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tlloroughly studied it will be found to belong to one of these re 
cently differentiated genera. F'. H. KNOTVLTON. 

U. S. National Muaeurn, Washington, D. C. 

Mean Values. 

ilfrss PORTER s kindly criticisni (Science, June 2) of one point 
in  the article, "Bun-Heat and Orbital Eccentricity" (Scieyzce, 
Apr. 28), gives occasion to say a work in regard to mean values. 
Since the mean value of .nquantities iu the arithmetic mean of 
their sum, it would appear a t  first glance as if the term were a 
perfectly definite one; but if the quantities to be averaged are 
successive values of a tunction of some variable, tlien clearly their 
magnitudes depend not only on the nature of the function, but 
also on the law of variation of the fundamental. Thus, suppose 
we have the isotherm, p v =c, and wish to know the average 
pressure between the volumes v = v, and v = v,. I t  ic: uecessary 
to make some assumption in regard to the variation of v. If ils 
increments are supposed equal, we understand by the " rnean 
value" of the pressuie the average of the pressures corresponding 
to the ralues ot v. If the volume is assumed to depend in turn on 
some other var~able in such a manner that the abscissa-increnlents 
are not equal, the mean value will now be the average of the new 
seiies of pressure-ordinates corresponding to the series of values 
of v arising under the second assumption. Evidently these two 
means will in general be unequal, but one is just as properly the 
.'real average" as the other. The formula for mean value map 
be derived by a method even simpler than the usual analytical one 
as given hy Willlamson and Todhunter. Let it  be required to 
find the mean value of y where y =f (x) and x is an eyuicrescent 
-variable. If y =f (x)be treated as a curve reterred to rectangular 

axes, /b 

f (z) dx is the expression for the area, A, bounded by 
a 


the X-axis, two ordinates, and the portion of the curve intercepted 
between the bou'uding ordinates. Let A =  A', where A' is a 
rectangle whose base equals the base of A. Then the altitude of 
A' is the average of the ordinates in  A. For let 

the average of the series of ordinates. 

Then y, + yz + . . . . . = Yo  + y f . . . . on to n terms. 


Multiplying by A x and surnniing, 


or, making n indefinitely large, 
b 1) 

But J y dx =A, hence y, (b-a )=A', 

a 


and, since b - a is the base of the rectangle, A', yo is it salti- 
tilde. 

For example, let it be required to find the mean pressure be- 
tween the volumes v, and v,. If the isotherm is pv= @, the 
area, A, in  this case becomes 

v1 


its base is v, - v,, hence the niean pressure is 

This conception of mean values %nay be r ~ a d i l v  c,,' ;.ed when a 
curve is expressed in polax- codrdinatea. If i. =f ( O ) ,  let x be 
written for 9 ; ~ r dg f.rr r, The Cartesian equatlon thus aiising 
furnishes a cu7. r xci~icla iustxins pefhuliar rela,tions to the original 
polar curve ' ~ ' ' I ~ ~I ;iili-rectnres are taken out o f  their fan-shaped 
arrangement and pl, .,ct3 cqrri-distant and parallel, with their ex- 
tremities on the comon I,irz, ~ l l aX-ax13 The pole may be viewed 

as having developed into this axis, whilst a circle of unit radius 
with pole as centre has developed into a straight line parallel to 
the axis, the radii-vectores keeping their normal position with 
respect to the circle. In finding the mean value of the radius- 
vector of an ellipse, d 8 being constant, the figure A has three rec- 
tilinear sides: x = 0, x = T ,  and the X-axis. Its fourth side is 
the curve, 

The base of the f i g ~ ~ r e  is F ; hence tile mean value is 

I t  mill be seen that the area-method serves only when the ordi- 
nates are equally distributed throughoul the area A, I11 the 
dynamical problem of the earth's meat1 distance from the sun it 
is not 0 (or x) which is the equicrescent variable, but t, the time. 
A must therefore he taken equal to 

-f2 


for which r =f( t )  must be given; but, as is well l<nown, the 

equation espressing the relation between r and t is transcendental 

and cannot be written in  the form r =f ( t) .  Recourse must 

therefore be had to other devices for finding the mean distance 

when the problem is rendered kinematical by taking Kepler's 

second law into account. ELLEN HAYES. 


IVellesley, Xass 

Iron and Aluminium in Bone Black. 

WILL you kindly, in your next issue, print the following cor- 


rections to my article on "Iron and Aluminium in Bone Black," 

which has just reached me. 


Page 300, first column. In twentieth line (from the bottom of 

page), after the word "permanent," insert, and boil. In nine-

teenth line (from bottom of page) remove the first two words : 

"and boil." 


