13 February 1959, Volume 129, Number 3346

CURRENT PROBLEMS IN RESEARCH

Shape of the Nucleus

It varies widely, from spherical for doubly magic
nuclei to ellipsoidal and sometimes pear shapes.

Less than 50 years ago Lord Ruther-
ford (1) laid the foundations for both
the modern atomic and nuclear sciences
with a series of celebrated experiments
on the scattering of energetic alpha par-
ticles by thin foils. He used naturally
radioactive materials as a source of the
alpha projectiles and detected the scat-
tered particles by visually observing
flashes produced on a scintillation screen.
From the pattern of light flashes, he was
able to deduce that the (electrically
neutral) atom consists of a positively
charged, massive, nuclear core sur-
rounded by a cloud of negatively charged
electrons.

Earlier atomic theories fell; notable
was J. J. Thompson’s model of electrons
embedded in a positively charged fluid.
Two years later, in 1913, Niels Bohr (2)
proposed his famous atomic model con-
sisting of electrons circling the nucleus in
quantized orbits.

Rutherford’s experiments also yielded
the first quantitative information on the
size of the nucleus. The results indicated
that the interaction between alpha par-
ticles and nuclei follows the Coulomb in-
verse square law for point charges down
to distances of less than 10-11 centimeter.
Later experiments by Rutherford and
others revealed deviations from the
Coulomb law, indicating structure at
radii of the order of 10-12 centimeter.

During the past half century a diver-
sity of experiments have been designed
to measure the nuclear size and shape.
These have included bombarding the
nucleus with a variety of charged and
neutral subatomic particles, probing the
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nuclear interior with its own atomic elec-
trons, and observing nuclear radiations.
Theoretical models have attempted to
correlate less obvious nuclear properties,
such as binding energy and reaction rates,
with nuclear size.

The various experiments prior to 1953
were in qualitative agreement with re-
spect to nuclear size, but did differ con-
siderably when subjected to quantitative
comparison. It was realized that at least
part of the discrepancies could be at-
tributed to insufficient knowledge of the
nature of the probes, and another part
to a lack of detailed theoretical under-
standing of nuclear structure.

Within the last 5 years there have
been prodigious experimental advances
in the detailed measurement of nuclear
size, and theoreticians have been pressed
to bring about a consistent interpretation
of apparent disparities. The picture
which is emerging is encouraging.

Within the same 5-year period excit-
ing developments have occurred in the
field of nuclear shape. Here, however,
the theorists led the advances, opening
up new areas of experimental research.

A picture of the gross structure—size
and shape—of the nucleus can be pre-
sented now in a manner which would
not have been possible 5 years ago.
There is reason to believe that this pic-
ture will not be altered drastically in the
next 5 years, although we look forward
to a more comprehensive understanding
of finer details of nuclear structure.

At this point discretion demands a few
~—but only a few—words concerning the
use of pictures and models. While the
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nucleus can be described properly only
in terms of actual experiments, the in-
troduction of models can be expedient
as an aid to the development of intuition
and the stimulation of ingenuity. Con-
crete models generally contain more de-
tail than can be verified experimentally,
even in principle. Yet there can be no
objection to the use of such idealized
models if they are consistent with ex-
periment and if their relationship to ex-
periment is constantly borne in mind.
Pictures, images, and models are used
shamelessly in the present discourse.

This article is intended to present an
“artist’s conception” of the nucleus such
as one might see through an out-of-focus
and impossible-to-construct microscope.
As the nucleus first enters the field of
view of our hypothetical microscope, it
appears as a formless mass. As we begin
to adjust the focus, we are able to dis-
cern structure similar to that of a drop-
let of liquid, but with a diffuse surface.
Some nuclei pulsate, passing from one
shape to another. Others have perma-
nently elongated shapes and rotate. As
the focus improves, constituent parts ap-
pear. These are seen to be neutrons and
protons (nucleons); occasionally there is
a fleeting glimpse (10-23 second) of tran-
sient pi-mesons. But this is already fur-
ther than we wish to proceed here, since
we will not be concerned with the details
of nuclear interiors.

