
Resilient Quantum Computation putation can he  u\eJ  to proces5 measure- 
ment  outcomes a n J  control future iluan- 
tuln gate\ 

Assumptions and error models T o  cie- Emanuel Knill, Raymond Laflamme, Wojciech H. Zurek 
scrilye a nolsy iluantum net\vork, we intro- 
duce the  not ion o t  error locations. \\-hich 

Practical realization of quantum computers will require overcoming decoherence and 
operational errors, which lead to problems that are more severe than in classical com- 
putation. It is shown that arbitrarily accurate quantum computation is possible provided 
that the error per operation is below a threshold value. 

are \ires n-here errors can occur. T h e  he- 
l - iavi~r  of a ~lu;intum network can he rer-  
resenteii as n sum of net~vorks  reprewntlng 
all combination\ o t  t~ossible error,. \We 
call thia a n  error expansLon (it the  net-  
work. T h e  t ~ n a l  state of t h e  computation 
can be evaluateJ by \umrning the  state\ 
a\\ociateJ ~ v i t h  each part of the  error e s -  
p a n s o n .  Operational error locationi are 
placeci atter each gate (including state 
preparation but not  measurements). Llem- 

T h e  iiiscovery that iluantum computers 
can be much more po\verful than  t h e ~ r  
classical coun te rpa r t  (1-4) anci recent aci- 
vance\ in  quantum Jevlce technology (5. 
5 )  li,i\.e brought the  fielii o t  q u a n r ~ ~ m  corn- 
putation into the  l inleliel~t.  H~nvever ,  un- 
t11 recently, tlle hope (ui taming quantum 
byStelIlb has been overshacio!\-ed by the  
f r a g ~ l ~ t y  of ~ L I ~ I ~ ~ I I I ~  i~ l fo r~n i i t io~ l .  This tra- 
g l l~ ty  comes froln t ~ v o  seemingly contra- 

in real J e v ~ c e s  cannot  he representeci n-ith 
stochastic errors. In  par t~cular ,  unitary 

overrotation o t  operation\ ( 1  9 )  anL1 small 
but nonnegl ig~ble  interaction\ betn-een 
nearby 1~1 t \  glve rise to such errors. Our  
purpose i\ to \ho\\- how these ob\taclcs can 

ory errors exi\t o n  each bit be t~veen  oper- 
atlons. W e  give a n  analysis h r  operational 

lie surmounteii. 
T h e  first oh\tacle 15 overcome 1 x  u \ i n ~  

error\; the  genera1i:ation to  other errors is 
s t ra ichrhr~\-ard .  

concate~lateii  coiles that involve re-en- 
coiling alreaciy encodeii hits. This p r o c e s  
reci~~ces  the  etfectlve error rate at each 
level, with the  final accuracy being depen- 
dent  on h o ~  many levels o t  the  hierarchy 
are used. To overcome the  seconci olista- 

Lncier ~lllperfect e \olut lon ot ,I ne t -  
nark, n e  can c i ~ s t ~ n g u ~ \ h  t h e  p,lrt ot the  
error eupanslon that  ha5 t h e  Je\~reci he- 
l1;1\ Lor ,lnci the  erroneous n x t  T h e  <) \  er,~ll  

dictorv requirements. T h e  system must lie 
well ~nsula ted from the  environment.  
I\-herea, its components neeci to  Interact 
itrongly to  p e r t ~ ~ r m  the  computation. As a 

amplitucie of failure 15 t he  r n a s ~ l l l r ~ ~ n  am- 
plitucie of the  incorrect part over all poi- 
\iblc initial state\ .  This quantity is closely 
relateJ to the  standarL1 notlons of fiLlellt~ 

cle, \ve s h o ~ v  by e s p l ~ c i r  construction that  
a n  error t'nresholii exists such that lf each 

r e s ~ ~ l t  c)f the  interaction, the  computer 
necessar~lv liecomes increa5inel.r entan-  , , 

?leJ with the  out\iiie n-orld, anci quantum 
information is graciually lost through iie- 
ci)lierencr. ( 7 ) .  Moreover, qu<lntum com- 
p~~taticun requlre5 the  application of pre- 

gate in  a p h v \ ~ c a l  implementation o t  a 
iluantum network ha\ error less t11a1-i this 

