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Bosonic Stimulation in the Formation of a
Bose-Einstein Condensate

H.-J. Miesner, D. M. Stamper-Kurn, M. R. Andrews,
D. S. Durfee, S. Inouye, W. Ketterle

The formation of a Bose-Einstein condensate of a dilute atomic gas has been studied
in situ with a nondestructive, time-resolved imaging technique. Sodium atoms were
evaporatively cooled close to the onset of Bose-Einstein condensation and then sud-
denly quenched to below the transition temperature. The subsequent equilibration and
condensate formation showed a slow onset distinctly different from simple relaxation.
This behavior provided evidence for the process of bosonic stimulation, or coherent
matter-wave amplification, crucial to the concept of an atom laser.

Atlow temperature, many properties of sys-
tems are determined by the quantum statis-
tics of their constituents. For one type of
particles, known as bosons, transition rates
into a given quantum state are enhanced by
the presence of other identical bosons in that
state. Explicitly, if N bosons occupy a given
state, the transition rates into that state are
proportional to (N + 1). This effect, known
as Bose stimulation, is most familiar as the
gain mechanism in an optical laser, where
the presence of photons in the lasing mode
stimulates the emission of more photons into
it. Similarly, in the case of bosonic atoms,
Bose stimulation can lead to matter-wave
amplification and constitutes the gain mech-
anism of an atom laser, a device that creates
a coherent beam of atoms by means of a
stimulated process. The Bose-Einstein distri-
bution function can be derived from Bose
stimulation and detailed balance. In partic-
ular, a Bose-Einstein condensate is only sta-
ble because of the enhanced elastic scatter-
ing into the condensate. Bose-Einstein con-
densation (BEC) was recently observed in
dilute atomic gases (1) and was used to real-
ize an atom laser. Our first demonstration of
an atom laser (2, 3) focused on the direct
proof that atoms coupled out from a conden-
sate were coherent. In this work, we consider
the gain process by studying the formation of
the condensate.

The theoretical description of BEC in
weakly interacting dilute gases has a long
history and has accounted for most of the
experimental results (4, 5). In contrast, a full
description of the dynamics of condensate
formation has not yet been developed. Pre-
dictions for the time scale of condensation
varied between infinite (6) and extremely
short (7). The early prediction for infinite
time was based on a Boltzmann equation; in
this framework, the condensate fraction can-
not grow from zero (6, 8, 9). Thus, a separate
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process of nucleation had to be introduced
with Boltzmann equations describing the dy-
namics only before (10) and after (11) the
nucleation. Stoof suggested that a conden-
sate nucleates in a short coherent stage (7, 9,
12) and then grows according to a kinetic
equation. Kagan and collaborators discussed
the formation of a quasi-condensate that, in
contrast to a condensate, has phase fluctua-
tions; they die out on a time scale that
increases with the size of the system (13-16).
In the thermodynamic limit, it would take
infinite time to establish off-diagonal long-
range order. Recently, a fully quantum me-
chanical kinetic theory for a Bose gas has
been formulated and was used to model the
formation process of the condensate (17).
The experimental realization of BEC
certainly proved that condensates form
within a finite time. Likewise, the observa-
tion of high-contrast interference between
two condensates demonstrated that con-
densates develop long-range coherence in a
finite time (2). However, a determination
of the intrinsic time scales was not possible
because the cooling was slow enough that
the system stayed close to thermal equilib-
rium. Thus, the buildup of the condensate
followed the externally controlled temper-
ature and did not reveal the more rapid
intrinsic dynamics of condensate formation.
In the work presented here, we cooled the
system to a temperature slightly above the
phase transition and then suddenly created
a nonequilibrium configuration of lower en-
ergy in order to observe the intrinsic relax-
ation toward a new condensed equilibrium.
The experimental setup for cooling to the
onset of BEC was similar to our previous
work. Sodium atoms were optically cooled
and trapped and then transferred into a clo-
verleaf magnetic trap (18). Further cooling
by radio frequency (rf) evaporation (19) was
conducted with a trapping potential deter-
mined by the axial curvature of the magnetic
field of B” = 125 G cm™2, the radial gradient
of up to B’ = 150 G cm™!, and the bias field

of typically B, = 1.5 G. Most of this study
was performed with a weaker trap, where the
magnetically trapped cloud was adiabatically
expanded after evaporative cooling by reduc-
ing B’ to 80 G cm™L. In the strong (weak)
trap the transition was reached after 26 s of
evaporation at 1.5 wK (1 uK) with 2 X 107
(9 X 107) sodium atoms in the F = 1, m =
—1 ground state. The atom clouds were ci-
gar-shaped, with the long axis horizontal.