General Nuclear Properties

The nucleus may be regarded as com-
posed of neutrons and protons bound
together by nuclear forces, the origin of
which appears to lie in their mutual in-
teraction with pi-mesons. It is far from
trivial to comment that nucleons main-
tain their identity inside the nucleus,
since one cannot easily describe other
particles which are emitted by nuclei,
such as electrons, neutrinos, and so forth,
as existing within the nucleus.

The density of nuclear matter appears
to be constant from one nucleus to an-
other. To the extent that we can ascribe
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a boundary to the nucleus, this means
that the nuclear volume is proportional
to the nuclear mass number A. (The
nuclear mass, proton, and neutron num-
bers are designated by the integers 4, z,
and N, respectively. Z+ N =A4.) For a
spherical nucleus of volume (4/3)nR3,
the radius R can be written in the form

R = rod™ (1)
where 7, is a constant.

Both experimentally and theoretically,
it is convenient to divide the discussion
of size and shape into two general cate-
gories, according to the nature of the
probe.

The first category is the matter dis-
tribution, which corresponds to the dis-
tribution of neutrons and protons. What
can be measured quite accurately is the
distribution of charge, which, properly
speaking, is not the same as the distri-
bution of protons, since the proton itself
has a measurable charge distribution. By
examining the nuclear electrostatic field,
the charge distribution can be deduced;
the laws of electricity and magnetism
are among the best understood in physics
—at least within the realm of sizes under
consideration.

The second category is the nuclear
force field. The force field can be meas-
ured through its interaction with other
nucleons, but the interpretation with re-
spect to matter distribution depends upon
a detailed nuclear model. It is custom-
ary, therefore, to present a description
of the nuclear force field as such, and
then challenge the theorist for an inter-
pretation. The problem of the nuclear
force field will not be discussed here ex-
cept to comment that it is similar in
shape to the matter distribution, but ex-
tends about 1.5x 10-13 centimeter fur-
ther (3).

Radial Distribution of Nuclear Matter

Electric probes. The electron and mu-
meson are excellent probes for the nu-
clear electric field. Both may be con-
sidered to be structureless (4), point
particles, and both interact with ‘nuclear
matter extremely weakly (the electron,
immeasurably weakly) except through
the electric field. The most accurate
measurements of the nuclear charge dis-
tribution come from experiments with
mu-mesic atoms and high energy elec-
tron scattering.

. Mu-mesic atoms. A negative mu-meson
impinging on an atom can be captured
by the attractive electric field of the nu-
cleus to form a structure similar to that
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of the hydrogen atom. It differs from hy-
drogen in that the nuclear charge, Z,
may be 1 to 100 times greater and that
the mu-meson is 207 times as heavy as
an electron. The radii of the mesic orbits
are inversely proportional to both the
nuclear charge and the mesic mass. The
inner orbits lie well inside the atomic
electron orbits, thus preserving the one-
particle, hydrogen-like character of the
spectrum. In heavy elements, the low-
est mesic orbit is quite comparable to

I a

the nuclear radius. The mu-meson is thus
amply capable of exploring the electric
field of the nucleus at close range. The
experimental data come from the elec-
tromagnetic radiation (in the x- and
gamma-ray regions) emitted when the
meson jumps from one Bohr orbit to an-
other.

The first observation of radiation from

“mesic atoms was reported in 1949 by

Chang (9), who was working with cos-
mic ray mesons. A theoretical discussion
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Fig. 1. A particular family of radial charge distributions, any one of which describes the
mu-meson atomic radiation in lead. Each curve has only one adjustable parameter.
Lengths are measured in units of the mu-meson reduced Compton wavelength, A, =2.1
x 107 cm. [Reproduced from D. L. Hill and K. W. Ford, Phys. Rev. 94, 1617 (1954)]
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Fig. 2. Radial density (4/Z times charge) distribution curves for several elements. The
curves are of the form given in Eq. 3, with two experimentally adjustable parameters, R
and a. (Adapted from R. Hofstadter, 10.)
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by Wheeler (6) appeared the same year.
With the advent of high-energy accelera-
tors capable of producing copius num-
bers of mu-mesons, precision measure-
ments on mesic atoms were begun, start-
ing in 1953 with Fitch and Rainwater
(7).