( 2 2 )  but i\ easier to  analyze in  the  pre,ent 
context.  For stochastic moLIels, error t~roli-  

thre \holJ ,  it i\ possible to perform any 
quantum computation n-lth arbitrary ~ C C I I -  

racy. Therefore, noise, ~t it is below a 
cert;li~l level, is not  a n  i~hstacle to u n l i n -  

ability is ~ i v e n  1iy the  square o t  the  error 
amplitude. Thus,  noise limit\ are generally 

cise unltary operations to  the  \ystem, anci 
thew operation> cannot  be implementeJ 
t'x;1ctly. For tl1e.e rea,ons, some have con- 
cluL1ed that  the  potential po\ver of quan- 
~ L I I I ~  computer\ cannot  he  harnesseii in 
prClctice ( 8 .  9 ) .  

T h e  f m t  indication that ,uch early a\- 
essment ,  of the  pract~cality o t  quantum 
coml~urat ion mlgl-it lie overly pessimist~c 

much Inore stringent when consiJering 
non\tochastic moJels. 

ired re51lient quantum computation. 
\We begin hy e1nphaii:ing the varlou\ 

; l s \ l~~np t~ons  ; I ~ O L I ~  errors and then Jescrihe 
tour f~lnLIamenta1 element\ of fault toler- 
ance: quantum error-correcting cocie\, fault- 
tolerant error-correction methocis, e~lcodeii 
operations, and ciincatenarion. \Ve corn- 
111ne these e le~nents  to ~rnplement any corn- 
putation resiliently. Finally, the re>ilienr 
net~vork, arc analyreJ to olitain rii:orou\ 
thre\hol~ls f(7r the  qu,1i1-indepen~Ient error 

Assumption\ o n  error behavior are 
conven~en t ly  espresseJ a \  constraints 011 

allo~veii error espa~lsic)~-is. There  are three 
clasae5 o t  constraint\ that \ye cc)~l\iiier. 
T h e  tirst clas\ involves the  types o t  error 
operator'; that can occur a t  a given 
location. \We assume that  n o  bit, are 
lost Juring the  computation. T h e  wc- 
onci class concern, re>trlcticin\ o n  co- 

\\as the  L1isci)very of qu;intum error-cor- 
recting cedes by Sl-ior ( 117) and Steane 
( 1  1 ) .  These coiies imply that  it i, po,.ible 
to  overcome nlemory errors proviLleci that  

herenee, betn een  opr'r,ltor\ In ,In err 01 

eutTan,lon Both ~r i ich, i , r~c  , ~ n d  n i ~ n \ r o -  
cha , r~c  error, are ion.iciereci. T h e  1a.t 
cia>, con\ t r , r~n,  ci>rrel,ition\ liet\veen cr- 

the  operatLon, reilulreJ tor enco i i~ne ,  de- 
coci~ng, and crror correction ,Ire ~ m p l e -  
llle~lteii \\ ~ t h o u t  error, ( 1-7-1 5 )  Tl-i~\ re- 
oulrement ot error-free error-corre i t~on 

llliiikl 

Quantum netmorks and operations 
i in\  iluantum ,i lqor~tlim c,in lie de.cr~beci 
111 Inem,  ot ,i qu<lntLllIl ~ l e t n i ) r k ,  th,ir I , ,  ,I 

ror\ ;lt i i ifkrent loc,ltion,. W e  ciin>icier 
t~t-i i  error n~oiiel,, 

1 )  In~lepcniient ~rcicli,lst~c error,. This 1s 
the qim~le,t  moiiei. It ,lh\ume> that error, 

c ~ p e r a t i o n  n-,l, re1,ixed hy Shor  ( 1  7) ~vit1-i 
the  use of fault tolerance in the  c;i>e of 

;paw-tirne J i , r~l . , i~n of the  opcr,iticin\ t l i ~ t  
are to he ,~pplieci t i)  each bit. .-I ~lu.inrum 

,tocli,istic error, (error, occurriny ~ n J e -  
peniiently anii ~nci iherent lv)  anL1 \\-as es- 
c n t ~ a l l y  eliminated 111 the  caw o t  quan- 
tum channel\  111 ( 18) .  

