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The Spectral-Element Method, Beowulf
Computing, and Global Seismology

Dimitri Komatitsch,” Jeroen Ritsema, Jeroen Tromp

The propagation of seismic waves through Earth can now be modeled accurately with
the recently developed spectral-element method. This method takes into account
heterogeneity in Earth models, such as three-dimensional variations of seismic wave
velocity, density, and crustal thickness. The method is implemented on relatively
i inexpensive clusters of personal computers, so-called Beowulf machines. This combi-
. nation of hardware and software enables us to simulate broadband seismograms
i without intrinsic restrictions on the level of heterogeneity or the frequency content.

here has been tremendous growth in

I the acquisition of seismic data as a
result of the deployment of digital
broadband networks over the past two de-
cades. This wealth of data has led to the
construction of improved models of velocity
heterogeneity, anisotropy, and attenuation in
Earth. These models have provided important
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constraints on Earth’s composition and phys-
ical processes (/—3). Nevertheless, improve-
ments in seismic models will require the de-
velopment, implementation, and application
of methods that accurately incorporate the
effects of mantle and crustal velocity and
density heterogeneity on seismic wave
propagation.

\

V(r)
1D reference velocity model

For one-dimensional (1D) Earth models that
vary as a function of depth only, such as the
Preliminary Reference Earth Model (PREM)
(4) (Fig. 1A), semi-analytical techniques are
widely used to calculate seismograms. Two
popular methods are normal-mode summation
(9), in which one sums spherical eigenfunc-
tions, and the reflectivity method (6), in which
the solution for a layered model is expressed as
a sum in the frequency—wave number domain.
To compute seismograms in three-dimensional
(3D) Earth models, such as shear-velocity mod-
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8V(r,0,0)
3D velocity structure

Fig. 1. lllustration of how seismic modeling is commonly conducted. (A)
Cross section of Earth with the mantle, outer core, and inner core shaded
blue, gray, and yellow, respectively. Superimposed on the left are 1D
profiles of density p (black), shear velocity V. (blue), and compressional
velocity V, (red) for PREM (4). The shear velocity is zero in the liquid
outer core. Density and velocity vary smoothly throughout the model,
except at compositional boundaries (e.g., the core-mantle boundary) or
phase transitions in the upper mantle (e.g., at depths of 410 and 660 km).
For 1D models such as PREM, which vary only as a function of depth,
seismograms are computed using semi-analytical techniques such as

www.sciencemag.org SCIENCE

normal-mode summation (5) or the reflectivity method (6). (B)
Equatorial cross section through the Pacific mantle of shear velocity
model S20RTS (7). Shown are relative lateral variations in shear
velocity 8v(r,0,d )/v(r), where r denotes the radius; 6, colatitude; and
¢, longitude. These 3D variations are superimposed on the velocity
v(r) in the 1D reference model. Red colors denote lower than average
velocity perturbations, and blue colors denote higher than average
perturbations. For 3D models, seismologists commonly use asymp-
totic methods such as ray theory (8) or the path-average approxima-
tion (9) to construct seismograms.
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Fig. 2. (A) lllustration
of the six blocks that
constitute the “cubed
sphere” (37). The crust
and the mantle, outer
core, and inner core
are colored green, red,
and blue, respectively.
For clarity, the small
cube at the center of
Earth, which elimi-
nates a mesh singular-
ity (27), has been re-
moved. (B) Close-up
of the mesh at a cor-
ner between three
blocks. The mesh size
is doubled once below

SCIENCE'S COMPASS

the crust, again below the 660-km discontinuity, and again just above the
inner-core boundary. These three mesh doublings ensure a relatively
constant number of grid points per wavelength and reduce the compu-
tational cost. Each of the six blocks contains 240 by 240 elements at the
free surface and 30 by 30 elements at the inner-core boundary as a result
of the doublings. (C) Global view of the mesh at the surface, illustrating

that each of the six sides of the cubed sphere is divided into 25 slices,
shown here with different colors, for a total of 150 slices. Each of the
required 150 processors is responsible for computation of the wave field
in one of these slices. In (C), the density of the surface mesh has been
reduced by a factor of 5 in both lateral directions relative to the real
mesh shown in (B) for clarity.

el S20RTS (7) (Fig. 1B), seismologists fre-
quently resort to asymptotic techniques, in
which one uses reasonable approximations to
reduce the cost of the calculations. Three such
approaches are ray theory (8), the path-average
approximation (9), and nonlinear asymptotic
coupling theory (/0).

