-(em-en/BD) 1] (24)

Postulating, with Bohr, ¢, — ¢, =

hv,, . and, further,
8a hpd

m,n = c3 Bm,n’ (25)

we can identify Eq. 24 with Planck’s

distribution (Eq. 16). It should be

noted that the only distribution assumed

concerned the oscillators, not the field,
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and that the general assumption was
that of equilibrium conditions. But Eq.
25 as well as the corollary, Eq. 23, may
be generalized, because they contain no
explicit reference to the equilibrium
conditions. In this respect Einstein was
using Kirchhoff’s techniques; but we
have thus far not achieved anything like
Kirchhoff’s law.

It is true that Eq. 25 entails a modern
version of Stewart’s law, but we do not
need Einstein’s theory for that; Einstein
takes for granted Bohr’s theory of
energy levels, from which that version
of Stewart’s law follows. The question
may rise, now, How do we formulate
Kirchhoff’s law with the aid of Einstein’s
coeflicients? In the first place, Einstein’s
formula for Planck’s distribution evi-
dently does not necessarily hold for
non-black bodies or for nonequilibrium
systems. Moreover, the ratio 4,, ,,/ B, .,
which equals the ratio e, ,,/a,, ,, is very
far from being e,/ay, and, as E,, .,/ A, »
tends, under equilibrium conditions, with
strong fields, to approach 4,,,/B,, ,, it
is a poor substitute for e)/ay.

To be precise, we should sum overall
m and n, so that ¢, — ¢, has the same
value hv for any given v. Thus,

K el T

>34
ZP WU, [Am,n + Bm,np (n]
>3 U, B, p(v)

(26)

where p (U,,) is the probability of an
oscillator’s being in energy state ¢, and
is an explicit function of 7', and p (v)
is the probability that a quantum of fre-
quency v is sufficiently near to the oscil-
lator to interact with it, and is a func-
tion of the field distribution and inten-
sity.

We do not yet know how to assess
these probabilities under any conditions
other than those of a black cavity and
equilibrium. At all events,

14 (Um) Am,n [1+ap (»)]

K = 26a
2 pUy) ad,,p () ( , )
where
1/a=8a hyt/c3
as in Eq. 25, or
_ p(U,) 1 ‘
K= Z p (U,) l:;’?(l') + 1}; {26b)

and, assuming equilibrium conditions
and applying Eq. 17,

= ,-hw/kT 1
K=e¢ [ap(y) +1 |
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(26¢)

And so, again, Einstein’s coefficients are
eliminated from the Kirchhoff formula,
as they were from the Planck formula.
So long as p (v) is very large, we may
view K as dependent solely on the prob-
ability that the oscillators attain energy
states U,, and U,; these probabilities
may be functions of the temperature
alone, in collisions, or of p (v) in
resonance radiation. Still, it is quite
obvious that here K is not in the least
universal even when p (v) does not
enter the picture at all.

What has become of the proof that,
in equilibrium, K must be universal or
else the second law of thermodynamics
is violated? This proof is still valid, but
only as an approximation for equilib-
rium conditions. According to Einstein’s
theory, less of the equilibrium theory
can be generalized than could be gen-
eralized under Kirchhoff’s, since the di-
vision into internal and external vari-
ables—indeed, Prevost’s law of exchange
—has long since been dropped.
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