The temperature of the cloud was con-
trolled by the final frequency of the rf
sweep during evaporative cooling and was
brought to slightly above the phase-tran-
sition temperature. A nonequilibrium sit-
uation was then created by concluding the
evaporation with a fast sweep of the rf
frequency, ramping down by 200 kHz in
10 ms. This sweep caused a sudden trun-
cation of the wings of the spatial distribu-
tion, where atoms were resonantly spin-
flipped to a nontrapped state. The final
frequency of the sweep depended critically
on drifts in the magnetic bias field B, on
the order of 10 mG. Rapid “quenching” of
the cloud into the BEC regime was essen-
tial to clearly observe the onset of conden-
sate formation. After the rf sweep, the
intrinsic dynamics of condensate growth
was observed without any further cooling
in a completely isolated system.

The condensate was directly observed by
nondestructive phase-contrast imaging (20,
21) with the use of a vertical probe laser
beam at a detuning of 1.7 GHz. A series of
18 images was taken (Fig. 1) by a charge-
coupled device (CCD) camera in kinetics
mode (21), allowing for a time-resolved
measurement of the formation of single
condensates. The probe laser power was
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Fig. 1. Formation of a Bose-Einstein condensate.
Shown is a sequence of 18 phase-contrast imag-
es of the same condensate taken in situ. The first
two frames show a thermal cloud at a tempera-
ture above the transition temperature. The fol-
lowing 16 frames were taken after the cloud was
quenched to below the BEC transition and show

- the growth of a condensate at the center of the

cloud at 13-ms intervals. Note the decrease in
the number of thermal atoms and their smaller
width after the rf sweep. The column density of
atoms is shown in false color: yellow to red
marks the high density of the condensate. The
length of the images is 630 pm.

1005



S g g g S g e e s g g n e ey -
O B A R A A Bl S e e

s g
chosen low enough that heating during the
detection process was negligible. The initial
and final equilibrium conditions were char-
acterized by taking the first images before
the sweep and the last three images 300 to
400 ms after. The ability to obtain real-time
“movies” of the formation was used to over-
come shot-to-shot fluctuations in initial
conditions. The numbers of condensate and
thermal atoms as well as the temperatures
were extracted from one- and two-dimen-
sional fits to the density distributions (Fig.
2). A bimodal function was fit to the den-
sity distribution with a Bose-Einstein distri-
bution for the thermal fraction and an in-
verted parabola for the condensate density
ny(r) = ny(0) — V(r)/U. The latter is the
solution of the nonlinear Schrédinger equa-
tion in the Thomas-Fermi approximation
(22). Here, V(r) denotes the trapping po-
tential as a function of radial distance r, and
U = 4mwh?a/m describes the interaction be-
tween the atoms of mass m, where # is the
Planck constant divided by 2m, and a
= 2.75 nm is the scattering length. The
temperatures were obtained by fits to the
wings of the thermal fraction, and the ab-
solute numbers of condensate atoms were
determined from the axial length of the
condensate assuming the Thomas-Fermi ap-
proximation. This result provided an accu-
rate calibration for the phase-contrast sig-
nal. Condensates smaller than 10° atoms
could not be discerned against the back-
ground of the thermal cloud.

