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DNA Solution of the Maximal Clique Problem
Qi Ouyang,* Peter D. Kaplan, Shumao Liu, Albert Libchaber

The maximal clique problem has been solved by means of molecular biology techniques.
A pool of DNA molecules corresponding to the total ensemble of six-vertex cliques was
built, followed by a series of selection processes. The algorithm is highly parallel and has
satisfactory fidelity. This work represents further evidence for the ability of DNA com-
puting to solve NP-complete search problems.

Computer scientists rank computational
problems in three classes: easy, hard, and
uncomputable (1). Recently, Adleman (2)
showed that DNA can be used to solve a
computationally hard problem, the Ham-
iltonian path problem, and demonstrated
the potential power of parallel, high-den-
sity computation by molecules in solution.
This parallelism allows DNA computers to
solve larger hard problems such as NP-
complete problems in linearly increasing
time, in contrast to the exponentially in-
creasing time required by a Turing ma-
chine. The trade-off is that DNA comput-
ers require exponentially increasing vol-
umes of DNA. The ultimate success of
DNA computing will be found in the de-
tails of algorithms taking advantage of
massive parallelism. Despite valuable the-
oretical work (3, 4), experiments of simi-
lar complexity to Adleman’s have been
few (5). Here, we present a molecular
biology—based experimental solution to
the maximal clique problem. We show (i)
the solution to a problem in the same class
(NP-complete) as the Hamiltonian path
problem, (ii) a functional demonstration
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of improved design principles for DNA
computing, and (iii) the use of living or-
ganisms (Escherichia coli) to read the an-
swer of a computation.

Mathematically, a clique is defined as a
set of vertices in which every vertex is
connected to every other vertex by an edge.
The maximal clique problem asks: Given a
network containing N vertices and M edg-
es, how many vertices are in the largest
clique? The graph of six vertices and 11
edges in Fig. 1a defines such a problem. The
vertices (5,4,3,2) form the largest clique;
thus, the size of the largest clique in this
network is four. Finding the size of the
largest clique has been proven to be an
NP-complete problem (6). We designed the
following algorithm to solve it:

1) For a graph with N vertices, each
possible clique is represented by an N-digit
binary number. A bit set to 1 represents a
vertex in the clique, and a bit set to O
represents a vertex out of the clique. For
example, the clique (4,1,0) is represented
by the binary number 010011, whereas
(5,4,3,2), the largest clique in Fig. 1a, is
represented by the number 111100. In this
way, we transform the complete set of pos-
sible cliques in an N-vertex graph into an
ensemble of all N-digit binary numbers. We
call this the complete data pool.

2) We find pairs of vertices in the graph
that are not connected by an edge. The
graph containing all edges missing in the
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Fig. 1. The maximal clique problem. (a) The graph
of our problem, in which the maximal clique is
(5,4,3,2). (b) The complementary graph of (a),
which gives connections between pairs of vertices
that are absent in (a). (¢) The logical process taken
to remove numbers representing cliques connect-
ed by the 0-2 edge in (b).
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Xxx0x0
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original graph is called the complementary
graph (Fig. 1b). Any two vertices connect-
ed in the complementary graph are discon-
nected in the original graph (Fig. 1a) and
therefore cannot be members of the same
clique; this means that the corresponding
bits cannot both be set to 1.

3) We eliminate from the complete
data pool all numbers containing connec-
tions in the complementary graph. For our
problem, the numbers xxxIx1, lxxxxl,
1xxx1x, and xx1x1x are removed (x can
be either 1 or 0). The remainder of the
data pool corresponds to all cliques in the
original graph.

4) We sort the remaining data pool to
find the data containing the largest number
of 1’s. Each of these ones represents a vertex
in the corresponding clique; therefore, the
clique with the largest number of 1’s tells us
the size of the maximal clique.

