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Triple Vortex Ring Structure in
Superfluid Helium Ii

Demosthenes Kivotides, Carlo F. Barenghi,* David C. Samuels

Superfluids such as helium Il consist of two interpenetrating fluids: the normal
fluid and the superfluid. The helium Il vortex ring has generally been considered
merely as a superfluid object, neglecting any associated motion of the normal
fluid. We report a three-dimensional calculation of the coupled motion of the
normal-fluid and superfluid components, which shows that the helium Il vortex
ring consists of a superfluid vortex ring accompanied by two coaxial normal-
fluid vortex rings of opposite polarity. The three vortex rings form a coherent,

dissipative structure.

Vortex rings (/) have long been studied as
ideal examples of organized flow structures.
A large body of literature has been concerned
with vortex rings in a zero-viscosity (invis-
cid) fluid in which the vortex core thickness
is much smaller than the ring’s radius. This
mathematical idealization is realized in a
quantum fluid (2, 3), helium II, which is a
superposition of two fluid components: the
normal fluid (which is a fluid with nonzero
viscosity) and the superfluid (an inviscid flu-
id). The concept of the superfluid vortex ring
(4) or loop has contributed to many advances

Mathematics Department, University of Newcastle,
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in superfluidity, ranging from vortex creation
(5, 6) to turbulence (7—10). An example of
this is the fundamental issue of quantum me-
chanical phase coherence and the onset of
dissipation. Ions injected into superfluid he-
lium II move without friction, provided that
the speed does not exceed a critical value (171)
above which superfluid vortex rings are cre-
ated (5). Vortex creation (12, 13) and motion
(14, 15) have been studied theoretically using
various models and are also being investigat-
ed by atomic physicists in the context of
Bose-Einstein condensation in clouds of al-
kaline atoms (/5, 16). The concept of the
vortex ring has been applied to interpretations
of the nature of the roton (/7-19) and the
superfluid transition itself (20). Finally, vor-
tex rings are important in the study of super-

fluid turbulence, which manifests itself as a
disordered tangle of superfluid vortex loops
(distorted vortex rings). Superfluid vortex
lines may also end at walls, or at free surfac-
es, without forming closed loops. For sim-
plicity, we will consider here a circular su-
perfluid vortex ring, but our results should
also apply to all superfluid vortex lines.

Recent experiments, such as the observation
of decay rates of superfluid vorticity (21, 22)
consistent with the decay rates of Navier-Stokes
turbulence, motivate our study of the dynamical
coupling between the superfluid vorticity and
the normal-fluid component. Superfluid vortic-
ity scatters (23) the thermal excitations that
make up the normal fluid, producing a mutual
friction acting on the velocity fields V, and V,
of the two fluid components of helium II. Al-
though the superfluid vorticity can be detected
directly by the second sound technique (21),
very little is actually known about the normal-
fluid flow because we have no practical flow
visualization techniques near absolute zero. We
present results of a three-dimensional calcula-
tion in which V, and V, are determined self-
consistently. The calculation reveals the sur-
prising triple structure of the helium II vortex
ring. We also discuss the implications of this
finding for the interpretation of current turbu-
lence experiments.

Our method is based on an improvement
over the vortex dynamics approach of
Schwarz (24, 25), who modeled a superfluid
vortex line as a curve S(&,¢) that obeys the
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Fig. 1. Schematic representation of a superfluid
vortex ring of radius R and- core size a << R
lying in the x-z plane and propagating with
speed V; in the y direction. In helium Il the core
size a is ~0.1 nm.