,Ire i i ~ ~ r r ~ l i u t e J  lniiep~ niientl\ and r,~niioml\ 
at e,lcli error 1ocat1011 T h e  t~roliablllt\ ,I>- 

b ~ t  1, the  p r i > t o t \ p ~ c ~ i l  t ~ \ o - \ t ~ ~ t e  \ \ \ t e ln  
i n n  I L?) and 1 1 )  ( t h e  i l d s \ ~ i < ~ l  
\t,lte\) K'e L1.e the  .ct ot iiperatlon\ i o n -  
\l.tlnC ot the  I',ILI~I m,itrlcey u ,  ( b ~ t  t l ~ p )  
,lnJ u ( \ ~ q n  t l ~ p ) ,  t he  311" t o t a t p n \  , ~ r o u n J  
the  \ ,inii \ axe, [ ( I  - I U  ) / \  2 ,lnJ ( I  - 
ID.,)/\ 2 ,  1 15 the  ~ c i e n t ~ t ~  nl<ltrlx 
, ~ n d  I = \ - 11, ,inJ the  controllei1 not  
(c-not) ( 2 2 )  Tlie\e generate the  norma1l:er 
qroup T o  iomplete  the  \et  of oper,lrlons, 
n e  aLld prep,lratli)n ut I L?) and I T/S) 
= c o 5 ( ~ / S )  / i?) - \ln(.rr/S) 1) ,111ii mecl- 
jurement of 2 )  ,11111 1) (21 ) Cli1s\lcal corn- 

soclateci with the lllodel 1, th; probahiliy o t  
havlne an error at an  error location. 

2 1 Q~1;1si-~niiepencient (~nonor i>n ic )  er- 
rors. This 111c)Jel relase\ the  as,urnptioni 

tary L ~ L I ~ ~ ~ ~ L I I I I  operation. gro\v, Sl-ior's 
tault-tolcr,int i ~ n p l e ~ n n t t o  still re- 

o t  the  previous 1noL1el by ,illon-in? some 
coherence and corre la t~on b~ t \ \ - ee~- i  errors 

quire, ~ ~ \ ~ ~ n p t o t ~ c ~ i l l ~  :era error, per cqTer- 
,itlon Seconii, n i , ln~  erriir trpe,  expected 

a t  i i i f i r en t  location,. It require, rh,it t he  
rnasilllr~m a ~ n p l ~ t u d e  i)t  rho\e parts i)t  the 
error cxpan5ion having errors ,it a glven k 
location, or any \uh>et i ) t  those p;irts, i\ 
liouniieci 1 1 ~  a constant times ph,  \\-here p is 

t . < I -  IS at C C-: b4a  S t ~ l i  6265 al-'i R.  Laf ar-lr-lt 3.1:. 
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t he  amplitude paralllcter of the  moiicl. 
O n e  call shon- thar tile t~robal, i l i t~- (or  , ~ 

amplitude! of filllure ot rile w l ~ o l e  compu- 
tation In these error models is bol~ndecl b~ 
a constant rime\ np, \ \- l~ere n is the  n~~rn l -e r  
o t  error-location.\ in  the  net\v~.rk. 
Ho\\ reall\tlc are these crror moJclsi  

Beca~lse ph!-sics is ilescribed b\- local ill- 
reraction.;, ~t 1s r e a s o ~ ~ a b l e  to  assume that  
error e\ ,ent> 011 b ~ t i  are c,lt~seJ b\- inilepen- 
dent e n v ~ r o n m e n t ~  except when they are 
i ~ ~ t e n t ~ o n a l l v  m o d ~ f ~ c ~ i  b1- an ~ l l t e r a c t i o ~ l  
i m y l e m e n t l n ~  a ml~l t lb l t  oyeratlirn. T111i i\ 
t he  ~ l~~ lepen i i en t -e r ro r  model in pi~yslcal 
term\.  It co\.er\ not only inciel-encient >to- 
c h a s t ~ c  errors hut also coherence of s~ua l l  
errors ,it ilitferent locations. For e x c ~ m l ~ l e .  
a m o i i ~ t ~ c a t i ~ ) ~ ~  the  ~ n r e r n a l  energ~es  o t  
each bit  bv a n.cak ertcrllal t~c l i i  15 d l -  

li)\vcd. yroi-icicd the  ~ l c v ~ a t ~ o n \  arc small 
e n L ) ~ l g l ~ .  T h e  i luas~- indepe~lJenr  error 
llloiiel 1.; more yeneral. I11 addi t io~l  to 0 t h  
cr crror types, it call also support n.eak 
'alrlvisc Interactlolu 1-et\\-een a~ i j acen t  
bit \ .  