The present experiments have concen-
trated on the resonance line only, and
yield a single parameter, which may be
interpreted as the nuclear size (8, 9).
There exist an infinity of different charge
distributions consistent with the observed
resonance line frequencies of the vari-
ous elements. In Fig. 1 is shown a family
of radial charge density distributions
varying from exponential to uniform, all
of which are compatible with experi-
ment. Were the charge density uniform,
the nuclear radius would be given by
1.17 x 10*3 A1/3 centimeter for lead. The
accuracy of this number is about 1 per-
cent, but these experiments do not yet
give further information on the shape of
the charge distribution.

Electron scattering. Employing the
Stanford linear electron accelerator,
Hofstadter and his co-workers (10) in
1953 began a program of electron-nu-
clear scattering which has contributed
profoundly to our knowledge of the nu-
clear charge distribution. The amount of
detail obtainable from the experiments
is limited by the wave nature of elec-
trons, which can only explore details of
the order of, or larger than, their wave-
length divided by 2%. The de Broglie re-
lationship

A=h/p~ he/E (2)

shows the value of using high-energy elec-
trons (A is the electron wavelength, & is
Plank’s constant, p is the electron mo-
mentum, E is the energy, and c¢ is the
velocity of light; for very energetic elec-
trons, E ~ cp). At 180 Mev, the highest
energy used by Hofstadter for all but the
lightest nuclei, the characteristic length,
A/2m, is 10-1% centimeter. There is a
limit as to how high an energy it is de-
sirable to use, since eventually one would
destroy the structure of the nucleus by
the scattering process and essentially
scatter independently from the individual
nucleons. This would set in at wave-
lengths comparable to the internucleonic
distance, 7.

Analyses of the electron scattering ex-
periments (9-11) are consistent with a
charge distribution of rather uniform
central density and a somewhat diffuse
surface region. The central matter den-
sity (A/Z times the charge density) is
quite constant from nucleus to nucleus.
The analyses of the experiments do not
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rule out a central bump or depression of
several percent, although neither is
clearly indicated. At one time it was
thought that the electrostatic repulsion
between protons would tend to push
charge to the nuclear surface. Because it
is energetically unfavorable to separate
neutrons and protons, and because nu-
clear matter appears to be quite incom-
pressible (or inextensible), the theoret-
ical indications are that a depression of
more than a few percent is unlikely
(12). At present, the electron scattering
experiments are insensitive to further de-
tails in the charge distribution.

- It is convenient to express the infor-
mation available in terms of an explicit
function for the density distribution.
Reasonability criteria are applied in the
selection of the expression: the function
must be smooth and, from general quan-
tum mechanical considerations, must fall
off exponentially at large distances. A
two-parameter function popularly chosen
to express the density (in spherical sym-
metry) is given by

=_r(0)
(1) =15 o-fra

(3)

where p(0) is the (approximate) central

density, R is the half-density radius, and
@ is a surface thickness parameter.

The half-density radius for heavy nu-
clei follows an 4/3 law of the form given
in Eq. 1, with the empirical value of the
constant given by

70=1.07 x 10™ cm (4)
This number can be measured to an ac-
curacy of 1 percent for any given nucleus
and fluctuates by about 2 percent from
nucleus to nucleus. The value of 7, is
actually larger for lighter nuclei, since
it is the central density which remains
constant.