All tomographic inversions for 3D mod-
els of the mantle (the process by which one
improves a given model on the basis of the
difference between the observed and pre-
dicted seismograms) are rooted in pertur-
bation theory. In travel-time tomography,
the difference 87 between the observed
arrival time of a body wave and a predic-
tion based on a 1D model is related to 3D
perturbations in wave velocity, dv, through
Fermat’s principle

8T =

dv
—f = ds (1)

ray path

Here, v denotes either compressional velocity
o or shear velocity B in the 1D reference
model, and the integration is along the unper-
turbed ray path in the same model. Surface
wave tomography involves an inversion of
the difference between the observed and pre-
dicted phase, 8V, for lateral variations in
Love or Rayleigh phase velocity, 8¢

8¢
- wJ o ds 2)

great circle
In this case, the integration is along the great
circle between a given epicenter and station, ¢

3 =

denotes the phase velocity in the 1D reference
model, and w denotes the angular frequency. In
normal-mode seismology, the difference be-
tween the observed and predicted mode eigen-
frequency, dw, may be related to 3D variations
in compressional velocity da, shear velocity
3B, and density dp, through Rayleigh’s principle

S = f (30K, + 3K, + 8pK,) d’r  (3)
14

The integration is over the entire volume V'
of Earth, and the sensitivity kemels K_,
Ky, and K are calculated on the basis of the
modes and model parameters of the 1D
reference model.

These three popular approximations de-
fine simple linear inverse problems. Howev-
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Fig. 3. Maps of models used in the SEM simulations. (A) Mantle shear
velocity model S20RTS (7) at 120 km depth. Red colors denote slower
than average shear-wave velocities, and blue colors denote higher than
average velocities. (B) Close-up of crustal model CRUST2.0 (34) over a
portion of western South America. The model provides a layered global
crustal structure in 2° by 2° blocks. Red represents thicker than average
crust, and blue represents thinner than average crust. (C) Topography
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and bathymetry model ETOPOS. The grid of surface elements is also
shown in (B) and (C). In each spectral element we use a polynomial
degree N = 4 (28, 29). Therefore, each surface mesh element contains
(N + 1)2 = 25 grid points, which translates into an average grid spacing
of about 10 km at the surface. A high-resolution mesh reduces the
amount of numerical dispersion and anisotropy and thus is crucial for
accurate results.
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er, they may be of limited validity when we
wish to recover velocity variations on length
scales smaller than approximately 1000 km
(11, 12), close to the resolution provided by
the most recent 3D models. To assess the
quality of a 3D model, i.e., to evaluate the
misfit between the data and the synthetic
seismograms, the same approximate methods
that were used to construct the model are
employed. This means that there is a real risk
that errors in the theory are mapped back into
the model.

To overcome this dilemma, seismolo-
gists have begun to use numerical methods.
Unfortunately, most of the current tech-
niques come with severe restrictions, and
they are frequently limited to two-dimen-
sional (2D) axi-symmetric models to re-
duce the computational burden. Because of
its simplicity and ease of implementation,
the finite-difference technique has been in-
troduced to simulate global seismic wave
propagation (I3, /4). In this differential or
“strong” formulation of the wave equation,
displacement derivatives are approximated
using differences between adjacent grid
points, which makes the implementation of
accurate boundary conditions difficult. The
pseudospectral technique, in which the
wave field is expanded in global basis func-
tions (typically sines, cosines, or Cheby-
shev polynomials) (/5, 16), has similar
limitations because it is also based on a
strong formulation. Nevertheless, this
method has been used to simulate wave
propagation in a portion of the mantle (/7).
For both finite-difference and pseudospec-
tral techniques, gridding the entire globe
remains an outstanding challenge (/8). Al-
ternative approaches, such as the direct-
solution method (/9, 20) and the coupled-
mode method (21, 22), which are based on
an integral or “weak” formulation of the
equation of motion, are numerically expen-
sive because of the wide coupling band-
width required in the presence of strong
lateral heterogeneities. Also, handling vari-
ations in crustal thickness is difficult be-
cause effects due to boundary undulations
are linearized. Because direct-solution and
coupled-mode methods involve the manip-
ulation of large matrices, they are restricted
to modeling long-period seismograms (typ-
ically periods greater than 80 s).

