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BIOLOGY AND MAl'HEMATZCS.1 

TIIAT~vhich is most characteristic of the 
present epoch in the history of man is un- 
dollbtedly the vast and beneficent growth . 
of science. 

In things apart from science, other races 
at  times long past may be compared to the 

, most civilized people of to-day. 
The lyric poetry of Sappho has never 

been equaled. The epic flavor of Homer, 
even after translation, comes down to us 
unsurpassed through the ages. 

Dante, the voice of t e i  silent centuries, 
may wait another ten centuries before his 
medieval miracle of song finds its peer. 

The Apollo Belvidere, the Venus of Milo, 
the Laocoon, are the glory of antique, the 
despair of modern slculpture. To mention 
oratory to EL schoolboy is to recall Demos- 
thenes and. Cicero, even if he has never 
pictured Czsar, that greatest of the sons 
of men, quelling the mutinous soldiery by 
his first word, or with outstretched arm, in 
Egypt's palace window, holding enthralled 
his raging enemies, gaining precious mo-
ments, time, the only thing he needed to 
enable hini to crush them under his domi- 
nant intellect. 

There is no need for multiplying ex-
amples. The one thing that gives the pres- 
ent generation its predominance is science. 

All criticisms of life made before science 
had talien its present place, or attempting 
to ignore its prominence, are obsolete, as 
are of necessity any systems founded on 
pre-scientific or anti-scientific conceptions. 

lAddress before the Ohio Academy of Science. 
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Now the latest of the great sciences is 
biology, and it could be so widely inter- 
preted as to include many of the others, 
for example, physiology, psychology, sociol- 
ogy; but chiefly it takes for itself the broad 
general beginnings. 

These older sciences were really engaged 
upon narrow domains, narrow ralniiications 
in  the universe of biology; and the general 
has helped the preexistent special by giving 
the broader conceptions coniloted by com-
parative physiology, col~lparative psychol- 
ogy, comparative sociology. 

Since \TTiihlcr, the clistinction between or- 
ganic and inorganic rrlatter has become 
merely schematic; but the line drawn at 
life has resisted obliteration. 

I t  is true that my friend Professor ICIer- 
rera has said : 

I cone~ive the human organism as a maeh~ne 
containing some fi>e or six liters of blood eni-
ployed in  appropriating to itself the nutritious 
princlpleq of food, al~sorblng ouygen. and carrying 
i t  t o  the nerve to  make it vibrate by d~scharges 
of earhon dioxide. 

Life is  now to be defined a s  the result of the 
plrysicochrlnical aetlon of protoplasn~lc currents, 
the cause of such currents being difl'asion, heat 
and some other secondary factors. 

But until some one sees such currents set 
up in some way differing from the natural 
transmission of preexistent life, a thing 
which no one at  present even hopes for, thc 
old boundary renlains undisturbed. 

If any benefit is obtainable from a 
physico-chemical nolnenclat~xrc and nota-
tion, science mill not object to their usc. 

Suppose, then, we pnt it in the boldest 
form, that biology is now engaged in the 
creation of an available representation of 
the activitics and laws of activity of these 
wonderful protoplasmic currents. 

The definition then wolxld be soll~ething 
like this: Biology is the science created to 
give nnderstanding and mastery of the 
protoplasnlic activities on this earth ; to 
make easy the explanation and description 

of such activities and the transriiissiori of 
this mastery. 

The association, the suggestion, is in]- 
mediate : 

13eyond the microtome, the microseope, 
the statistics of observation, of experilnc.nt, 
of what instrument of world-conquest must 
the new science avail herself? The answer 
is patent: of math(matics, that giant 
pincers of scientific logic? which showed 
Newton the nioon as simply a X~iggcr apple 
trying to fall straight down on. his head, 
flashed out in the mind of Adanrs the un- 
seen planet Neptune, told Rayleigh that 
the chenlists had always been breathing 
vast cjlxantitics of argon without k n o ~  ing 
it, pointed to Mendelieev the places U P  1111-
linown chemical eleincnts, and through 
Hehnholtz and his pnpil I1el.t~ has given 
us. the henard rays, the Koentgcn rays, 
radium itself, and lrrireless telegraphy 
based on IZertzian wave.?;. 

I n  mathematics, thc part which is bein% 
recogn5zed as pure deductive logic is ever 
greater. The residumu takes from biolog- 
ical advance itself new furm arrd new state- 
nient. 