The surface thickness is frequently ex-
pressed in terms of the distance, D, in
which the density falls from 90 to 10
percent of the central density. This quan-
tity is related to the surface thickness
parameter a (Eq. 3) by D =4.39a. Analy-
ses of the experiments yield (to an accu-
racy of about 10 percent)

D=24x10"*cm (5)

independently of A. For a heavy nucleus,

this is roughly one-third of the nuclear

radius. )
In Fig. 2 are shown experimentally ad-
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Fig. 3. Examples of the first few deformation modes. There are (2/+ 1) modes for a
given order /, but only one of each order is shown, namely, the axially symmetric mode.
The order =0 corresponds to a spherical shape (no deformation), while a small admix-
ture of /=1 corresponds to a translation of the body without deformation. The broken
curves are nodal lines, the intersection of the surface with the undeformed sphere. The

number of nodal lines equals the order /.
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justed distribution functions of the form
of Eq. 3 for several nuclei.

Structure of the proton. The lightest
nucleus, the proton, has a complex struc-
ture. Although the theory of this struc-
ture is far from complete, the following
picture is helpful in understanding what
is going on. One begins with the con-
cept of a bare nucleon (neutron or pro-
ton), a structureless particle which con-
stantly emits and reabsorbs pi-mesons
and, to a lesser extent, other particles.
The physical nucleon consists of the bare
nucleon plus its meson cloud. A particu-
lar emission and reabsorption process
" which contributes to the proton charge
distribution is, conceptually, of the

type
PE2N+nt (6)

where P and N represent the bare proton
and neutron, and 5+ a positively charged
pi-meson. While the system is in the state
given by the left-hand side of Eq. 6, the
charge may be considered concentrated
at a point, but when the system is in
the state specified by the right-hand side
of Eq. 6, the charge is distributed over
a reduced meson Compton wavelength,
h/27mac = 1.4 x 10-13 centimeter, where
mx is the mass of the pi-meson. Other
processes, involving, strange particles,
nucleons-antinucleons, and so forth, can
also contribute.

The Stanford electron scattering ex-
periments (3, 10) have yielded structure
in the proton. The data have been ana-
lyzed, assuming a charge distribution of
the form

Porot ( 7') = ¢7/%/8nb* ( 7)

where the characteristic length b was
found to have the value 0.23 x 10-18 cen-
timeter.

The neutron appears to have very lit-
tle charge distribution surrounding it.
Even though the total net charge is zero,
one can conceive of shell-like clouds of
opposite charge at different radii; such
have not been observed.

Distribution of protons in the nucleus.
From the nuclear charge distribution and
from the charge distribution of the pro-
ton, we can unfold the distribution of
the centers of the protons. It is easier to
consider first that the distribution of pro-
ton-centers, p,(r), is known. Then, given
the proton charge distribution p.(7),
the charge distribution is given by

p(x) = foproc(lr=r[)po(r')dv  (8)

where dv/ is the volume element. Al-
though this may be a complicated func-
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SIMPLE LIQUID DROP SPHERICAL,
NO QUADRUPOLE MOMENT.

INDEPENDENT PARTICLE PICTURE
QUADRUPOLE MOMENT DUE TO
ASYMETRIC DISTRIBUTION. OF
CHARGE OF A FEW PARTICLES—
EFFECT TOO SMALL.

WAVE FUNCTION OF
EXTRA PARTICLE LARGE HERE

COLLECTIVE MODEL
PRESSURE OF EXTRA
PARTICLES DISTORTS DROP—
QUADRUPOLE MOMENTS
GREATER BY ORDER OF
MAGNITUDE.

Fig. 4. An illustration of Rainwater’s prin-
ciple for an individual nucleon deforming
a nuclear core. The shaded area repre-
sents the nucleon’s wave function (orbit).
Centrifugal force exerted by the nucleon
deforms the core into an oblate spheroidal
shape, as a marble orbiting rapidly inside
a balloon would do. (Reproduced from D.
L. Hill and J. A. Wheeler, Phys. Rev. 89,
1106 [1953].)

tion in general, some simple features
emerge directly. Consider the mean
square radii, defined by

<> = fp(r)rde (9)

and similarly for the proton charge and
proton-center distributions. The mean
square radii for the three distributions
are simply related by

<P >= >t <1 >pvee (10)

The charge distribution thus extends
further than the proton-center distribu-
tion. For a large nucleus, the half-den-
sity radii of both distributions are nearly
equal, but the surface thickness is greater
for the charge distribution. The observed
charge surface thickness, D, is related to
that of the proton center distribution, D,
by the relationship

D ~ Do+4b%/a (11)

with a defined in Eq. 3 and b in Eq. 7.
The surface thickness for the proton-cen-
ter distribution comes out to be D,=2.0
x 10-13 centimeter.