To be practical, a method for the simula-
tion of global seismic wave propagation
should accurately incorporate effects due to
velocity and density heterogeneity, anisotro-
py, anelasticity, sharp velocity and density
contrasts, crustal thickness variations, topog-
raphy, ellipticity, rotation, self-gravitation,
and the oceans without intrinsic restrictions
on the level of heterogeneity or the applicable
frequency range (23). The spectral-element
method (SEM) is such a method.

www.sciencemag.org SCIENCE VOL 298 29 NOVEMBER 2002

SCIENCE'S COMPASS

The Method

The SEM was developed more than 15 years
ago in computational fluid dynamics (24). It
combines the flexibility of the finite-element
method with the accuracy of the pseudospec-
tral method. In a classical finite-element
method, the points that are used to define the
geometry of an element are also used for the
interpolation of the wave field. In a SEM, the
wave field is expressed in terms of higher-
degree Lagrange polynomials on Gauss-Lo-
batto-Legendre interpolation points. This en-
sures minimal numerical grid dispersion and
anisotropy. The most important property of
the SEM is that the mass matrix is exactly
diagonal by construction, which drastically
simplifies the implementation and reduces
the computational cost because one can use
an explicit time integration scheme without
having to invert a linear system. The SEM
was first introduced in local and regional
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seismology in the 1990s (25, 26) and only
recently in global seismology (27-29). When
part of the model is 1D, the method can be
coupled with a normal-mode solution in the
spherically symmetric region to reduce the
numerical cost and to facilitate the analysis of
higher frequency signals (30).

The spectral-element mesh for Earth is
based on the so-called “quasi-uniform gno-
monic projection” or “cubed-sphere” (31),
which is an analytical mapping from the cube
to the sphere (Fig. 2). The mesh honors the
first- and second-order discontinuities in
model PREM (4) and accommodates crustal
thickness variations, surface topography, and
ellipticity. A small cube at Earth’s center
matches perfectly with the cubed-sphere
mesh for the surrounding globe, thereby
eliminating a mesh singularity (27).

For calculations on a parallel computer,
the six building blocks that constitute the

transverse component

600 800 1000
Time (s)

vertical component

PFO

RER

P+SV waves Rayleigh wave

Fig. 4. Lowpass filtered (period > 50 s) recordings of (top) the 19 February 1995 off-shore
California earthquake (M, 6.6, event A) at stations MBO (Senegat), LZH (China), LPAZ (Bolivia),
KIEV (Ukraine}, and EUAT (Tonga) and (bottom) the 14 August 1995, New Britain earthquake (M,

6.7, event B) at stations PET (Russia), NIL (Pakistan), COL (Alaska), PFO (California), and RER (La
Réunion island). Superimposed on the recordings (black) are 1D PREM synthetic seismograms (blue)
and fully 3D SEM synthetic seismograms (red). The maps plotted above the seismograms indicate
station locations (orange triangles), earthquake epicenters (red stars), and great-circle paths
between epicenters and stations. Plate boundaries are drawn with thin black lines.

1739



1740

cubed sphere are each divided into 25 slices,
such that 150 processors are used in a simula-
tion (Fig. 2). Each processor is responsible for
propagating waves in one of the slices, thus
distributing and balancing the load evenly. Af-
ter each time step, the results of the calculations
on the edges of the slices are communicated to
neighboring slices through a 100 megabits/s
Ethernet network using the Message-Passing
Interface (MPI) (32).

In the crust and mantle, we solve the weak
form of the wave equation (28)

f pw 'afsd3r=~J Vw : Tdr+

M M

M: Vw—f dxw - Adr (4)
cMB

where s denotes the displacement vector; T,
the stress tensor; p, density; w, any test
vector; M, the source moment tensor; M,
the mantle and crust; CMB, the core-mantle
boundary; i the unit outward normal on
that boundary; and x, the fluid potential at
the top of the outer core. In the SEM, stress
may be related to strain by the full, aniso-
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J k! wa? Xd3r=—J p~' Vw « Vxd’r +

ocC oc

J wh -« 9,sd’r —j wi - 3sdr (5)
CMB ICB

where k denotes the adiabatic bulk modulus;
w, any scalar test function; OC, the outer
core; and ICB, the inner-core boundary. In
the solid inner core, we solve the weak form

f pw-dsd’r= —J Vw : Td’r+
ic Ic

J axw -+ idr (6)
ICB

where IC denotes the inner core. The traction-
free boundary condition at Earth’s free sur-
face is satisfied automatically by this weak
form of the equations because of the integra-
tion by parts over the volume of Earth (28).
Complications associated with the oceans,
rotation, and self-gravitation may be accom-
modated by solving a similar system of weak
equations with additional terms (29).