After thc questions, what arc Pacts? 
what is red i ty?  questions not to be 
answered either by biology or mathen~atics. 
there corne, if we decidc to rctain as rough 
nrorlring hypotheses the expressions, fact, 
reality, subsequent questions, such as what 
theri is a geometric fact, a g e o m ~ i r i c  
reality ? 

These latter questions involve a ~vrestling 
with primitive origins in physiological psy- 
chology, now entangled with metaphysical 
constructions, all being studied at present 
with help of the biologically given hypoth- 
esis of evolution. 

To note the essential interrelation of bicl- 
ogy and iriathciriatics i t  is only ncedfal to  
recall that evolution po~tulatesa world in- 
clependent of man, preceding 111~11,and 

http:experilnc.nt
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teaches the production of man from lower 
biologic forms by wholly natural causes. 

If this he so, then skipping the funda- 
mental puzzle as to how a living thing gets 
any consciolls knowledge, any subjective 
representation of that independent world, 
it remains of the very essence of the doc- 
trine of evolution that man's knowledge of 
this independcnt world, having come by 
gradual betterment, trial, experiment, 
adaptation, and through imperfect instru- 
ments, for example, the eye, can not be 
metrically exact. 

In  the easiest measurements it is said we 
can not even with the best microscopes go 
beyond one one millionth of a meter; that 
is, we are limited to seven significant figures 
at  most. What is the meaning then of the 
mathernatics which, as in the case of the 
evaluation of 7, 'has gone to seven hundred 
places of significant figures ? 

If then we are to' hold to qvoluti~n, sci- 
ence must be a construction .of the animal 
and human mind; for example, geometry 
is a system of theorems deduced in pure 
logical way from certain unprovable as-
sumptions precreated by auto-active animal 
and human minds. 

So also is biology. But here the assump- 
tions are more fluctuating, and many of 
them are still on trial. 

Since every science strives to characterize 
as to size, number, and, where possible, 
spatial relations, the phenomena of its do- 
main, each has need of the ideas and 
methods of mathernatics. One of the 
fundamental ideas .of rnathernatics is the 
idea of variation, the variable, qualitative 
and quantitative variability. 

When related quantities vary, one may 
vary arbitrarily. This is called the inde- 
pendent variable. Others may vary in de- 
pendence upon the first. Such are called 
dependent variables or functions of the 
independent variable. The change of the 
variables may be continuouk or discontin-

nons. Thc blind prejlxclice for the assump- 
tion of continuity is so profound as to be 
unconscious. 

But if biologists did but lino'\v it, the 
characteristics, peculiarities and methocls of 
investigation for continuous functions dif- 
fer essentially from those for discontinuous 
functions. 

Our calculus assumed continuity in all 
its functions, and also that differentiability 
was a necessary consequence of this con-
tinuity. 

Lobachevski, the creator of the non-
Euclidean geometry, emphasized the dis- 
tinction between continuity and differentia- 
bility, therein also being half a century in 
advance of his contemporaries. 

The mathematicians of the eighteenth 
century did not touch the question of the 
relation between continuity and differentia- 
bility, presuming silently that every con-
tinuous function is eo ips0 a function hav- 
ing a derivative. 

Arnphre tried to prove this position, but 
his proof lacked cogency. The question 
about the relation between continuity 2nd 
difYereatiability awoke general attention be- 
tween 1870 and 1880, when Weierstrass 
gave an example of a function continuous 
within a certain interval and at  the same 
time having no definite derivative within 
this interval (non-differentiable). 

Meanwhile, Lobachevsl~i, already in the 
thirties, showed the necessity of distin-
guishing the 'changing gradually' (in our 
terminology, continuity) of a function and 
its 'unbrolienness ' (now, differentiability). 

With especial precision did he formulate 
this difference in his Russian memoir of 
1835 : 'A Method for Ascertaining the Con- 
vergence, ' etc. 
il function changes gradually when its  incrrment 

diminishes to  zero together with the incremer~t 
of the  independent variable. A function is  un-
broken if the ratio of these two increments, as 
they diminish, goes over insensibly into a new 
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function, which consequently will bc a diflerential 
coetticient. Integrals must always be so di\-ided 
into intervals t ha t  the elements under each in-
tegral sign a l ~ a y s  change gradually and retrain 
unbroken. 

I n  more detail liobachevslii treated this 
question in his worli, 'On the Convergence 
of Trigonometric Series,' in which arc also 
contained very interesting general consid- 
erations on functions. 