There is little more one can say, from
the experimental data, to pin down a
proton matter—or mass—distribution.
There is certainly mass associated with
the charged cloud surrounding the pro-
ton. The pi-mesons (which probably pre-
dominate in the cloud) are lighter by
a factor of nearly seven, which would
tend to indicate that most of the mass
is concentrated at the proton-center. But

there are unresolved theoretical prob-
lems which prevent us from pursuing the
problem further at this date: for ex-
ample, the nature of the nucleonic mass
is not properly understood.
Distribution of neutrons. There exist
no experiments capable of yielding so
“clean” a description of the neutron dis-
tribution as exist for protons. However,
it is possible to obtain a measure of the
difference between neutron and proton
distributions. For example, at certain en-
ergies, negative pi-mesons interact more
strongly with protons than do positive
pi-mesons; at the same energy, the re-
verse is true for meson-neutron interac-
tion. Loosely speaking, scattering with
negative pis measures a proton distribu-
tion, and scattering with positive pis, a
neutron distribution. Because of the na-
ture of the pi-meson as a probe, the pro-
ton distribution so obtained will not be
the same as either the charge or proton-
center distributions. However, since the
meson probe probably acts similarly for
both neutrons and protons, the difference
between (say) their half-distance radii is
measured by the experiments. The best
experiments to date show very little dif-
ference between the distributions (13):

Rp~Ry=(03+0.3) x 107 cm (12)

The smallness of this difference is con-
trary to earlier nuclear models which
would put the protons in a spherical
shell outside the neutrons—held out by
their electrostatic repulsion. The expla-
nation appears to be in a combination of
factors (12): (i) the electric forces are
weaker than nuclear forces; (ii) it is en-
ergetically favorable, because of the Pauli
exclusion principle, for neutrons and pro-
tons to overlap as much as possible; and
(iii) the electrostatic force under certain
circumstances can act as a retaining wall
to confine the protons, rather than as a
dispersing influence.

Deformed Nuclei

A great deal of evidence has recently
accumulated indicating that many nuclei
possess shapes which differ considerably
from spherical symmetry. The role of
deformations in nuclear theory has been
propounded by the protagonists of the
so-called “collective” and “unified” mod-
els. The names associated with the theo-
ries include N. Bohr, J. Rainwater, A.
Bohr, B. Mottelson, J. A. Wheeler, and
others. The extent to which theory suc-
cessfully charted the course of advance
in this field of nuclear research is remark-
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able. It is a tribute to the dynamism of
A. Bohr and Mottelson and the Copen-
hagen school of the unified model.

In the spirit of the historical develop-
ment, the present discussion begins with
a description of the models, and later
deals with some experimental verifica-
tion. Consistent with the previous discus-
sion of density distributions, we are still
concerned here with only gross (collec-
tive) features of nuclear shape, and gen-
erally avoid discussion of internal struc-
ture.

The collective model (14). For the
discussion of certain properties, the nu-
cleus may be regarded as a uniformly
charged, incompressible, viscosity-free,
liquid drop. The dynamics of the drop
are governed by the assumption of irrota-
tional fluid flow (no vortices). It is
usually assumed that a well-defined sur-
face exists; in the case of a diffuse edge,
the surface may be specifically defined
as the locus of half-density points.

The only forces, (or potential en-
ergies) involved in this model are elec-
trostatic force and surface tension (sur-
face energy=S xarea of the surface,
where § is a constant. The electrostatic
force tends to deform or rupture the
droplet, while the surface tension tends
to contain the droplet and maintain
sphericity.

