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Crossing the Hopf Bifurcation in
a Live Predator-Prey System

Gregor F. Fussmann,’* Stephen P. Ellner,"2 Kyle W. Shertzer,2
Nelson G. Hairston Jr.1

Population biologists have long been interested in the oscillations in population
size displayed by many organisms in the field and laboratory. A wide range of
deterministic mathematical models predict that these fluctuations can be
generated internally by nonlinear interactions among species and, if correct,
would provide important insights for understanding and predicting the dy-
namics of interacting populations. We studied the dynamical behavior of a
two-species aquatic laboratory community encompassing the interactions be-
tween a demographically structured herbivore population, a primary producer,
and a mineral resource, yet still amenable to description and parameterization
using a mathematical model. The qualitative dynamical behavior of our ex-
perimental system, that is, cycles, equilibria, and extinction, is highly predict-

able by a simple nonlinear model.

Nonlinear mathematical models of interacting
populations often predict exceedingly compli-
cated dynamics even when system complexity is
low (two or three species) (/-3). Their relevance
to field communities has, however, often been
questioned. Although population cycles have
been shown to occur in both the field [see, e.g.,
(4)] and in laboratory cultures [see, e.g., (5)],
reconciling the predictions of mathematical
models with the nonequilibrium dynamics of
experimental communities has proved challeng-
ing. Studies on microbial populations have
come closest to meeting this goal (6-8) and have
provided valuable evidence that simple mecha-
nistic rules determine the dynamical state of
interacting populations. In this study, we dem-
onstrate that this finding does not hinge on the
simplicity of the single-celled organisms (bac-
teria and protists) used and the short duration of
the experiments (several hundred hours), but
holds for the communities of demographically
structured populations that are more often the
subject of study in the wild. Our experimental
community includes an age-structured, meta-
zoan population that can be maintained at the
same dynamical state for more than 100 days.
Rigorous experimental analyses that have
looked into the demographic causes of popula-
tion cycles have, to date, either been confined to
a single-species system (9) or have used as-
semblages of multiple species too complex for
a species-based mathematical formulation
(10). Here, we combine theoretical and em-
pirical approaches to demonstrate that a few
simple mechanistic processes underlie com-
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plex multispecies dynamics and that a corre-
spondingly simple model is a sound tool for
investigating community properties.

Our system is a predator-prey food chain
that consists of planktonic rotifers, Brachio-
nus calyciflorus, feeding on unicellular green
algae, Chlorella vulgaris. Nitrogen is the re-
source that limits the algal growth. Two ear-
lier studies have demonstrated the potential
for predator-prey oscillations in this system
(11, 12). We cultured the two species togeth-
er in continuous flow-through systems, in
chemostats (//-13) and monitored their pop-
ulation dynamics under different experimen-
tal conditions (/4). The two key parameters
that can be experimentally varied in a che-
mostat setup are the resource concentration of
the inflow medium &, and the dilution rate &
(the fraction of the volume of the system
replaced daily). The chemostat system can be
nutritionally enriched by increasing either &
or N, Although both methods lead to in-
creased nutrient supply, high & values addi-
tionally impose an increased mortality on the
organisms through washout.

The mathematical model is a system of
four differential equations:

dN/dt = 3(N; — N) — F(N)C @9)]

dCldt = F¢(N)C — F4(C)B/e — dC (2)

dR/dt = F3(C)R — (8 + m + MR (3)

dB/dt = Fy(C)R — (8 + m)B (4)

with F(N) = b N/(K. + N); Fy(C) =
byCl(K, + C).

In this model, N is the concentration of
nitrogen, C the concentration of Chlorella, R the
concentration of reproducing Brachionus, and B
the total concentration of Brachionus (15). Our
model is based on continuous, asexual reproduc-
tion of Chlorella and Brachionus. Nitrogen con-

centration in the chemostat determines the birth
rate of the Chlorella population, whereas the

concentration of Chlorella determines the birth
rate of the Brachionus population. Both follow
Holling type II (/6) response curves (F, F);
the uptake function of Brachionus is F /e, with
€ being the assimilation efficiency of Brachio-
nus. About 90% of the algal nitrogen that roti-
fers do not assimilate is released as particulate
organic nitrogen (/7), which is assumed to wash
out of the chemostat before any mineralization
occurs; the small amount of inorganic nitrogen
excreted by the rotifers is omitted for simplicity.
Nitrogen is continuously added to the system at
the dilution rate &; all components are removed
from the system at the same . IV, is the nitrogen
concentration in the inflow medium; b, and b,
are the maximum birth rates of Chlorella and
Brachionus; K. and K, are the half-saturation
constants of Chlorella and Brachionus. Demo-
graphic structure is represented by the mortality
of Brachionus, m, and the decay of fecundity of
Brachionus, \. 8 and N, are adjustable parame-
ters of the chemostat system. We derived all
other parameter values from our own chemostat
system or used published sources on Chlorella
and Brachionus (18).