PREM
PREM+Crus’2.0
- S20RTS+Crust2.0

Fig. 5. Comparison of Rayleigh (A) and Love (B) wave recordings (black) for the 26 January 2001,
Bhuj, India, earthquake (M,, 7.6) at stations BILL (Russia) and PMSA (Antarctica) for the PREM
model (green), a model with the CRUST2.0 crustal structure overlying a PREM mantle (blue), and
fully 3D synthetic seismograms (red) (CRUST2.0 combined with S20RTS). The figure illustrates the
relative importance of 3D crustal and mantle structure. The map indicates station locations (orange
triangles), the event location (red star), and great-circle paths between the epicenter and stations.

(Courtesy V. Hjérleifsdéttir.)

tropic elastic tensor on the basis of Hooke’s
law, and attenuation is accommodated by
the introduction of memory variables (28).

The use of a potential in the fluid provides
a natural way of coupling the solid and fluid
regions and reduces the computational bur-
den because only one scalar variable is need-
ed. In the fluid outer core, we solve the weak
form of the acoustic wave equation for the
scalar potential x

Contrary to numerical techniques based
on the strong form of the equation of mo-
tion, the SEM facilitates the accurate sim-
ulation of diffracted body and surface
waves, including their large physical dis-
persion. This is important because, as the
largest signals in seismograms, surface
waves are used routinely in seismology for
velocity model building and earthquake
rupture analysis, and diffracted body waves

are pivotal in studies of the core-mantle
boundary region.

We have implemented the SEM for global
wave propagation on a cluster of personal com-
puters (PCs), a so-called Beowulf machine with
150 processors and 75 gigabytes of memory.
This parallel machine allows us to compute
complete global seismograms that are accu-
rate up to frequencies of 55 mHz, comparable
to seismic signals used in waveform-based
global tomography. It takes about 48 hours to
compute seismograms with a duration of 60
min for a single earthquake (33).

Effects of 3D Heterogeneity

With the hardware available to us, it is cur-
rently only practical to explore wave propa-
gation effects for a small number of models
of the crust and mantle. Therefore, we limit
ourselves to computing SEM seismograms
for model S20RTS of the mantle (7), model
CRUST2.0 of the crust (34), and topography
and bathymetry model ETOPOS (from the
National Oceanic and Atmospheric Adminis-
tration) (Fig. 3). These models represent the
state-of-the-art in global seismology, and the
SEM gives us an opportunity to assess their
quality.

We compared recordings of the 19 Feb-
ruary 1995 off-shore California earthquake
(event A) and the 14 August 1995 New
Britain earthquake (event B) with 1D
PREM and fully 3D SEM synthetic seismo-
grams (Fig. 4). This comparison illustrates
typical effects of 3D heterogeneity on the
waveforms of surface waves that propagate
through the highly heterogeneous crust
and uppermost mantle. The dispersion of
Love and Rayleigh waves that have propa-
gated through both continental and oceanic
regions (e.g., event A at seismic station
LZH in China and event B at NIL in Paki-
stan) is generally matched better by the 3D
SEM synthetic seismograms than the 1D
PREM synthetics. The most dramatic im-
provements in waveform fits are obtained
for predominantly oceanic paths. Trans-Pa-
cific Love (e.g., event A at EUAT in
Tonga) and Rayleigh waves (e.g., event B
at PFO in California) propagate nearly a
minute faster than predicted by the PREM
model because the oceanic crust is thinner
(< 10 km) than the 21.4-km-thick globally
averaged crust incorporated in PREM.
Moreover, relative amplitudes of surface
and body waves, which are to a large extent
sensitive to near-source structure, are also
in better agreement. A more extensive anal-
ysis based on simulations for more than
50 events revealed that models S20RTS
and CRUST2.0 adequately explain body
wave travel-time anomalies at periods
greater than 18 s but that, in most cases,
surface wave dispersion is only accurate at
periods greater than 40 s. This suggests that

29 NOVEMBER 2002 VOL 298 SCIENCE www.sciencemag.org



the crustal model can still be substantially
improved.

Even at relatively long periods, both the
heterogeneous crust and mantle affect surface
wave propagation (Fig. 5). For the 26 January
2001 Bhuj earthquake in India, we find that
the oscillatory nature of the Love wave prop-
agating through the relatively thick Eurasian
crust (station BILL in Russia) and the impul-
sive nature of the Love wave propagating
through oceanic crust (station PMSA in Ant-
arctica) are generally well reproduced by syn-
thetic seismograms for models that include a
realistic crustal structure (e.g., CRUST2.0).

0.80
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However, an acceptable fit to surface wave
phase is only attained when a good 3D model
of the mantle (e.g., S20RTS) is invoked as
well.