This is certainly a simple model. Yet
with the elementary assumptions stated
above, N. Bohr and J. A. Wheeler (15)
in 1939 were able to arrive at a qualita-
tive understanding of nuclear fission. The
single parameter characterizing a nucleus
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Fig. 5. Rotation of a nucleus, in analogy
with a rotating dumbbell (or diatomic
molecule). Because the moment of inertia
is very small along the axis of symmetry,
the object rotates about an axis perpen-
dicular to the symmetry axis. The example
is for an even-Z, even-N nucleus, where
there is no internal angular momentum to
be considered.
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Fig. 6. The square of nuclear deformation plotted as a function of N in the first rare
earth period (&?= (45/16mx)p°=0.8958°). Neutron magic numbers occur at 82 and 126.
The proton number, Z, is given near each point. (Reproduced from K. W. Ford and

D. L. Hill, 9.)

for fissionability (in this model) is the
ratio, x, of electrostatic to twice surface
energy:

3 Z%°

— =92 £ 2
%= Ees/2Es = 5 R /28 4R

_zZ2(z

-2/,
The constant (Z2/4), has a numerical
value of 47.8. If x is greater than unity,
the spherical shape is energetically un-
stable and fission will proceed spontane-
ously. But for x less than unity, the spher-
ical shape is at least locally stable,
although certain critical, deformed
shapes exist beyond which further de-
formation, and eventually fission, is ener-
getically favored. It requires energy of
excitation to bring the droplet to these
critical shapes.

For x < 1, and with less energy of ex-
citation available than is required for
fission, the droplet executes volume-pre-
serving, oscillatory motion which has the
nature of surface waves. If the ampli-
tudes of oscillation are small, a normal
mode analysis can be made. The modes
can be classified according to the number
(order I) of oscillations on the surface
(see Fig. 3). (The classification can be
made more precise by introducing nodal
lines, defined as the intersection of the
surface with the equilibrium sphere.
Then the order is the number of nodal
lines.) There are (2/+1) independent
normal modes of a given order I. The
quantum mechanical energy level spec-
trum of the droplet is that of a set of
uncoupled, harmonic oscillators.

It does not make much sense, from the
viewpoint of a collective description, to
include orders where the wavelength di-
vided by 2n is comparable to, or smaller
than, the mean internucleonic distance
7o- The mean wavelength is of the order

(13)

of 2rR /1= 2m r,A*/3 /1. This restricts [ to
values less than A/3,

The unified model (14, 16). A model
which appears quite different from the
collective model but which also had
considerable success is the indepen-
dent particle, or shell, model. In this
model the nucleons move about freely
within the nuclear interior, interact-
ing only weakly with one another but
experiencing a common nuclear poten-
tial. The unified model obtains its name
from attempts to bring about a consist-
ent interpretation of the collective and
independent particle models. It was first
suggested by Rainwater that individual
nucleons may affect the collective be-
havior of the droplet. One of the most
dramatic manifestations of the collective-
individual nucleon interplay is the occur-
rence of large, permanent deformations.
This is illustrated: in Fig. 4. We begin
with a spherical droplet, sometimes
called a core. An additional nucleon
moves freely within the core, the droplet
surface acting to confine the nucleon.
The nucleon, moving in a circular orbit
as shown, exerts a centrifugal force on
the droplet surface, tending to deform it
into an oblate (pancake-shaped) spher-
oid. (A spheroid is an ellipsoid with two
axes equal.) A second nucleon can fill a
similar, but oppositely rotating, orbit.
This will tend to double the magnitude
of the deformation. But, according to the
Pauli exclusion principle, only one nu-
cleon can occupy a given orbit, and so
subsequent nucleons will occupy orbits
oriented less favorably to increase defor-
mation.

Now, the nucleonic magic numbers
(2, 8, 20, 28, 50, 82, 126) represent
highly stable configurations for either
neutrons or protons, similar to the elec-
tronic configurations in the noble gases.
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Fig. 7. Scaled ‘‘sketches” of the most de-
formed nucleus in the light and in the
medium weight regions. Ne® may have an
¢ as great as 0.85 (19), while Sm™ has
e ~ 0.35.

