
THE 4 x 4 CASE 
With a deck of sixteen cards composed of 4 suits of 

4 cards each, the number of possible runs is known to 
be 63,063,000. The corresponding frequency table 
(computed by the same direct elementary process) is 
given as Table B. 

TABLE B 

fieore Freq. Rel. freq. 

I see no way to extend the exact computations prac- 
tically to much smaller values of r. I t  is possible, 
however, to compute the moments of the distribution 
p ( r )  exactly. The mean of r I find to be 5, and the 
second, third and fourth moments about the mean to 
be 25/6, 125/46 and 3625/69, respectively. All these 
values are exact. The distribution is thus of Pearson's 
Type I, and I have fitted a Type I curve to the above 
mean and moments with the results given in the second 
column of Table 1. 

TABLJ3 1 

r P ( r )  Binomial 

The mean is 4, and the standard deviation i ~ g ( 3 . 2 ) ~  
or 1.788,854,38. 

The case of greatest current interest concerns a 
deck of twenty-five cards composed of 5 suits of 5 
cards each. With such a deck the number of possible 
runs is 623,360,743,125,120. The labor involved in a 
direct computation of the exact frequencies in this 
case appears to be prohibitive. By the use of more 
advanced methods, however, a solution for the 5 x 5 
case has been worked out by my colleague, Dr. T. E. 
Sterne, and is presented in the following note. 

The values given by the Binomial Law appear in the 
third column, and appeas to be fairly good approxima- 
tions to the true values. The Binomial Law has the 
correct mean, but its second, third and fourth moments, 
4, 2.4 and 48.16, are all somewhat too small. The 
Binomial Law would be exact were the coincidences 
of suit independent. 

The values given in the second column above are 
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IFa deck of 25 playing-cards, composed of 5 suits of 
5 cards each, is shuffled at random and then compared 
with any fixed sequence of a similar deck, then the 
number, r, of coincidences of suit can take any value, 
with the exception of 24, from 0 to 25 inclusive. The 
theoretical probability of r, which I call p ( r ) ,  is a 
quantity of some current interest. The simple Bi- 
nomial Law is not strictly applicable, since the coinci- 
dences are not independent. 

By considering the probabilities in a 5 x 5 oontin-
gency table, I have computed the exact values of 
p ( r )  for a few large values of r. They are: 

expected to be correct to within a few units in the last 
place. Pearson Type I curves were fitted .to the 
moments of the distributions of r in the 3 x 3 and 4 x 4 
cases, and then compared with the exact values p ( r )  
computed for those cases by Professor Huntington. 
The accuracy of the Pearson curve in the 4 x 4 case 
was much greater than in the 3 x 3 case, and is shown 
in the comparison given in Table 2. 

TABLE 2 

True Type I 
r P ( 7 )  P ( ? )  
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Since the accuracy of the Type I approximation 
increases rapidly with the size of the deck, the values 
given in the second column for  the 5 x 5  case are  
expected to  be correct to within a very few units in  
the last place. Even in the 4 x 4 case, the accuracy 
of the Peaxson Type I approximation is already so 
great that some 170,000 trials (a  trial being a n  obser- 
vation of r )  would be required before one could distin- 

guish with moderate certainty, from the observations, 
between the set of true probabilities and the direct 
Pearson approximation. To distinguish observation- 
ally between the true values and the binomial values, 
in  the 5 x 5 case, would require some 30,000 trials. 
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THE MEASUREMENT OF TURBIDITY IN 

COLORED MEDIA 
THE measurement of turbidity photometrically is 

based on the assumption that there is a linear relation- 
ship between the amount of suspended matter and the 
intensity of the Tyndall beam. Although this holds 
moderately well within narrow limits when the sample 
is colorless and faintly turbid, the relationship between 
the amount of turbidity and the Tyndall beam in-
tensity is much more complex a t  higher concentrations 
of suspended material as  well as  when coloring matter 
is present in  solution. 

One of the most disturbing factors is the con-
comitant weakening of the intensity of the Tyndall 
beam by absorption. When the suspending liquid is 
also colored, the a,bsorption effect may be so great 
that it overbalances the scattering to a n  extent such 
that increasing turbidity may give a lower intensity 
of the Tyndall beam. 

According to Sauerjl under these conditions the 
absolute turbidity is given by' the following equation : 

Absolute Turbidity =A x f (k) x D x t 
where 

A =Relative intensity of the Tyndall beam as mea- 
sured with the Pulfrich photometer. 

D =A factor varying with the thickness of the ab-
sorption cell. 

t = The absolute turbidity of the glass standard 
of the instrument. 

I f  d =Depth of layer of solution in centimeters, and k 
the coefficient of extinction 

lcd ( vT- 1) loge 10 
then f (k) = 

10-ka{l- lo-kd(~ 7 - (la)I )) 

In previous work the writers2'g'4 ]lave shown that 
the two empirical equations : 

(2) 
(3)a \ ,  

1 Sauer, Zeits. techn. Phys., 12: 149, 1931. See also 
Landt and Witte: Zeits. Ver. deut. Zuckerind., 84: 462, 
1934. 

2 Zerban, Battler and Lorge, Ind. Eng. Chem. Anal. Ed., 
6: 178, 1934. 

3 Zerban, Battler and Lorge, Ibid., 7: 157, 1935. 

hold for  turbidity and color determinations fo r  com- 
mercial raw cane sugar solutions as  well as  f o r  white 
sugars. 

C= Coloring matter expressed as -log T. 
N = Turbidity expressed as -log T. 
R = Intensity of the Tyndall beam = 100 A 

of Sauer. 
T =Per  cent. transmittancy. 

(-log T)  = 2 -log T. 
a and b are constants. 

W e  know now that the term bC in equation (3)  is 
equal to  f (k) ,  and that Sauer's equation is valid if C 
is substituted in  place of the kd term in ( l a ) .  Hence 
the turbidity of a colored solution can be calculated 
either in terms of the absolute turbidity of Sauer, or 
else in  the system used by the writers. Naturally the 
two methods axe interrelated. 

The final relationships are  given by the following 
equations : 

C=-logT-- R f (k) (4) 

f (B) = 

[-log T - r+)] (VT-1) loge10 

10 - - [-Io~T-(?)] ( V T - ~ ) }  

(5) 
When C is zero, f (k) is  equal to  1. 

Equation (5) is solved f o r  varying values of C, which 


is the - log T --(k) term, and a table of corre-
a 

sponding f (k) values is  thus obtained. Substitution 
of these C and f (k )  values and increments of R into 
equation (4) yields a, chart from mhich C is readily 
found from the - log T and the R values. Praetieally, 
C is found from curves based on the chart. The appli- 
cation to  cane sugar solutions will be published else- 
where in the near future. 
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4 Zerban and Battler, Ibid., 9: 229, 1937. 
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