Elements of fault  tolerance. T h e  f ~ r c t  
elelnellt reLltureLi tor resilience is quantum 
crri)r cu r rec t~on .  In  clas>ical computat io l~,  
error correction 1s uct~ally accom1-l~shcLl 1-y 
redundantly encoding infiormation. T h c  
simplest method invol\.es cop\-lng the  In- 
iormatiol; a t  least three tlllles anil using 
malority v o t ~ n g  to recover it atter errors 
ha\-c occurrcii. Tills merhoii cannot  he 
stra~gl~tfor\varill.i- al-l-lie~i to iluantum 
c~Tmauters t;)r three reasons. First. I T  1s not  
pc)ssible to  clone ~ ln l<no~vn  q u a ~ ~ t l l r n  starer 
(23 ) .  Secon~i ,  in  order tc) take a majority 
vote, it IS nai'vcly rilought that  wc must 
fi1.t learn tile encoded i ~ ~ f o r m a t i o n  bv 
measurement; the  act of measuring \ v o ~ l d  
cie>troy- any iluantum coherence o t  the  
statc. F~nal ly ,  c)nl\- olle tvpc oi  error needs 
to  be considered tor cla.;sical b ~ n a r v  ~ n f n r -  
mat ion,  the  hit t l i~ i ,  \vl~ereas u u a ~ ~ t u r n  
states can 1-e nlodificd I.!- a c o n t i n u ~ ~ i ~ ~  of 
possil~lr errors. 

Sllol- (1 C') anLi Steane i 1 1 . 2 4 )  J i > -  

covered h o ~ v  these o l~ jcc t io~ l s  could l?c 
u\-ercomr. T o  a\,oid cop\-i~lg intormation 
to i~l t roi iu ie  reLiunLiancy-. ~t i.; possihle 
to  exploit el-itangleJ states iupporteLl 

Error 
probability p CP ' c3p4 

Fig. 1. Conca~enation of t,-e 3-bit code, If The error 
ra:e is U .  :,-e encoding wi I give a rate o' 2'"- u'" 
'or the hih e\ve of the hierarcli,,: 

by  adiiltio~nal 1-1t.Y. T c  a\.ziiii collapse o t  
tile i l ~ ~ a n t u m  intormarion In the  prcTce>s 
of correcr~ng errors, it 15 pc~;cil.le to  
makc a partla1 meas~lrement that  ex- 
tracts only crror ~nfo rmat ion  ( the  s \~n-  
iirome) anii lea\-er tile encoiicd state tm- 
t o u c l ~ e ~ l .  Ti) Jcal w ~ t h  the  c o n t ~ n ~ ~ u m  o t  
possible errors, ~t is {utf ' ic ie~~t  to recog111:e 
t l ~ a t  ever!- error call bc reyresenteii a \  a 
linear c o m b i n a t i o ~ ~  of tile >tc~nilarii errorz 
(1 1 ) ( n o  error, b ~ t  f l ~ p ,  ilgn flip, or l loth).  
Togetiler with tile c)bser\.at~on that  linear 
c o ~ l l b i ~ l ~ ~ t i i ) ~ l \  (of ci)rrectable error; are al.;o 
correctable, thl. process allow? iiiscretiza- 
t ~ o n  o t  the  error po~\ ibi l l t ie i .  T h e  ceneral 
theor\-  of error correctloll i, ili>cusseil 
in ( 2 5 ) .  

E r r o r - c o r r e c t ~ ~ ~ g  c~)iies n-ork ~u11Jer the  
assumptions thar enco i l~ng  anLi crrur cor- 
rcction arc error tree. Th~a  \ltLlatlon can 
he a good a p p r o x i m a t ~ o ~ ~  in  the  case o t  
L ~ ~ I ~ I I ~ L I I I I  memory. However, \ve c a ~ ~ n o t  
expect that  the  o l ~ e r d t ~ o ~ ~ s  invc)l\-eil in 
recover~ng the  el~coiieii state are exact. .A 
m e t l ~ ~ ) d  tc) implemc~l t  t l lr ie o p e r a t ~ ~ ~ l ~ s  
11-1rl1 tatllr to lcra~lce  is rr1vc11 111 (17 .  26 ) .  
For t l ~ e  ionc-error-ciirrecti~~q coilcs ti1 be 
u>eii in thiq ~vork ,  tllc methoii ha; the  
prol-crtv that  the  error c i ~ r r c c r ~ i ) n  sl~cceeil, 
p r~1-1dc~1  one error a t  most occurreci 111 t he  
nct\vork. I n  the  wor{r case, such a n  error is 
~ L ~ L I L \ . ~ ~ ~ I I ~  t o  i~~r roc luc i l~q  one  e r r l~ r  e l r l~c r  
hetore or after a <~~ccessrul  error-correction 
step. 