They are assumed to prefer spherical
symmetry; when both neutron and proton
configurations are magic, they form the
“core” referred to in the previous para-
graph. When sufficient nucleons have
been added to a core to arrive at the next
higher doubly magic number, the nuclear
equilibrium shape returns to spherical.
It is interesting to note that one particle
less than a magic number (sometimes re-
ferred to as a hole) exerts a negative
pressure on the surface, leading to a pro-
late (cigar-shaped) spheroid. Midway
hetween magic numbers, the simple the-
ory predicts a switch from oblate to pro-
late. Details in the nuclear force, how-
ever, lead to a predominance of prolate
shapes. We shall refer below primarily to
prolate shapes, although nearly every-
thing is equally valid for the oblate case.

It is clear that the magnitude of nu-
clear deformations depends on the details
of the internal structure of the nucleus,
and may be expected to vary consider-
ably, from nucleus to nucleus. The varia-
tion has some regularity, nevertheless,
the deformations reaching a maximum
between magic configurations.

Rq224

In addition to being able to vibrate
about the deformed equilibrium shape,
the spheroidal droplet can also rotate. In
fact, it is energetically easier (in the sense
that the quantum mechanical energy
levels lie lower) for the spheroid to rotate
than to vibrate.

If we look for a macroscopic analog
of our cigar-shaped nucleus, we should
not look to a rigid body of this shape. An
egg might be better, so long as it is not
hard-boiled (17). The point is this: of
the three moments of inertia for a rotat-
ing nucleus, the moment for rotations
about the symmetry axis (axis of revolu-
tion) vanishes. A body nearly having
such a property is a dumbbell (or dia-
tomic molecule) in which the weights lie
very close to the rod (see Fig. 5). No
matter how an idealized dumbbell is
thrown into the air, it always rotates end
over end, about an axis perpendicular to
to the rod.

The smallness of the moment of inertia
about the symmetry axis is an interesting
and important point. It has been given
considerable theoretical attention, along
with the entire nuclear moment of in-
ertia problem. In spite of sophisticated
progress, an early naive analogy still
serves as the best aid to understanding.
Consider a bucket of water which is
maintained upright and spun about its
vertical, central axis. If there were no
viscosity between the bucket and the
water, the water would not be set in mo-
tion and hence would offer no inertial
resistance to the rotation. Consider next
the bucket to be bent so that from above
it looks like an ellipse; rotation about the
same axis now necessitates moving water.
As the deformation of the bucket is in-
creased, the moment of inertia associated
with the water increases. The rotation of
the circular bucket corresponds to drop-
let rotations about the symmetry axis,
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Fig. 8. Schematic representation of a pear-shaped nucleus, compared with an equally
schematic representation of the ammonia molecule, NHs. The broken curves indicate the
inverted configurations. The crosses are the centers of mass.
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while rotation of the distorted, elliptical
bucket corresponds to droplet rotation
about an axis perpendicular to the sym-
metry axis.

Consequences of nuclear deformations
(16). One rather direct manifestation
of nuclear deformations is the deviation
of the nuclear electric field from spheri-
cal symmetry. A quantity of interest is
the nuclear quadrupole moment, de-
fined by

Q=Jp(r)(322-r)dv  (14)

where p(r) is the nuclear electric charge
density and drt is the elemental volume.
(Note that Q vanishes if p(r) is spheri-
cally symmetric.)

Static quadrupole moments can be
measured by atomic spectroscopy and
molecular resonance techniques. Fur-
thermore, a rotating or oscillating
quadrupole can radiate or absorb elec-
tromagnetic energy. The rate of emis-
sion (lifetime) or probability for absorp-
tion (cross section) of radiation gives a
measure of the transition quadrupole
moment. Although these two moments
are operationally different quantities, the
model provides a relationship between
them in terms of an intrinsic quadrupole
moment. For a uniformly charged spher-
oid, the intrinsic quadrupole moment,
Q, (defined as in Eq. 14, with z taken
along the nuclear symmetry axis), is re-
lated to the deformation by

Q= % ZR% (15)
where R is the mean nuclear radius, and
the deformation parameter, €, is defined
here as the difference between the length
of the spheroid along the symmetry axis
and the width perpendicular to the sym-
metry axis, divided by twice the mean
radius (18). Positive values of & corre-
spond to prolate, and negative to oblate,
spheroids.