In twelfth line (from bottom of page) insert a decimal point 

between 5 and 0 at  end of this line, for the figure must read 5.0 

and not 50 grammes. 


Page 301, first column. In  twei l t i~th line (from bottom of page) 

transpose after .'iron." Instead of "aluminium, or the phosphate" 

then should stand: or the aluminiuln phosphate predominates. 


J. G. WIECHMAPI'N. 
New York, June 7. -- --A 

Estimated Distance of Phantoms. 

INScience of &Iay 19, p. 269, Mr. Bostwick mentions the fa- 


miliar experiment of binocular combinat~on of regular patterns, 

such as a tessellated pavement or figured wall-paper, by means 

of ocular convergence, and states that in his case, although the 

figures of the phantom thus formed appear smaller, yet contrary 

to the statements of all other writers they do not appear nearer 

but farther off than the real object. This seems to me inexplica- 

ble if the phantom is really distinct. 


As I have very unusual facility in making such binocular com- 

binations, I will very briefly describe a n  experiment of t h i ~  kind. 

I stand now looking down on the tesselated oil-cloth covering the 

floor of the library. By ocular convergence I slide the two 

images of the floor over one another in such wise as to combine 

contiguous figures. After perhaps a brief interval of indistinct- 

ness, the pattern appears with perfect clearness a t  half the dis- 

tance of the floor and the figures of the pattern of half the real 

size. The sense of reality is just as perfect as in the case of a 

real floor a t  that distance. I t  seems to me as if I could rap it 

with my knuckle. Taking now this phantom as a real object, by 

greater convergence the plane can be brought up  higher and 

higher, until by extreme convergence it  is brought within three 

inches of the root of the nose and seen there with the greatest 

distinctness in exquisite miniature, the figures being only one- 

quarter inch in diameter. By relaxing the conoergence a little, 

the phantom-plane may be dropped and caught on lower and 
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lower levels until it falls to its real place on the floor. The com- Now this clear perception of the distance of a phantom, nearer 
bination beyond the plane of the object, and therefore with fig- and snlaller in proportion to the degree of ocular convergence, is. 
ures enlarged, is also easy if the figures are small, but  never of course, not peculiar to me. All writers on the subject record 
quite so easy as combination on the nearer side. the same result. All my pupils who succeed a t  all in hinocular 

These phenomena are as easy to me as any ordinary act of combinations get the same result. I am sure I have tried hun- 
sight. No device of any kind, such as uee of pencil or finger to dreds, I might almost eay thousands, and always with the same 
fix the point of sight is a t  all necessary. I can watch the double result. This result is, therefore, normal and in complete accord 
images approach, combine, pass over, combine with the next with the laws of vision. For near objects, there are two modes 
figure, etc., with the greatest ease and certainty. Moreover, the of estimating distance, viz., by axial convergence (binocular per- 
sense of reality and of exact distance is as perfect as that of any spective) and by accommodation (focal perspective). Now, of 
other object. these two, the former is by far the more exact, and therefore 

I n  young normal eyes great difficulty is often experienced in takes control of judgment of distance if the two are not in accord. 
getting this perfect perception of distance because the phantom This is proved by naked-eye combination of ordinary stereoscopic 
is not perfectly clear. The reason is this: The two adjustments pictures by ocular convergence. In such caees, we have the phe- 
of the eyes, the axial and the focal, are invariably associated in nomenon of inverse perspective. The judgment of relative dis- 
every act of sight. Therefore, in the experiment the eyes are ac- tance by axial convergence completely reverses the real relative 
commodated to the point of ocular convergence, i.e., the distance of position of objects. Binocular perspective overrides every other 
the phantom. But the light comes from a greater distance, viz., form of perspective, whether focal, or mathematical, or aerial, 
from area! object-the floor. The retinal image, therefore, is not and comes out victorious in spite of the absurdity or even impos- 
distinct and the figures are blurred. I no longer, now, suffer sibility of its results.' 
frorn this difficulty. because I have become presb! opic, and have, Now, in the case of phantoms, axial convergence fixes the dis- 
therefore, lost the power of accommodation. The clearness of tance, Bat this fixes also the size; for the apparent size of any- 
the phantomis perfect almost inlmecliately. When I was younger, thing is a product of the retinal image multiplied by the estimated 
there was always a considerable interval before the phantom be- distance. The size of the figures will be small in  proportion to 
came clear. The clearing up was the result of a dissociation of the nearness of the phantom. This is in exact accord with the 
these two consensual adjustments. While the axial adjustment laws of vision. But Mr. Bostwick says, that in his case the fig-
remained adapted for the distance of the phantom, the focal ad- ures seem smaller and yet more distant than the real ohject. H e  
justment (accommodation) was changed to the distance of the explains this, if I understand him aright, by the fact that in the 
real object. Now this dissociation of two adjustments soinvaria- dissociation of the axial and focal adjustments, while most per- 
bly associated in every act of sight, is difficult for most, and im- sons follow the axial, he follows the focal adjustment, in esti- 
possible for many persons. But until this dissociation is effect~d mating distance. Near objects require greater accommodation ; 
and the phanton becomes perfectlj clear, the sense of reality, and but there is no such accommodation in this case, therefore the ob- 
especially the perception of distance, will be imperfect and jects judged by this test will not seem nearer. But, again, since 
vacillating. The use of glasses adapted to distinct vision at  the 