Our model differs in two important ways
from standard predator-prey models. First, as
a consequence of the chemostat setup, we
include the inorganic resource as a state vari-
able. This allows accurate modeling of the
uptake dynamics of the algal population and
is preferable to the common practice of pos-
iting logistic growth for the primary producer
(2, 3). Second, we include predator mortali-
ty—as in (/9)—and senescence rate, which
substantially alter the dynamics at low 8.
Commonly, 8 is the only loss term for organ-
isms in chemostat models (20, 21).

Our model predicts one of three behaviors:
extinction of the predator or of both predator
and prey, coexistence at an equilibrium, or co-
existence on limit cycles. The dynamics predict-
ed depend on the values of N, and & and show
distinct transitions between these types of be-
havior (Fig. 1A). Low nutrient supply, i.e., ei-
ther low 3 or low N, keeps the two species at an
equilibrium (/9), unless the nutrient input is too
low to sustain the predator population or both
the predator and the prey populations. Enrich-
ment can destabilize the system and cause it to
switch to a limit cycle. The effect of further
enrichment depends on whether N, or § is al-
tered. Increasing & causes the system to switch
back to equilibrium. Increasing N, however,
leads to extreme oscillations. Although the
mathematical model allows the populations to
recover from infinitesimal numbers, we—more
realistically—regard  populations below a
threshold density of one individual per chemo-
stat as unable to survive. Region d in Fig. 1A
indicates where such extreme oscillations occur
in the model, and we predict extinction for these
parameter values.

According to the model and common sense,
rotifers and algae only survive in the chemostat
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if their birth rates are greater than their death
rates. At low 9, old rotifers accumulate, and the
proportion of the rotifer population that contrib-
utes to reproduction drops. Under this condi-
tion, if N, is sufficiently high, primary produc-
tion can compensate for the reproducing roti-
fers’ total mortality (A + m + 3), and algae and
rotifers coexist at an equilibrium. At higher 8,
the age structure shifts toward younger individ-
uals, nutrient supply and algal production are
sufficiently high to allow high rotifer birth rates,
and, in this case, rotifers and algae coexist at an
equilibrium that is characterized by high repro-
duction and rapid turnover. In our model, start-
ing at any combination of 3 and N, yielding
equilibrium conditions (Fig. 1A, region b) and
increasing N, eventually leads to the coexist-
ence of rotifers and algae on a limit cycle. This
destabilizing effect of enrichment is well estab-
lished in theoretical population biology as the
“paradox of enrichment” (/). The critical point
at which the equilibrium ceases to exist and the
limit cycle is born marks a “supercritical Hopf
bifurcation” (22). Because we analyze our sys-
tem in two parameter dimensions, a curve sep-
arates the regions of equilibria and limit cycles
(Fig. 1A, regions b and c). Crossing this curve
results in a Hopf bifurcation.

We ran 18 chemostat trials with predator
and prey populations at 14 different dilution
rates and two different nitrogen concentra-
tions (Fig. 1A). One set of trials represents a
transect across the two-dimensional parame-
ter space at constant N, = 80 pmol/liter with
d varying between 0.04 and 1.37 per day (Fig.
1B). Four trials were run at elevated N, = 514
wmol/liter and an average & of 0.44 per day.
In these four trials, we consistently observed
extinction of Brachionus after Chlorella had
been grazed down to very low densities (Fig.
2A). All our trials at low N, resulted in the
coexistence of Brachionus and Chlorella ei-
ther at an equilibrium or on limit cycles (Fig.
2, B to E). At intermediate 8, the two popu-
lations oscillated, whereas at very low and
very high 3, they remained at equilibrium.
This was true whether we kept 3 constant
throughout one trial or switched it during the
trial, thereby transferring the dynamics from
equilibrium to oscillations (Fig. 2D).

To summarize the dynamics of all chemo-
stat runs at low N,, we computed the coeffi-
cient of variation (CV) of Chlorella and Bra-
chionus densities for each trial. The CV
ought to be zero for all state variables of a
noise-free system at equilibrium, but greater
than zero if the system oscillates. We plotted
CV (23) as a function of & (Fig. 3) and
recovered the dynamical behavior predicted
by the model. There are three distinct groups
of trials: one at intermediate & with CV >
30% (oscillating populations), the other two
with CV < 18%, either at high or low &.
These two groups contain only populations at
equilibrium, and we attribute the remaining
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CV to noise associated with the experimental
system.