Figure 3A shows a single-shot growth of
the condensate. Equilibrium was reached
within 200 ms after the rf sweep. Better
statistics were obtained by averaging over
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Fig. 2. Representative profiles of atom clouds
during condensate formation. These are longitu-
dinal cuts through the column densities obtained
from phase-contrast images similar to those in
Fig. 1. The rf sweep, which quenched the cloud,
was applied betweent = =10 ms and t = 0.
Labels show the time elapsed after the rf sweep.
The formation of the condensate is reflected by
the growth of the central peak.
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several traces (Fig. 3B) with the same equi-
librium condensate number. Temporal fluc-
tuations of about 20 ms were eliminated by
shifting the curves before averaging. The
fluctuations in condensate number are
probably due to shot-to-shot variations in
loading conditions (~20%) and to varia-
tions in the truncation caused by drifts of
the magnetic field By Also, because of
these fluctuations, there was sometimes a
small condensate already produced before
the rapid rf sweep. The final condensate
fraction varied between 5 and 20%. When
no condensate was present right after the rf
sweep, the growth started slowly and sped
up after 50 to 100 ms. In contrast, if there
was already a substantial condensate frac-
tion at the beginning of the f sweep, rapid
growth of the condensate commenced im-
mediately (Fig. 3B). These different behav-
iors are in agreement with the model based
on bosonic stimulation described below.
Because the formation of the condensate
is expected to be a Bose-stimulated process,
the number of condensate atoms N, should
grow initially as N, = YN, , where v is the
initial growth rate. Eventually, when the
cloud reaches equilibrium (N, conden-
sate atoms), the growth rate becomes zero,
which can be parameterized by assuming

o= (1= ()]
0 = YINo NO,eq

The exponent 3 was set to 2/5, consistent
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Fig. 3. Growth of the condensate fraction toward
equilibrium. Shown is the number of condensate
atoms versus the time after the end of the rf
sweep. The number of condensate atoms in equi-
librium was measured about 400 ms after the rf
sweep. (A) Growth of a single condensate in the
weak trap (circles); (B) average of about 10 traces
with similar equilibrium values for the number of
condensate atoms in the strong trap (symbols).
The solid lines correspond to the solution of Eq. 1;
the dashed and dotted lines in (A) are solutions of
Eq. 3.
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with an approximate microscopic theory
(17) for which the rate of growth is linear in
the difference of the chemical potentials of
the condensate (which is proportional to
N3?) and the surrounding thermal cloud.
All condensate growth curves in Figs. 3 and
4 were fit with the solution of Eq. 1

NO 3 -1/
No(t) = No,ie’”[l + <N—l) (¥ — 1)]
0,eq
(2)

The only free parameters were y and the
initial number of condensate atoms N, at
time t = 0, that is, right after the rf sweep.
Treating  as a free parameter did not im-
prove the quality of the fits. Equation 2
describes the observed growth curves very
well (Figs. 3 and 4).

It should be pointed out that Eq. 1 is
quite different from the differential equa-
tion for a pure relaxation process, which is

described by
NO = ﬁ(NO,eq - NO) (3)

The solution of Eq. 3 is an exponential
approach to equilibrium

N(t) = Noey(1— e¥?)

that starts right after the rf sweeﬁ (dashed
line in Fig. 3A); it describes the data very
poorly.
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Fig. 4. Initial stage of the formation process, re-
corded for a single formation event. (A) The num-
ber of atoms in the condensate, (B) the number of
thermal atoms, and (C) the effective temperature
of the cloud, represented by the square of the
widths of the thermal cloud in the radial (open
circles) and axial (full circles) directions. Note the
break in the time axis indicated by the dashed line.
The solid line in (A) corresponds to the solution of
Eqg. 1; those in (B) and (C) connect the data points.
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We also added an induction time as an
additional free parameter (dotted line in
Fig. 3A). With a value of 40 ms, it describes
the data fairly well after a small condensate
has formed and shows that the main effect
of bosonic stimulation is an induction time
before the onset of rapid growth. In Eq. 2,
this induction time corresponds to the time
of pure exponential growth, that is, bosonic
stimulation, which is short and prominent
only for small N, because of the small value
of & = 2/5.