Q u a l ~ t u m  error-sorrect~ng mer i~od?  
protect i ~ l k r l l l a t ~ o ~ l  in memiory. T o  main- 
tain the  prorcctlon \vhile performing corn- 
putations reilurcs ~)perat ing dlrect1.i- ion 
the  encoiie~i state. How r111.; call be ,ione 
\ v ~ r i ~ o u t  in t ro i iuc~ l~z  ~mscrrcctall lc errors 
15 discus,eil 111 ( 1  7 .  27-29). T o  ensure that  
e r r o r  111 encoLieii operations arc corrcctcii, 
each zuc l~  operation is l-receded hi- t\v<- 
attempt> a t  tault tolerantly correcting er- 
r i m  111 each of rile incoming encodeLl l2irs. 
EncoJcd state preparatiun is >imilar but 
requires multiple preparation a t t eml~ t s  to 
en>ure a n  i m p r i ) ~ e d  chance of iuccess 
13~'). 

T h e  final ingreiii<~lt  rcqu~rcii  t o  imlple- 
merit rcciliencc ih c o ~ ~ c a t e n a t i o n .  T h e  
i o m b i ~ ~ a t i o ~ l  n t  cluantum error corrcctiir~l, 
tault-tolerant error c ~ ) ~ - r r c t i o n ,  iiilcl encoil- 
ed operation> call 13c  vie^\-ed a> a tech- 
l-iiilue ti)r exploiting bits o n  \vhic11 \ve call 
operate ~ v i t h  error 11 per gate to define 
abstract (encoiied) hit; \vith a smaller cr- 
ror per gate. T h e  effecti~.e errur probabil- 
. . 
I ~ J -  I >  reduced from p tu a t  most ip', \$.here 
i is a constant to be LietermincJ belo\\-. 
Ci)nia tenat iun in\-olves apy1~-ing t h ~ .  
c i ~ m l ~ ~ ~ ~ a t i i r ~ l  o t  t c c h ~ l i ~ l ~ l e s  hicrarchicallv. 
T h e  abstract hiti defincii at i)ne level are 
u,cJ i;)r cncoiiing lilts a t  t he  next le\.el. 
Fiyure 1 el1~1\1-< J ner~\-ork for c o ~ ~ c a t e ~ ~ ~ ~ t -  

ing a 3 - b ~ t  cc~ile tn-lee. T h e  effective error 
011 the  cnc~x led  sratc after h 1c1-el> of 
c o ~ ~ c a t e n a t ~ i o n  is at most c " ' ~ '  p'". T l ~ e r e -  
tore. I:v ~ncrea> ine  the  number of levels in  
the  11i;rarcl1v, we'can reduce rile proliab~l- 
i t j  o t  error to any Lles~red ~ ~ a l u e .  

Analvsis. There  1s a s l m ~ l c  ~ l l e thod  tor 
estimating t l ~ e  thresl~olds associateil with 
h~ernrchical  ellcoii~lles (Biox 1 ) .  T h e  
ri~re\hc)liI call he ol-taineii I?v esploitl l~r! 
"\~ngle-error e l imina t~on"  networks. They 
l ~ a v e  the  property that  it a n  error o c c u r  a t  
,I location \\-ltil n o  other  error\ present 111 