It seems. h c  writes, t h a t  we can not doubt thc 
t ru th  that  evcrytbing in  the world can hc repre- 
scnted by numbers, nor thc t ru th  that  cvcry 
change and relation in  i t  ean bc e~prcsscd by 
imaljtie functions. A t  the same time a broad 
view of the t l~eory admits the existence of a dc-
pendence only in the sense that  we consider the 
nun~bers united with one another as if given to- 
gether. 

Now biology deals largely with aggre-
gates of individuals, and then, like the pure 
theory of numbers, its variables are dis-
crete, and must change by jumps of at  least 
one individual. 

A mathematics proper to such investiga- 
tions has not been accessible to the biolo- 
gist, for not only has his calculus been 
founded solely on continuity, but also his 
geometry has been developed for him on 
continuity assumptions from the very be- 
ginning. 

The very first proposition of Xuclid is to 
describe an equilateral triangle on a given 
sect ( a  given finite straight line). I t  he- 
gins: 'Let A B  be the given sect. From 
the center A with radius AH describe the 
circle BCD. Froni center R with radius 
B A ,  describe the circle ACE. From the 
point C,  at which the circles cut one an-
other, etc. ' But the whole demonstration 
is the assumption of this point C. Why 
must the circles intersect? Not one word 
is given in proof of this, which is the whole 
problem. 

You may say the circle is a continuous 
aggregate of points. If so, then the circle 

can not represent a biologic aggregate of 
individuals. 

Geometry can be treated without any 
continuity assumption, without continuous 
circles, in fact without compasses. 

8uc.h a geometry, a geometry for biolo- 
gists, is my own 'Rational Geometry,' the 
very first text-book of geometry in the 
world without any continuity assumption. 

IIow biology has been misled in its 
mathematics you will realize when you re- 
call that geonielry and calculi~s have been 
the basis of mechanics, niechanics the basis 
for astronomy and physics, physics the 
basis for physical chemistry, while even the 
theory of probability had no discontinuous 
mathematics specially its own. 

Therefore, biologists had clapped over 
their eyes spectacles of green continuity, 
and these spectacles colored biologic the- 
ories with the following characteristics as 
enumerated by the Russian Bugaiev: (1) 
the continuity .of phenomena; ( 3 )  the per- 
manence and unchangeableness of their 
laws; ( 3 )  the possibility of characterizing 
a phenomenon by its elenientary manifesta- 
tions; (4)  the possibility of unifying ele- 
mentary phenomena into one whole ; (5) 
the possibility of sketching precisely and 
definitely a phenonienon for a past or fu- 
ture moment of time. 

These ideas make the very essence, the 
framework, the slceleton of modern biologic 
theories. They have forced their way in 
and imbedded themselves as being neces-
sary to nialie possible the application of 
the methods of continuity-mathematics to 
the investigation of nature. They fallow 
out the fundamental characteristics of con-
tinuous analytic functions. l'herefore, we 
may desiqnate our modern biology as a 
continuity-biology. 

Thus, as the Russian Alexeieff has point- 
ed out, after the continuity world-scheme 
had captured the fundamental natural sci- 
ences, geometry, mechanics, astronomy, 
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physics, chemistry, had intrenched itself 
in them and dowered them with generality, 
uniformity, universality, i t  went over 
gradually with scientific investigators by 
habit so to say into flesh and blood, and 
began to penetrate and dominate in physi- 
ology, in psychology, in sociology, in biol- 

ogy. 
Darwin's attempt to found the law of 

the evolutionary origin of species is an 
outcome of the continuity world-scheme, 
permeated, saturated with its basal idea, 
continuity. 

Just so strengthens itself more and more 
the persuasion of the continuous growth 
and continuous perfection of all the ele- 
ments of human society in its natural ad- 
vance. 

The evolutionary development of social 
life permeates always more and more the 
view of the historian. Many writers are 
so habituated to this continuity world-
scheme, that', without sufficiently critical 
consideration, they apply it where i t  is es- 
sentially inapplicable and inappropriate. 

So we have the doctrine of a fatalist 
causality, den>ial of efficient freedom of the 
will, belittling of the idealistic endeavor of 
mankind, hence the pessimistic attitude 
toward the whole of human existence. 

Paraphrasing a Russian poet: 

Nature thus speaks to  man: 

" Thou mayst be head of creation, 

Rut who gives thee any crown? 