S
7 V. + 18" X (V, — V)

—hS' XS X (V,—~ V) 1
where ¢ is time, & is arc length, and primes
represent derivatives by arc length. For con-
venience, the mutual friction coefficients
(26) h, and h, are respectively defined from
the standard mutual friction coefficients D
and D, by h, = pxkD/D?> + D? and h; =
(D2 -DyD)/(Dy? + D?), where D, = pk —
D,, x is the quantum of circulation, and p, is
the density of the superfluid component. The
superfluid vorticity generates a velocity V,
through the Biot-Savart law,

_ Kk [(8—x)XdS
VS(X)—Z; S — x|3 (2)

where the integral extends over all superfluid
vortex lines (and over image vortex lines if
boundaries are present). In the absence of fric-
tion (h, = h, = 0) we recover the classical Euler
model, in which a vortex ring of radius R moves
at the self-induced speed ¥ = («/4mwR)[log(8R/
a) — 4], where a is the vortex core radius. The
key feature that makes our approach different
from that of Schwarz is that the normal-fluid
velocity V, is not held fixed in this calculation,
but is obtained at each time step by solving the
forced Navier-Stokes equation

n

v,

W + (Vn'V)Vn

- ly suwvilir
p Pa

where p_ is the density of the normal-fluid
component, p is the total density of the fluid,
p is pressure, v, = w/p, is the kinematic
viscosity (where w is viscosity), V is the
gradient operator, and F is the mutual fric-
tion force per unit volume. This equation is
only valid when the flow is isothermal. The
treatment of the motion of the excitations
(the constituents of the normal fluid) as a
fluid is only valid at length scales larger
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Z axis

Fig. 2. Normal-fluid velocity
field in the y-z plane induced
by mutual friction with the
superfluid vortex ring. The
superfluid vortex ring cuts
through the plane at the cen-
ters of the jet-like flows in
the normal fluid [approxi-
mately at positions (32,17)
and (32,47)]. The normal-flu-
id flow was calculated on a
64> grid. The parameter val-
ues are temperature T = 1.3
K and Reynolds number Re =
2RVy /v, = 1.2, where R and
V, are the initial radius and

than the excitation mean free path (2).

The superfluid vortex line S is discretized
into N mesh points (typically N = 202), and
the Navier-Stokes equation is discretized into
a three-dimensional grid of M3 points in a
periodic box (typically M = 64). The friction
force on the normal fluid, per unit length of
superfluid vortex line, is given by
f=DS' XS X(V,—V)—-DS'

X (Vn - VL)
where V; = dS/dt is the velocity of the super-
fluid vortex line. The mutual friction force per
unit volume, F = Zfd¢/8>, on each cell of the
computational grid is calculated from the con-
tributions of each segment of S (of length d&)
that falls within that grid cell of volume &°. Grid
cells that contain no superfluid vortex lines feel
no mutual friction force.

The calculation begins with a circular super-
fluid vortex ring (Fig. 1) and the normal fluid at
rest. As the superfluid vortex ring moves, a
normal-fluid flow structure is created by the
action of mutual friction. The superfluid vortex
ring remains circular, and the induced normal-

O

velocity of the superfluid vor-
tex ring, respectively.

Fig. 3. Iso-surfaces of the ¢ component
of the normal-fluid vorticity w,,. Posi-
tive values are blue and negative values
are red, and the two iso-surfaces are set
at the same magnitude of w,,. The su-
perfluid vortex ring is oriented so that
its vorticity vector defines the positive
¢ direction (the angle about the y axis).
The superfluid vortex ring lies between
the two normal-fluid vortices. The triple
vortex structure moves to the right
along the y axis and is shown from the
rear. The positive (outer) normal-fluid
vortex ring leads the motion, and the
negative (inner) ring trails. The simulation
parameters are the same as in Fig. 2.

fluid flow structure is also axisymmetric. Our
direct time-stepping of the equations of motion
proves the stability of the coupled normal fluid—
superfluid solution with respect to nonaxisym-
metric infinitesimal disturbances. The stability
of this structure was maintained even with im-
posed disturbances in the amplitude of the vor-
tex ring radius of up to 10%. Further numerical
experiments with an imposed uniform normal-
fluid flow, U,, in the direction of the vortex ring
motion also showed that the axisymmetric shape
of this coupled flow structure remains stable for
both shrinking vortex rings (U, < ¥;) and grow-
ing rings (U, > 7).