The first task in DNA computing is to
construct an ensemble of DNA molecules
to represent the complete data pool. We
designed the data structure in the form of
double-stranded DNA (dsDNA). Each bit
in a binary number is represented by two
DNA sections corresponding to the bit’s
value (V,) and its position (P,). For a DNA
molecule representing a six-digit binary
number, there are six value sections (V, to
V) sandwiched sequentially between sev-
en position sections (P, to P¢) (Fig. 2A).
The last position section, Py, is needed for
polymerase chain reaction (PCR) amplifi-
cation. We found that P; with a length of
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Fig. 2. Encoding data in  [A]
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in DNA. (B) Assembling o
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sion. A full string of DNA in P, Py P, P PPy
(A) is recursively assem- — O —O— —O—>.O Initial pool
bled from short pieces by P, Py P, P, P, P
3’ end hybridization and
extension. The position
and value string of DNA P - Ps . Py P, O Py OP')
are denoted by bars and o O O—»-O
circles, respectively. The ,76 ;5 —4 Fz P, P First stage
heavy arrows represent P P P,
the ssDNA entering each — 0wl
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the light lines represent P, P 153
extension.
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P Py P, Py P, Py Py

20 base pairs (bp) worked well (7). The
length of V, was set to 0 bp if the value of
V; =1, and to 10 bp if the value of V, =
0. Therefore, the longest DNA has 200 bp
corresponding to the number 000000, and
the shortest DNA has 140 bp correspond-
ing to the number 111111. This design is
simple and effective, because we only need
to know the number of 1’s in the answer.
The sequence of each P; and V, was first
randomly generated. However, to avoid
mispairing during data assembly, care was
taken to avoid accidental homologies
longer than 4 bp. For future convenience,
we then embedded restriction sequences
within each V, = 1.

We used parallel overlap assembly
(POA) (7) to construct our DNA data pool.
This method (Fig. 2B) is broadly applied in
gene construction (8-10), gene reconstruc-
tion (11), and DNA shuffling (12). The
construction starts with the 12 oligonucle-
otides listed in Table 1. Each oligonucleo-
tide consists of two position motifs and one
value motif, PV,P,, , for eveniand P, VP,
for odd i, where the bar represents the com-
plementary sequence and the value of V,
can be 0 or 1. The 12 fragment oligonucle-
otides were mixed together for thermal cy-
cling (13). During each thermal cycle, the
position strings in one oligonucleotide an-
nealed to the complementary strings of the
next oligonucleotide. The 3’ ends extended
in the presence of polymerase to form a
longer dsDNA. After a few thermal cycles,
a data pool with all combinations of

200
180

160
140

80

60

Fig. 3. Electrophoresis of products after each op-
eration. Lane 1, marker; lane 2, product of POA;
lane 3, product of PCR. The distribution of band
intensities matches the expected binomial distri-
bution. Lane 4, product of S1 nuclease digestion;
lane 5, product of series restriction enzyme diges-
tion; lane 6, product of final PCR (seven cycles).
The band indicated by an arrow in lane 6 is the
answer to the problem. The electrophoresis was
conducted in 6% denatured polyacrylamide gel
and stained by ethidium bromide.

VoV,V,V;V,V, was built (Fig. 2B). The
POA procedure was followed by PCR with
a small fraction of POA product serving as
template and with P, and P, acting as prim-
ers. Thus, only those molecules with P, and
P at their ends were exponentially ampli-
fied. The results of POA and PCR are
shown in Fig. 3, lanes 2 and 3, respectively.
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Guided by the complementary graph
(Fig. 1B), we digested the data pool with
restriction enzymes (New England Bio-
labs). These enzymes break DNA at spe-
cific restriction sites, which we embedded
within the sequences for V; = 1. The broken
strings were not amplified exponentially by
PCR with primers Py and Pg. To cut a con-
nection in the complementary graph—for
example, the 0-2 connection (Fig. lc)—
we first divided the data pool into two test
tubes, ty and t;. In t; we cut strings con-
taining Vo = 1 with Afl II; in t; we cut
strings containing V, = 1 with Spe L
Next, we combined t; and ¢; into test tube
t, which did not contain xxx1x1. Four
sequential restriction operations (with dif-
ferent enzymes) eliminated all strings con-
nected by edges in Fig. 1b, corresponding to
data xxx1x1 (0-2 connection), 1xxxx1 (0-5
connection), 1xxxIx (1-5 connection), and
xx1x1x (1-3 connection) (14). The remain-
ing data DNA was then amplified by PCR.
The results of restriction digestions and the
PCR amplification are shown in Fig. 3, lanes
5 and 6, respectively.