Dost thou believe, poor fool, in blind delusion, 

That I am slave to thee, and thou my lord and 


master ? 
Of the thick veil lift I a corner t ip  
And Pygmy, then presumst thou 
All through me that  thou seest? 
Seeing thine own small law and plan, a r t  then 

deluded 
Into the holy of holies to h a ~ e  pushed? 
Oh fool! 1 do but nod and wretchedly thou'llt 

shudder, 
Comer like timid dog on the sod. The earth 
I shake and suddenly is dust 
Thy pride and might, the greatest of thy cities. 

War 1 send and pestilence its sister, 

The blooming fields transform I into deserts, 

The sea I drink up and the sun shroud I in 


darlmess, 
And thou, brute-like, wilt howl with pain, with 

anguish. 
What you strive for and hope, t o  me tlvat is in- 

different. 
Pity know I none, and my law of the number 
I<nows &either weal nor woe, Bnows neither praise 

nor blaming. 
To unlmown lands I stride in war, in whirlwind. 
I know no aim, no end and no beginning. 
I beget and I destroy, not prating, never angry, 
The elephant and the worm, the wise man and the 

foolish. 
So live as  all live. Float out on the flood eternal 
One instant brief, and vanish then forever. 
Presume not stupid-bold with me to wage a con-

test, 
With me eternal mother of all living and all 

dead." 
So thunders nature with a million voices 
In  hail, in surge, in storm-wind and the lightning. 

So much for the continuity world-scheme 
in biology. 

But the latest advances in mathematics 
have rendered unnecessary for biology the 
wearing of this misfit garment. 

The new mathematics gives now a stand- 
point for the explanation and treatment of 
natural phenomena from which the indi- 
viduality of the biologic elements need not 
be suppressed. 

I t  has triumphed for its own domain in 
cases where the continuity methods were 
wholly inapplicable, where arithmology, 
discrete mathematics, was called for and 
victorious. 

Such are the problems which relate to 
the properties of whole numbers, solved so 
brilliantly in number-theory. 

Such again are the questions relating to 
the enumeration of the geometric forms 
with n parameters which satisfy n given 
conditions. . These even in the simplest 
cases showed themselves insoluble until 
finally between 1860 and 1870 the French 
mathematicians created special discrete 
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methods. Thence sprang a wholly new 
branch of mathematics, enumerative geom- 
etry. 

A third, an epoch-making universe of 
cliscrete mathematics, is the wonderful in- 
variant theory of the great Sylvester and 
his brother-in-arms Cayley, two men whose 
loss left the English-speaking world with- 
out a, single mathematician of first ranli, of 
the ranli of IIilbert and Poincark. 

I n  chemist* this discrete mathematics 
has shown itself of such use and power that 
we may assuredly say chemistry o~ves its 
present standpoint allnost wholly to two 
lines of advance, both discrete, the atomic 
structure theory of Kekulk and Mendel- 
ieev7s periodic system of the chemical ele- 
n~cnts. 

The brilliant and rapid advances in 
chemistry have corne not froin suppressing 
but from stressing the individuality of the 
elements. I ts  niathematics has been essen- 
tially discrete. 

The arithmologic scheme of chemical re- 
search, the atomic structure theory of Ke- 
kul6, coincides completely with the scheme 
of the symbolic invariant theory, though 
both were worked out independently. 

Now to biology and sociology, having to 
do 116th single individuals difi'ering fro111 
one another, in biology cells, in sociology 
human personalities, the continuity mathe- 
matics with its universalism is so ill adapt- 
ed by its nature that the discretc way of 
thinking must here soon take the chief r81e, 
giving as it does large and free play to the 
individual peculiarities of the elements to 
be studied. 

The continuity thought-way strives to re- 
duce all phenomena of nature to a general 
mechanism with fate-determined movement. 
Just contrary to this then is the view that 
living nature is a rationally-correlatPd 
realm, in which everything is harmonic, 
shows adaptation, strives toward perfec-
tion. 

Are not the nlechanical form-phenorliena 
of the living organism only its most ele-
mentary properties, upon which are built 
others higher, psychic $ Now the psychic 
properties of a living organism can not be 
studied by observation and comparison of 
the accompanying irlechanical properties 
unless they flow from these mechanical 
properties. If these accompaniments be 
unessential, the psychic properties can not 
be concluded from theni. Here is even yet 
the battleground. 