Our most important finding concerns the
nature of the normal-fluid flow structure creat-
ed by the mutual friction with the superfluid
vorticity. Surprisingly, this structure is not a
trail or wake that slowly decays by viscous
effects behind the superfluid vortex ring, but is
instead a jet-like flow centered on the position
of the superfluid vortex line (Fig. 2). The su-
perfluid vortex ring is thus accompanied by two
normal-fluid vortex rings: one of the same po-
larity and a slightly larger radius, and one of
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opposite polarity and a slightly smaller radius
(Fig. 3). The superfluid vortex ring (not shown
in the figure) is located between the outer and
inner normal-fluid vortex rings, at the position
of the forward jet of normal fluid visible in Fig.
2 [a similar structure has been observed by
Idowu et al. (27) in a simpler two-dimensional
calculation]. The normal-fluid vortex rings
move along with the superfluid vortex ring,
even though the largest normal-fluid velocity is
always smaller than the velocity of the super-
fluid vortex ring, V. This behavior illustrates
that this coupled flow structure is being contin-
uously generated by mutual friction and dissi-
pated rapidly by the normal-fluid viscosity. The
superfluid vortex ring shrinks as it moves, pro-
viding the energy that is dissipated in the normal
fluid.

We observe that the normal-fluid flow
structure generated by a superfluid vortex ring
moves with the superfluid vortex ring and has
the same length scale. The Reynolds number
defined using a length scale of 2R and a veloc-
ity of ¥ is Re = (k/v_){[log(8R/a) — Y4]/2m}.
The term in braces is close to unity for a very
large range of R, and the ratio k/v, is of order
unity. Thus, the Reynolds number of the nor-
mal-fluid part of this flow structure is of order
unity.

The qualitative form of the normal-fluid
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vorticity generated by the superfluid vorticity is
important in the interpretation of current turbu-
lence experiments in helium II (21, 22, 28, 29).
It appears from our calculation that, at least in
the parameter regime studied, superfluid vortic-
ity is not able to stir the normal fluid strongly
enough to make it turbulent, but rather creates a
very dissipative Stokes flow in the normal fluid
near the superfluid vortex lines. If we rule out
this source of turbulence, then normal-fluid tur-
bulence must then be induced by the boundaries
(21, 28, 29) or arise from shear flow instabilities
(30). Only in the case of shear flow instabilities
could the mutual friction force with the super-
fluid directly affect the normal-fluid turbulence.
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shift of m/2 experienced by electrons at the
Fermi energy scattering of the many-body
spin singlet (7, 8), known generally to take
place at resonance. The phase evolution in a
Kondo-correlated QD was theoretically pre-
dicted also to be /2 at resonance (9). Here,
we address this issue experimentally by com-
bining a mesoscopic Kondo-correlated QD
with a double path Aharonov-Bohm (AB)
interferometer (10, 11). After verifying the
coherence of the QD, we proceeded to mea-
sure the traversal phase shift of the electrons
that pass through the dot.

The QD, serving as a localized spin, is a
small, confined puddle of electrons, with two
tunnel barriers coupling it to two electron
reservoirs. The electrons in the puddle occu-
py a discrete ladder of energy levels, with
level energy €, and an average energy sepa-
ration A between non—spin-degenerate levels.
A capacitively coupled metallic gate ( plung-
er) is used to tune the energy levels in the dot.
Resonant tunneling between the two reser-
voirs (through the tunnel barrier—dot—tunnel
barrier system) occurs and current flows
when an energy level in the dot is aligned
with the Fermi level in the leads. When one
of the electronic levels drops below the Fermi
level in the leads, this level becomes occu-
pied and the number of electrons in the dot
increases by one. However, due to the small
capacitance C of the QD and the discreteness
of the electronic charge e, an additional clas-
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