Reading the size of the largest clique or

Fig. 4. The result of DNA
cloning and sequencing.
The inserted DNA is un-
derlined and marked; the
numbers indicate the lo-
cations of Phagescript
M13 phage DNA. The Py
letter N represents an
undetermined base.

6400

P;

it

AAGGTTCGCANAATTCTACG TGGAGCTCCAGC TTTTGTTCC

Py

oy

cliques in the network is straightforward.
In our data structure, the clique of largest
size is represented by the shortest length of
DNA, and thus the lowest band (arrow in
Fig. 3, lane 6) is the answer. The length of
this band, 160 bp, tells us that the size of
the largest clique is four vertices.

Let us now push the problem a step
further. Instead of asking for the size of the
maximal clique, we ask: What is the max-
imal clique? Answering this question re-
quires further processing because the mol-
ecules in Fig. 3, lane 6, could be any of 15
different DNA strings. We read the an-
swer by molecular cloning. The DNA of
the answer was first inserted into M13 bac-
teriophage (Phagescript, Stratagene) through
site-specific mutagenesis (15). The mu-
tagenized M13 phage DNA (containing our
answer DNA) was transfected into E. coli
bacteria (XI-1 Blue, Stratagene), cloned, and
its DNA extracted and sequenced (16). The
result (Fig. 4) is the correct answer, 111100.

The major errors in this calculation
come from two sources. The first source of
error is the production of single-stranded

DNA (ssDNA) during PCR. This ssDNA

ACTCACTATAGGGC GAATTGGGTA CCCT GGATCCCGCCCCTCTC

tail P,

GAGTCTATTTCACACGTAGG CCTTTATCTCAAANACTGCA

P

TGCGCAGGCTTGTTAGCACT AGTAATCTCTCTTCACGAAG

P,

CGGTTATGAA CTTACTGATAGGTGACTCTT CTGCCGCGTC

P s

6260
tail

Table 1. Oligonucleotides used to construct the DNA data pool. Each string contains position sequenc-
es P, and value sequences V/, where j indicates the value of V. The value sequences are written with
lowercase letters; restriction enzyme sites are indicated by underlining. Restriction enzymes Afl II, Hind
Ill, Spe |, Sph |, Stu |, and Xho | (New England Biolabs) were applied to cut V', V', V,,', V', V,,*, and

V', respectively.

SRR TR R ST BT BT B ST TR B R e T D TR e T

cannot be cut by restriction enzymes. We
avoided this error by digesting the ssDNA
with S1 nuclease (Promega) before restric-
tion digestions (17) (Fig. 3, lane 4). This
operation largely prevented false positive
results.

The second source of error is incom-
plete cutting by restriction enzymes,
which also leads to incorrect answers. The
combination of restriction digestion and
PCR forms an exponential amplifier with
a larger exponent for uncut strands than
for cut strands. Repeating the digestion-
PCR process should therefore increase the
signal-to-noise ratio arising from incom-
plete digestion. We used one and two
cycles of digestion-PCR and found no
qualitative difference. The selected re-
striction enzymes work well enough for
our purpose.

Several comments are in order. Our
algorithm tolerates point mutations be-
cause they do not significantly decrease
the potential for annealing P; strands 20
nucleotides long. Point mutation within
restriction sites is a more serious concern.
However, given the rate of point mutation
in PCR (known to be 10~* per nucleotide
per cycle for Taq polymerase) (18), there
should be about three strands with muta-
tions within restriction sites per 1000 cop-
ies of answer DNA. This error rate is
comfortably buried in the background of
electrophoresis gel images. The fidelity of
PCR can be improved by using different
polymerases. Point mutation is not the
limitation to applying our algorithm to
larger graphs.