While most models of shear and compres-
sional velocity variations are constrained by
body wave travel-time and surface wave phase-
delay data, seismic wave amplitudes provide
important complementary constraints. To illus-
trate this point, we compared observed and
predicted SS/S amplitude ratios (Fig. 6, A and
B) (35). The maps have a correlation coefficient
of 0.54, which means that they are correlated at
the 95% confidence level. Because the 3D
model adopts the attenuation, i.e., radial
shear Q, structure of PREM, this im-
plies that a large portion of the observed
SS/S amplitude ratio is due to elastic
focusing effects rather than attenuation.
The SEM-predicted SS/S amplitude ra-
tio is an underestimate of the actual
elastic focusing effects because seismic
amplitudes are determined by gradients
and second derivatives of the velocity
model, which are reduced by damping
in the tomographic inversion.

Figure 6C shows the estimated dis-
tribution of dIlnQ (36), and Fig. 6D
shows differential /* measurements
(37), dtg5_g, both of which are esti-
mates of wave attenuation. The corre-
lation coefficients between the ob-
served and predicted SS/S amplitude
ratio maps and the 3InQ map are 0.33
and 0.23, respectively. This suggests
that the 8lnQ map is the result of a
tomographic inversion that has not
fully accounted for elastic focusing
effects. Because of incomplete glob-
al coverage in the differential ¢
measurements, it is not possible to
calculate a proper correlation be-
tween the observed SS/S amplitude
ratio and the 8r5q_ ¢ measurements,
but, in general, low values of
35 _g, indicative of low attenua-
tion, correlate with observed SS/S
amplitude ratios greater than one
and high values of 8754 _, indicative
of strong attenuation, correlate with

+50  SS/Sratios less than one. Again, this

suggests that a large portion of the
drgs_g signal reflects elastic focus-
ing effects and not attenuation.

with a radius of 5°.

Perspectives

From a theoretical and numerical point of view,
there is no upper limit on the seismic frequency
content that can be simulated with the SEM.
The size of our current PC cluster restricts the
simulation of seismic wave propagation to fre-
quencies lower than 55 mHz. The “Earth Sim-
ulator” (35 teraflops) in Japan and the “ASCI-
White” (7 teraflops) in the United States are
today’s fastest computers. On the basis of pro-
jected advances in computer technology, it is
conceivable that computers as much as a factor
of 100 faster (i.e., capable of 1 petaflop) will be
available by the year 2010. Such computational
power will make routine use of the SEM pos-
sible both in detailed forward modeling studies
of anomalous broadband signals (38, 39) and
eventually in global tomography.

Classic seismological techniques will re-
main useful for many years to come because
they provide an important baseline reference.
Travel-time and amplitude anomalies will
continue to be reported relative to this base-
line. Similarly, asymptotic methods will con-
tinue to play an important role because they
provide an inexpensive means for interrogat-
ing a 3D model. The SEM enables seismol-
ogists to calculate highly accurate seismo-
grams that can be used to further improve 3D
models. The calculation of synthetic seismo-
grams for a given model is commonly re-
ferred to as the “forward” problem, whereas
the construction of a model given a set of data
is referred to as the “inverse” problem. Ef-
fectively, the SEM has solved the forward
problem in long-period global seismology.
On the basis of the aforementioned projected
advances in computational power, addressing
the inverse problem with the SEM will be-
come feasible in the foreseeable future.

In some ways, the SEM is well ahead of
current tomographic practice. Fully anisotro-
pic models of the crust, mantle, and inner
core can already be accommodated. The
method also provides for models that exhibit
lateral variations in both elastic and anelastic
structure. As much as the establishment of
global digital networks of seismometers rev-
olutionized global seismology in the past two
decades, we believe that the SEM offers
unique opportunities for the development in
the next decade of a new generation of high-
quality mantle models and the determination
of better earthquake source parameters (40).

Fig. 6. Distribution of SS/S amplitude anomalies inferred from (A) long-period transverse
component shear waveforms and (B) SEM synthetic seismograms. The values plotted at the
SS surface reflection points have been expanded into spherical harmonics up to degree and
order six (35). Blue colors denote SS/S amplitude ratios larger than predicted by PREM, and
red colors denote SS/S amplitude ratios lower than predicted by PREM. (C) Lateral variations
in 8InQ at 350-km depth from (36). Red colors denote stronger attenuation, and blue colors
denote weaker attenuation. (D) Differential 8t;s_
distribution from (37). Large values of 8ty
attenuation, whereas small values reflect weak attenuation. The data have been smoothed
by averaging at least three residuals with SS reflection points that fall within a circular cap

J.SS rag(BQ . ds— fs ray (BQ) 1 ds

are often interpreted in terms of strong
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