the  "reelan o t  ~nt luence,"  the11 it n.111 not  
attest t he  e11coJeJ state. A naive estimate 
fix the  rrol-al-~llt\- o t  error at tile next 
level of a hierarcll\- I \  given by the  n u u b e r  
o t  p a ~ r s  of errors that  can  occur w l t h ~ n  any 
reg1011 o t  ~n t luence  time> the  square of t l ~ e  
l ~ r o l ~ a b i l ~ t y  o t  error at t h ~ s  level. W e  use 
t l ~ e  ;-'it code iic\cr~hcii in  (11 .  1 6 ) .  
\Y1hell i~llrlcluclltcci \ v ~ t l ~  t a t ~ l t - t o l e r a ~ ~ t  er- 
r ~ ) r  corrcction, rhc n l ~ m b e r  of error loca- 
tions 111 a region of il~fllrencc 1, bolrnilcci 
1.)- -12114, n -h lc l~  is r l ~ e  product of thc  
ntunl-cr of hit.; involveci in  an  e ~ ~ c o i l e d  
2-hit =,ire ( 2  x 7 )  ,111d the  numhcr o t  
i)peration; affeitlng a bit 1-eforc a n  error a t  
;i givcn liicatioll can  he e l~mil la ted ( -86) .  
T h ~ s  y ~ c l J \  a l-rol>ahilitT- of crror a t  t h e  
next lc~.e l  of lcs. t han  p ' ~  \vhich is less 
tllan p \\-~ICII p < l G p 6 .  

There  are r\\-o prohlcmc 11-lth the  s i~up le  
e.timate of' t he  previous paraqraph. Tile 
tirst ic that  it is necessary to i ict~llc what ~t 
lllealls for a11 encoJeii gate ti) tail. Tile 
,ecol~il  is tha t  in  order to applv the  anal- 
TSIS r r c ~ ~ r s ~ \ . c l ~  at C ~ I C ~ I  le ic l  o t  the  hier- 
arcilv, t he  indl~ced errors must satistv the  
same error model ~vit11 rile desircci crror 
1-rc.bab111rv. For the  ~ n d c ~ - e n d e n t  stochas- 
t ~ c  error model.;, thi.; goal cannot  be 
ach~evei i .  

T o  d e f ~ n e  encoded gate tailurc, we c011- 
>~ i i c r  the  compol~en t s  o t  rile error expan- 
sion. Each colllpollellt assc)ciatc.\ a >pecitic 
erriv \\-it11 each error 1ocatio1-i. These cr- 
rors ix l l  he moveJ  to otllcr locations 1.v 
illeallc i)t error propagat1011 ~ v i t l ~ o ~ ~ t  cllang- 
ing the  o\.erall I-ehavior of tllc net~vork.  
For examyle, a. lxfore a 90" rotation 
arou~l i l  t he  ? axis is eiluivalent to cr: after 
the  1.otat1r)n. Encocieil gate errors result 
from the  proyagation of errors from 'it> a t  
1011-er le\-<ls. In  order to  l ierii)r~n this prop- 
agation correctly while prcser\ . i l l  t he  cr- 
rr)r moiiel, it is necessary to  associate to 
each e~lcoiicil ?ate a specific region of the  
netn-ork. 

T h e  algorithm for associat~ng reyions 
to each encoded gate and dc tc rmin~ng  
?ate Lillure proceeds in  several steps. Firht. 
cach cncoilcii gate is associated \\,it11 the  
e ~ ~ c o d i ~ l g  net\\-ork and the  tn-o preced- 
ing e r ro r -co r rec t io~~  attempts for each of 



the bits involved. If at least two errors 
occurred in these networks, the encoded 
gate has failed. (Because the failure may 
not actually propagate to the next level, 
the probability of failure is overestimated.) 
Next, we reconsider each gate not yet 
failed and reallocate their regions. For 
each pair of successive error-correction 
attempts belonging to one of these gates, 
if the first one has an error, its network 
is allocated to the previous encoded 
gate. Any encoded gate with at least two 
errors in the newly allocated region has 
failed. - -  - - -  - 

These allocations of regions ensure that 
(i) a failed gate has at least two errors and 
(ii) the first of the error-correction at- 
tempts of a successful gate is error-free. 
Therefore, any single, preexisting error in 
the bits is corrected. and there is at most 
one error in the gate's region, which does 
not affect the encoded information. As a 
result, the encoded gate after error propa- 

gation is error-free. 
To determine the probability of error at 

the next level in the quasi-independent 
error models, it now suffices to observe 
that for a given k encoded gates to fail, two 
different errors must have occurred for 
each gate in its allocated region. Because 
these regions are bounded, this probability 
can be estimated as ( ~ p ~ ) ~ ,  where c is the 
number of pairs of locations among those 
that can be allocated to a given gate. If the 
number of such locations is m, then c 5 
m2/2. In our case, the gate with the largest 
value of m is preparation of the 11~18) 
state, with m 5 792, which gives c 5 
313894 and a threshold of 3 X The 
overhead, in the number of extra opera- 
tions, required for implementing this ver- 
sion of resilient quantum computation is 
polylogarithmic in the number of steps of 
the original algorithm and the inverse of 
the maximum tolerable probability of 
failure. 