Other experimental verifications of
the unified model come from the occur-
rence of rotational energy level spectra,
new selection rules on alpha, beta, and
gamma transitions, nuclear spins and
parities, details of level structure, mag-
netic moments, and a variety of other
experiments.

Occurrence of nuclear deformations.
Large permanent deformations of the
type discussed above occur with great
regularity in three regions of the nuclear
masses. These are 19 < 4 < 25, 150 <
A < 185, and 220 < A. (Note that dou-
bly magic nuclei appear at A =8 + 8 =16,
50+82=132, and 82+ 126=208.) The
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lightest region was the most recently rec-
ognized (19), coming as a bit of surprise,
since collective concepts were not ex-
pected to be valid for so few nucleons.
The other two regions correspond coinci-
dently to the chemical rare earth regions.
Large deformations actually appear very
abruptly at N =90 (near 4 of 150) and
depend more strongly on N than on Z in
the first rare earth region. Similarly,
large deformations begin again at Z =88
(near A of 220) and depend more
strongly on Z in the second rare earth
region. All nuclei so far observed in the
limits of these last two regions display
unified model characteristics.

In Fig. 6 is shown a plot of experi-
mentally determined deformations in the
first rare earth region. Note the sharp rise
at 90 neutrons, and the smallness of the
deformations at the doubly magic num-
bers. In Fig. 7 are scaled drawings of the
most deformed nuclei in the light and
intermediate mass regions, namely, Ne20
and Sm?5%,

Pear-shaped nuclei. The final type of
deformation to be discussed is the “pear-
shape.” This is a deformation involving
a combination of both /=2 and /=3
modes (see Fig. 8).

Speculation that such pear-shapes exist
was first presented by Christy (20), and
is based on details of the rotational-vi-
brational energy level spectrum. Certain
isotopes in the neighborhood of radium
exhibit a characteristic spectrum analo-
gous to the so-called inversion spectrum
of the ammonia molecule, NH,. Both
spectra have been interpreted as corre-
sponding to oscillations of the objects be-
tween one relatively stable form to its
mirror image, which is equally stable.
This is illustrated in Fig. 8; the “mirror”
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passes through the center of masses of
the objects and is oriented normal to the
axes of symmetry.

The asymmetrical shape of such nuclei
may also have relevance to the problem
of mass asymmetry in fission. Most nuclei
fission into fragments of quite unequal
masses, which indicates that at some
point before splitting actually occurs,
fissioning nuclei prefer an asymmetrical
shape.

Summary

The gross features of nuclear morphol-
ogy can be summarized as follows. Nu-
clei have shapes similar to a diffuse-
surfaced, liquid drop. The interior
density is rather uniform, and also con-
stant from nucleus to nucleus. The con-
stancy of nuclear density implies an A1/3
law for the mean nuclear radius, the pro-
portionality constant being 1.07 x 10-13
centimeter. The surface region is diffuse,
the nuclear density falling from 90 to 10
percent of the central value in a distance
of about 2.4 x 10-13 centimeter, indepen-
dently of nuclear mass number.

Nuclear shapes can vary rather widely,
with doubly magic nuclei preferring
spherical symmetry. Some nuclei execute
volume-preserving  oscillations  about
spherical shape, while others possess per-
manent spheroidal deformations. The
values of the deformation parameter, &,
for such spheroids possibly attains 0.85
for some light nuclei and 0.4 for some
intermediate weight nuclei.

There is some evidence, based on the
occurrence of “inversion” spectra and
asymmetrical fission, that pear-shaped
nuclei may also exist.
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