Biologists are at pre5ent emphasizing the 
statistical method, but upon this liiodern 
mathematics has for them another inessaFe. 
They rely upon the niethocl of least syuares 
and mean value. Rut Chcbyshev has clcm- 
onstrated that not the great number, but 
the independence of the rnetric phenomena 
plays the chief part in the application of 
the theory of rnean value. This independ- 
ence is the essential requisite, and i t  is the 
very thing whose unwarranted a s su~p t ion  
vitiates lrluch biologic research. 

An illustration may be drawn fi-0111 fir^ 
insurance. From the records of past con- 
flagrations of single houses, if the burning 
of each one is independent of that of every 
other, the theory of rnean value can get a 
number which can be conntcd upon to recnr 
with slight variation from year to year, 
and upon it can bc based the charges for 
insurance. 

To realize how complctely thir ~csential 
reqldrement may be lacli-inq, we have only 
to 'emember the Chicago fire, o r  tllc. Ralti- 
more fire. 

Biologists have treated their comhina-
tions as if they were simple snrnmations of 
independent elements. 

More liliely are the combinations com-
posed of interdependent factors whose 
symbolization must be at  the simplest a 
product. 
R tremendous illt~stration of variation 

nndcr chanw of stimuli icl given hy Japan. 



AUGUST11, 1905.1 SCIENCE. 167 

For centuries environment and potential 
variability were in static balance ; variation 
was zero. 

Then came Commodore Perry, humilia- 
tions to the inordinate pride of a hermit 
nation, defeats, contempt, a tremendous re- 
sponse to the changes in stimuli, and to-day 
dark pagan Japan is easily defeating the 
largest European Christian white nation: 
variability unchanged, variation the great- 
est recorded in human history. 

Bccording to Quetelet's celebrated law 
of variability published some years after 
Darwin's 'Origin of Species,' i t  is subject 
to the law of probability, and according to 
this law the occurrence of variations, their 
frequency and their degree of variation 
can be calculated and predicted in the same 
~ 7 a yas the chance of death, of murders, of 
fires. 

But such applications did not fit actual 
evolution, since the law is to deal with dif- 
ferent degrees of the same qualities, giving 
a continuity production of species, while 
as de Vries has so stressed, the origin may 
be by abrupt jumps, by sports, by muta- 
tions. 

De Vries has said that a thorough study 
of Quetelet's law would no doubt a t  once 
have revealed the weak point in Darwin's 
conception of the process of evolution. I t  
would have shown that the phenomena 
which are ruled by this law and which are 
bound to such narrow limits, can not be 
a basis for the explanation of the origin of 
species. 

I t  rules the degrees and amounts of qual- 
ities, but not the qualities themselves. 

Species, however, as de Vries says, are 
not in the main distinguished from their 
allies by quantities, nor by degrees; the 
very qualities differ. 

IIow such differences of qualitative char- 
acter have been created is the burning ques- 
tion. They have not been explained by 

continuous accretion of individual varia-
tions. 

The attitude of the new mathematics 
strongly favors attempts like the mutation 
theory, based on the abrupt, explosive 
changes, wholly discrete, which under the 
name of 'sports' had long been observed 
and known in horticulture and animal 
breeding, and of which De Vries has found 
a whole fusilade being shot off by 'La-
marcli-'s evening primrose.' 

Here he says there is 110 gradual, no 
continuous change or modification, nor even 
a common change of all the individuals. 
On the contrary, he says, the rnain group 
remains ~vholly unaffected by the produc- 
tion of new species. Bfter eighteen years 
it is absolutely the same as at the beginning. 
I t  is not changed in the slightest degree. 
Yct i t  produces in the same locality, and a t  
the same time, from the same group of 
plants, a number of new species diverging 
in digerent ways. 

The vastly vaunted natural selection, 
then, can only destroy new specie<;, never 
create them. 

GEORGEBRUCEHALSTED. 
I<ENYONCOW EQE, 


Ganrnrr R, Orr to. 


1'NE -4DLU7XNI0V OD' 82'CJDEN2'8 TO COLLEGE 
I3 Y (!EI2TIB'ICA2'E.l 

WHICII is better: the western plan of 
admitting students to colleges and univer- 
sities by certificates from duly inspected 
secondary schools, or the eastern method 
of admitting only by examinations con-
ducted by representative boards or other- 
wise ? 

The question assigned me as a topic is a 
pressing one at  this niomrnt in the history 
of American education. Within a few 
years it may be determined which plan, 

'Paper read before the, Department of Higl.er 
Education of the N. E. A.. Asbury Park, N. J., 
Friclny morning, ,filly 7, 1905. 