The early stage of condensate formation
was studied by taking pictures every 5 ms
(Fig. 4). The thermal density showed no
major deviation from a Bose-Einstein distri-
bution; the effective temperature quickly re-
laxed toward half the initial value (Fig. 4C),
accompanied by weak, strongly damped qua-
drupole-type oscillations at a frequency of
about two times the axial trap frequency.
The total number of thermal atoms reached
a quasi-stationary value about 5 ms after the
end of the if sweep and was fairly constant
during the formation of the (small) conden-
sate. This quick “equilibration” is in accord
with time scales set by the magnetic trap—
that is, a quarter cycle in the harmonic po-
tential, which was 3 ms radially and 14 ms
axially—and by the elastic scattering rate -y,
= nov ~ 500 s~ !; here n is the atom density,
o = 8ma® denotes the elastic collision cross
section, v = 4(kgT/mm)'? is the thermal
velocity, kg is the Boltzmann constant, and
T is the temperature. Therefore, the conden-
sate growth, which happens on a time scale
of 100 ms, should only be weakly perturbed
by transients from the initial truncation pro-
cess. Furthermore, Fig. 3B is evidence that
the transients did not suppress the initial
condensate growth: the condensate started
growing without a notable induction time in
those cases where a considerable condensate
fraction was already present. These results
suggest that condensation occurred in two
steps: a fast relaxation that produced an
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Fig. 5. Condensate growth rate vy versus number
of condensate atoms in equilibrium Npq. The
points are fits to single growth curves. The shade
of the points indicates the final temperature T of
the cloud. Ny oq and T were coupled by the depth
of the truncation in the rf sweep. The solid line
indicates the theoretical prediction for y according
to Eqg. 6, multiplied by a factor of 3.
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oversaturated “thermal” cloud, followed by a
slower growth of the condensate within the

‘thermal cloud.

A detailed discussion of the second
phase of formation has recently been for-
mulated by Gardiner and collaborators (17)
for the inhomogeneous Bose gas. They as-
sume that the condensate is in contact with
a thermal cloud at a constant temperature
below the transition point. Using a master
equation based on quantum kinetic theory
(17), they derived a growth equation for the
condensate (valid for large N,, as in our
experiment)

No=2W*(No) {[1 —exp( %oT )]N0+1}
' (4)

The first term in the curly brackets is the
stimulated scattering term, which is non-
vanishing as long as the chemical poten-
tial of the thermal bath w is different from
the chemical potential p, of the conden-
sate. The last term (the number one)
stands for spontaneous scattering into the
condensate mode. The function W*(N,)
is only weakly dependent on N, during the
formation and, for p << kgT, is approxi-
mately equal to W* = V8{(3/2)y,,
where {(3/2) = 2.612 is the Riemann zeta
function. If we assume p and py << kgT
in Eq. 4, use a Thomas-Fermi expression
for

pn = (1582aVma’Ny/V8)¥s  (5)

(and similarly for p, with N, replaced by
o eq), and neglect the spontaneous scatter-
ing term, we obtain our Eq. 1 with

=2w* ﬁ « Ngl,T

(6)
where ® denotes the geometric mean of the
trapping frequencies.

Our results for the rate parameter vy are
larger than this theoretical prediction by a
factor that ranges between 3 and 15. Fur-
thermore, Eq. 6 predicts an increase of the
rate y with both temperature T and the
number of condensate atoms in equilibrium
No,cq- The observed trend is in the opposite
direction (Fig. 5), that is, 'y decreases when
No,q and T simultaneously increase. This
trend is independent of the value assumed
for 8 between 0.2 and 5 (23). A tentative
explanation is saturation of the stimulated
growth rate of the condensate. This rate
should ultimately be limited by the rate of
elastic collisions within the volume of the
condensate; strong stimulation would create
some local depletion of the thermal cloud,
which is not included in the theory.

In order to obtain a full quantitative
understanding of the condensate formation,

more detailed studies are necessary experi-
mentally and, especially, theoretically. On
the experimental side, an improved signal-
to-noise ratio could reveal more clearly the
details of the initial phase of condensate
formation, dominated by a pure exponential
growth, which would provide a direct proof
of Bose stimulation. Ultimately, the nucle-
ation process and fluctuations in the onset
of condensate formation (9, 14, 16) might
be observed. Also, a further characteriza-
tion of the nonequilibrium situation would
be helpful. Theory could include a realistic
model of the spatial truncation process, but
it seems that a more refined approach is
necessary to resolve the discrepancies with
our observations.
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