Estimate of the threshold: An bI example. To illustrate our method 
for estimating the threshold, we i) 
assume that only phase errors are 
relevant and a 3-bit code is suffi- 
cient. We consider the hierarchical 
encoding of a c-not gate (i). To de- 
termine the reduction of error rate 
in the fault tolerant implementation ''encoded> 

(ii), we calculate the total number 
of error locations. This implemen- ii) 
tation includes two error-correc- 
tion of the steps c-not. and an encoded version Itencoded> $& - 

The error correction step (iii) in- . 
valves two independent deterrnina- 
tions of the errorto ensure that it was 
measured correctly. Cat states 100) , , - - -. + I 1 1 ) (iv) are prepared for fault- 
tolerant measurement of the error. - I 9 
The error is tixed by applying a sign - - 

flip uz to the erroneous bit. - 
The yellow diamonds correspond 

to error locations. Diamonds con- 
nected by a vertical line are consid- ill) 

. .i..i 1 ered one location. The triangle sur- 
rounding 10) denotes state prepara- . . . . 

tion; the one surrounding M, a mea- 
surement. The dotted lines indicate 
operations conditional on 'the re- 
sults of measurements. H is a sign 
flip followed by a 90" rotation 
around they axis. 

We can now count the number of 
error locations: there are c = 9 in the 
cat state preparation. Two of these 
states are needed for each error de- 
temination. Each error detemina- 

II 

tion contains e = 4 error locations 
and 1 in the error-correction step. 
Four error-correction attempts are needed, and cn = 3 enor locations are present in the encoded c-not 
gate. This gives cn + 4[2(e + 2c) + 11 = 183 enor locations. Thus, an upper bound for pairs of error 
locations is 183'1 62/12 = 16,653, which gives a threshold of 1/16,653 - 6 X 1 O-5. 

Discussion. We have demonstrated 
that quantum computation can be per- 
formed arbitrarily accurately provided that 
the noise per operation is sufficiently 
small and satisfies suitable inde~endence 
assumptions. Because the overheads are 
asymptotically well behaved, the thresh- 
old results demonstrate that quantum 
computation is possible in the presence of 
physically reasonable sources of noise. 

Threshold results have been obtained 
independently by Kitaev (31) and Aha- 
ronov and Ben-Or (32). They analyzed 
independent stochastic error models and 
obtained completeness of operations by 
adopting Shor's implementation of the 
Toffoli gate. Kitaev used a different meth- 
od for fault-tolerant extraction of the syn- 
drome. His method is less efficient and 
consequently yielded substantially worse 
thresholds. Aharonov and Ben-Or provid- 
ed an analvsis that does not reauire accu- 
rate classical computation for syndrome 
calculations, and they estimated a thresh- 
old of around for the independent 
stochastic-error model. There may be 
some cases where this extension is needed, 
for example when performing ensemble 
quantum computation such as that envi- 
sioned for nuclear magnetic resonance 
(33, 34). Our techniques for generalizing 
arguments to quasi-independent error 
models can in principle be used to extend 
their analysis. 

Not onlv do the threshold theorems 
show that quantum computation is possible 
in principle, but they demonstrate that the 
apparent distance limitations of quantum 
cryptography can be overcome. It suffices to 
be able to transmit the bits over some rea- 
sonable distance before error-correction op- 
erations must be applied to avoid loss of 
encoded information. 

The actual values of the thresholds we 
have obtained are rigorous but overly pes- 
simistic in several wavs. First. the error 
models used are the most adversarial sat- 
isfying independence assumptions. In 
practice, we need not w o q  about such 
adversarial error behavior. The actual er- 
ror types at the physical level are likely to 
be much more constrained than assumed 
by our error-blind analysis. That known 
error behavior can be exploited to reduce 
error has been demonstrated in a specific 
example (35). In addition, simulations 
suggest that for the depolarizing channel, 
thresholds are substantially better than 
suggested by our calculations (28, 36). 
Second, we have made no attempt to op- 
timize the implementation of fault toler- 
ance. Suggestions for optimization can be 
found in (28, 30, 36). Nevertheless, the 
results suggest that nonstochastic errors 
such as those studied in (19) must be 
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controlled more carefi~lly t h a n  stochastic 
11o1se. 