1 If anyone is specially interested in this subject, he will flnd it fully 
distance of some one of the possible phantoms will make that treated in my little volume, entitled "Sight," volume 31 of the International 
particular phantom clear. Scientific Series. 
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they seem smaller, and since distant objects also seem smaller, Spout from Lake Virginia, and carried westward by the strong 
they will seem more distant. wind that was blowing a t  the time. The distance from the lake 

There are two objections to this explanation. 1. The accom- to the place where they fell is about a mile. 
modation is for the distance of the real object, as is proved by THOMASR. BAKER. 
the distinctness. Why, then, should the object seem farther? 
2. Again, distant objects seem smaller only because their retinal AMONG THE PUBLISHERS. 
images are smaller; but this is not SO in the case under considpra- MACMILLAN & co hare pllblishecl a t,rief biography of the 
tion. late English anatomist, William Kitchen Parker, written by his 

In justification of his view, Mr. Hostwick says that "in monoc- T. ~ ~ f ~t begins n,ith ~ ~an account~ of his birth parker. f 
ular vision an object appears distant or near according as the eye and early life on his father's farm, and then of his schooling and 
is fixed respectively on something nearer than it or his apprenticeship, first to an apothecary and afterwards to a 
beyond it." I am familiar with the fact here referred but in surgeon. Withhis strong inclination for biological studies, it was 
this case the appearance of greater or less dbtanceis so natural that he should choose as his p r ~ f e s ~ i ~ ~  ; but i t  
that it  can hardly be called estimate. It  may farther Or is evident, as indeed his biographer admits, that he had no great 
nearer almost a t  will. I t  is a matter of fancy$ cer- love for his profession and only moderate success in the practice. 
tainty of rational judgment. In  fact, there is no ground for form- of it  His prime interests in life, apart from his family, were 
ing any judgment. two things not often found in conjunction a t  the present day, 

Although Mr. Bostwick speaks of his estimate of the distance science and Wesleyan religion; and he seems to have been equally 
of the phantom as "distinct." yet I cannot hut think that, devoted to both and to have found no incongruity between the 
want of complete dissociation of the axial and focal adjustments two. In biology he was largely self-taught) but a few discern- 

the image is not quite sharp; and that, if he got the same ing friends saw that he was capable of important original work, 

realistic image which I get, he would see the distance as I see it. and assisted him in the prosecution of such work. He became a 

Of course, there is no disputing about how things seem to d i f f e r  member of the Zo610gical Society and afterwards a fellow of the 

ent observers any more than there is about tastes; but neverthe- Royal Society; but the position tbat proved the most useful to 

less, there are some things which are and reducible him was the Hunterian professorship of anatomy and physiology 

intelligible law, and some not. Mr. Bostwick's case may be ab- in the Royal College of Surgeons, because it not only gave h im 

normal, but I think probably the opportunity to lecture on his fevorite,subjects, but also added 

binocular phenomena are. He will, I am sure, pardon me to his otherwise moderate iacome. His principal scientific work, 

thinking that  with more practice in experiments of this kind he his researches on the skull, is described a t  some length in this 

will come to see things as others see them. book, and there are briefer notices of his other studies and a bibli- 


LECONTE. ography of all his published works. His principal fault as a sci- 

Berkeley, Cal., May 27. entific writer, his son thinks, was his complicated style; his 


topics being arranged in a disorderly way and his sentences

A Rain of Fishes. hastily constructed. Yet biologists will doubtless echo the 


DURINGa recent thunder-storm a t  Winter Park, Fla., a number words of the Royal Society that he was "an unworldly seeker 

of fish fell with the rain. They were sunfish from two to four after truth . . . whose beneficent influence will ever be felt in 

inches long. It is supposed that they mere taken up by a water- a wide-spreading and advancing science." 
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