According to our experiments, the two
Hopf bifurcations occur at 0.32 per day <
& < 0.64 per day and at & ~ 1.16 per day. We
were able to separate continuous regions of
oscillations and equilibria along the & gradi-
ent. Conflicting evidence at 8 ~ 1.16 per day
(i.e., one trial with oscillations, one at equi-
librium) corroborates our localization of the
second bifurcation. In its neighborhood, the
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dynamical behavior changes rapidly, and
slight differences (e.g., in temperature or il-
lumination) between two chemostats run at
identical 3 may cause the system to settle on
either oscillations or equilibrium. We note
that both bifurcation points we observed are
shifted toward slightly higher dilution rates
than the model predicts (Fig. 1B, region 3),
probably because of subtle inaccuracies in the
parameter estimation.

We conclude that our model reliably ex-
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Fig. 1. Predictions of the mathematical model. (A) Theoretical dynamic states of the chemostat
predator-prey system as a function of nitrogen inflow concentration (N)) and dilution rate (3).
Plotted are the results of numerical simulations on a 256 X 512 grid in the (3, N;) parameter plane.
Region a: Extinction of the predator alone or of both predator and prey together. Region b:
Coexistence at an equilibrium. Region c: Coexistence on a stable limit cycle. Region d: Extinction
due to extreme cycles (see text). Points indicate the 18 combinations of N; and & for which we ran
chemostat trials in this study. (B) Bifurcation diagram showing the maxima and minima of predator
(B. calyciflorus, black line) and prey (C. vulgaris, gray line) concentration for the chemostat system
across the range of 0 per day < 3 < 1.8 per day, and at constant N, = 80 wmol/liter.
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Fig. 2. Example experimental results
-20 showing extinction, equilibria, and pop-
[ 10 ulation cycles at different values of che-
mostat dilution rate (3) and nitrogen
0 inflow concentration (N,). Population
dynamics of B. calyciflorus (predator,
black symbols) and C. vulgaris (prey,
20 open symbols). Straight lines connect
L10 daily sampling results. (A) Extinction of
o the predator at high N, = 514 pmol/

liter and intermediate 8 = 0.44 per day.
Values are means =+ SD of four synchro-
nous trials. (B to E) Examples of trials at
low N; = 80 wmol/liter. (B) Equilibrium
at low 3 = 0.04 per day. (C) Cycles at
intermediate 8 = 0.64 per day. (D)
Transition from equilibrium to cycles;

-8 = 1.15 per day on left side of the
arrow, 8 =0.95 per day on right side of
the arrow. (E) Equilibrium at high & =
1.24 per day. Note different scale for C.
vulgaris in (A).
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Fig. 3. Relative stability of experimental pred-
ator-prey chemostat cultures. Coefficient of
variation (23) of time series (day 20 to end of
trial) for all chemostat trials at N, = 80 wmol/
liter. Low CV indicates populations at equilib-
rium (CV > 0 because of noise), high CV indi-
cates fluctuating populations. Brachionus caly-
ciflorus (predator, black symbols) and C. vul-
garis (prey, open symbols).

plains the overall dynamical behavior of the
nitrogen-Chlorella-Brachionus system; a sim-
ple laboratory culture system containing popu-
lations of real predators and prey exhibits the
oscillatory dynamics predicted by a mathemat-
ical model. This model is of the same type that
has led theoreticians to posit that fluctuations in
natural populations may be internally driven
(24). However, the model does not correctly
predict some of the quantitative characteristics:
the observed cycle periods are too long, and the
positions of the predator minima and prey
maxima are too close together relative to
prediction. This suggests that some addi-
tional mechanism, not represented in our
model (e.g., variable algal quality), comes
into play only when the populations are
undergoing large-amplitude cycles.

The rotifer-algal chemostat system has al-
lowed us to study the conditions under which
predator-prey cycles arise. It now provides an
opportunity to explore the occurrence of
more complex dynamics such as determinis-
tic chaos (20-22), cyclic predator-prey co-
evolution (25), and evolutionary responses
that might reduce the likelihood of complex
dynamics (26).
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Coherence and Conservation

David J. D. Earn,'* Simon A. Levin,2 Pejman Rohani?

A principal aim of current conservation policy is to reduce the impact of habitat
fragmentation. Conservation corridors may achieve this goal by facilitating
movement among isolated patches, but there is a risk that increased connec-
tivity could synchronize local population fluctuations (causing coherent oscil-
lations) and thereby increase the danger of global extinction. We identify
general conditions under which populations can or cannot undergo coherent
oscillations, and we relate these conditions to local and global extinction
probabilities. We suggest a simple method to explore the potential success of
conservation corridors and, more generally, any manipulations of dispersal
patterns that aim to protect threatened species or control pests.

There is growing concern about the adverse
effects of habitat fragmentation on the long-
term viability of endangered species (/).
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Many studies attempt to evaluate the effects
of past actions, to predict the outcomes of
further fragmentation, and to promote conser-
vation measures (2, 3).

A critical issue that is often emphasized is
synchrony of population dynamics in differ-
ent habitat patches (4-9). If a population
goes extinct in one patch while other patches
retain substantial numbers, the classical “res-
cue effect” can prevent global extinction (7).
However, if extinction occurs in all patches
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