Whether  resilient cluantulil computation 
can be implemented 111 practice remains to 
be seen. However, the  results obtained here 
shon- that,  in principle, noise of a level 
belo\\, t he  error threshold is not an  obstacle 
for quantum cornputat~on. 
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Absence of a Spin Gap in the materials. 
\We discuss the  ladder co~ i lpoun~l  

Superconducting Ladder Sr2Ca12C~~21011,  1 ~ 1 1 1 ~ 1 1  derives from the  
parent compound S~ , ,CLI ,~O~,  through C a  
suhst~tation. T h e  structure of Sr,,Cu,,OII 

Compound Sr2Cal 2C~2404 ,  dlsplays ladders parallel CUO, to  chains the  c and axis CLI,O~ of the  structure two-leg 

H. Mayaffre, P. Auban-Senzier, M. Nardone, D. Jerome," 
D. Poilblanc, C. Bourbonnais, U. Ammerahl, 

G. Dhalenne, A. Revcolevschi 

Transport and copper-63 nuclear magnetic resonance measurements of the Kn~ght shift 
. and relaxation t~me T, performed on the two-leg spin ladders of Sr2Ca,2Cu,,0,, single 

crystals as a function of pressure show a collapse of the gap in ladder spin excitations 
when superconductivity is stabilized at 31 kilobars. This result suggests that the su- 
perconducting phase in these mater~als may be connected to this transition and the 
collapse of the spin gap, and support the prediction made with exact diagonalization 
techniques In two-leg isotropic t - J ladder models of a transition between a low-doping 
spin gap phase and a gapless regime. 

T h e  existence of superconiIuctivity in two 
families of nlaterials \\.here this property 
x i s  not  espected a t  first sight [the 1on.- 
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Llimensional organic conductors and the  
high-transition temperature (T,) cu- 
prates] has heen a lnajor achie\.ement of 
condenseil matter research of the  last t11.o 
decades. T h e  lilechanisln of superconduc- 
ti1-ity for both classes of compounds is still 
~ ~ n d e r  intense deliate, but there is already 
a consensus about their ion-dimensional 
electronic structure tha t  may be the  clue 
governing superconducting ( S C )  pairing 
corre la t~ons.  T h e  recent finding of nen- 
SC copper oxide structures ( 1 )  exhibi t l~lg  
one-dimens~onal  ( l D )  features with both 
isolated C u O ,  chains and  C L I , ~ ,  lad- 
ders-that is, palrs of C u O l  chains linked 
by oxygen atoms between the  coppers- 
has profoundly revi1.ed t h e  Interest for 
superconductiv~ty in currates and 1 D  

(2 ) ;  other insulating 1 D  materials llke 
SrCu,O, contain only Cu,O, laLILlers and 
no  chains. In  contrast, the undopeLl parent 
compound for the high-Tc cuprates exhibits 
a 2D C u O L  layer structure. I11 both systems, 
all copper sites belonging to  the  ladders or 
to  the  planes are occupied by a spin 112 
Cu'+ 1011. However, although long-range 
a ~ ~ t i f e r r o ~ n a g ~ l e t ~ s ~ n  is stabilizeLl a t  lo\\ T in  
the  2D spln system, the properties of the  
snin ladder Inaterials can be drasticallv dif- 
ferent. In  two-leg ladder systems, dominant 
antiferromagnetic (AF)  coupling ,J between 
the  copper spins o n  the  same rung leads to 
the  forination of a spin si~lglet o n  each rung. 
Consequently, the  ground state of the 
whole ladder is a singlet spin state, and a 
finite energy is neeLled to excite a rung spin 
singlet to a spin triplet state. A spin gap 
situation is obtained with a characteristic 
exponential drop of the  spin susceptibility 
L I ~ O I I  cooling down. 

T h e  existence of a spin gap in a spin- 
ladder structure has been first proposed the- 
oreticallv 13) and found experimentallv in , , ,  

several even-leg ladder copper oxide sys- 
tems [SrCu,O, (4, 5) ,  LaCuOlj (6)]  or 
organic materials (7). T h e  spin gap is e s -  
pected to be quite robust to various pertur- 
bations. For example, it is predicted to  be 
stable up to arbitrary s~ilall magnetic cou- 
pllng along the  rungs of the  ladders (8) or in 
the  presence of a snlall interladder coupling 
(9). 
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