The major advantage of DNA comput-
ing lies in its high parallelism. However,
the number of vertices that this algorithm
can handle is limited. The maximum num-
ber of vertices we can process with pico-
mole operations is limited to 27 because of
the exponential increase in the size of the
pool with the size of the problem. With
nanomole chemistry, we could have 36
vertices. Further scale-up quickly becomes
impractical. New algorithms, resembling
in vitro evolution in which the initial data
pool need not contain every possible final
answer, are needed.

As correctly stated by Adleman (2),
the information storage capacity of DNA
is huge. In principle, 1 wmol of DNA can
encode 2 gigabytes of information. How-
ever, rapid and accurate data access is
needed to take advantage of massive par-
allelism. Current techniques such as bi-
otin-avidin purification (2), electrophore-
sis (5, 7), and DNA cloning (as described
above) are either too slow or too noisy. An
automatic device, similar to the biochip
developed recently by Affymetrix (19), is
needed to accelerate readout.

fragr,:gnt Sequence (5" to 3')

P V,OP, CGTAGAATTCTGCGAACCTTgacgcggcagAAGAGTCACCTATCAGTAAG
PV P, CGTAGAATTCTGCGAACCTTAAGAGTCACCTATCAGTAAG

P,V.%P, AGTAATCTCTCTTCACGAAGCYgt tatgaaCTTACTGATAGGTGACTCTT
AN AGTAATCTCTCTTCACGAAGCTTACTGATAGGTGACTCTT

P,V,0P, CTTCGTGAAGAGAGATTACTccggtcact tAGTGCTAACAAGCCTGCGCA
P,V,'P, CTTCGTGAAGAGAGATTACTAGTGCTAACAAGCCTGCGCA

PV,oP, CCTTTATCTCAAAGACTGCAaatcgt caggTGCGCAGGCTTGTTAGCACT
P,V5'P, CCTTTATCTCAAAGACTGCATGCGCAGGCTTGTTAGCACT

P,V,0P5 TGCAGTCTTTGAGATAAAGGaaaaacccacCCTACGTGTGAAATAGACTC
PV, Py TGCAGTCTTTGAGATAAAGGCCTACGTGTGAAATAGACTC

P.VoP, CCCTGGATCCCGCCCCTCTCagatcggt ggGAGTCTATTTCACACGTAGG
PV, TP, CCCTGGATCCCGCCCCTCTCGAGTCTATTTCACACGTAGG
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Direct Visualization of Individual Cylindrical and
Spherical Supramolecular Dendrimers

S. D. Hudson,” H.-T. Jung, V. Percec,” W.-D. Cho,
G. Johansson, G. Ungar,” V. S. K. Balagurusamy

Electron microscopy methods have been used to visualize individual spherical and
cylindrical supramolecular dendrimers, providing definitive confirmation of the structures
suggested by previous x-ray diffraction analysis that assumed a microsegregated model.
These dendrimers are self-assembled, self-organized, and aligned spontaneously and
simultaneously in hexagonal columnar or cubic thermotropic liquid-crystal phases with
high uniformity. Homeotropic and planar ordering of the hexagonal columnar liquid
crystal was precisely controlled by a variety of surfaces. The stiffness of these cylinders
was evaluated by examining their planar texture and its defects.

Control of the order of molecular, mac-
romolecular, and supramolecular synthetic
organic materials is an important goal in
chemistry, that can be used to improve the
materials’ properties (I-3). Building
blocks based on dendritic architectures
(4), which have a hierarchy of branched
structures, can generate molecular objects
of nanoscale dimensions (5, 6), and self-
assembly of supramolecular dendrimers
from monodendritic building blocks can
provide rapid access to the construction of
giant architectures (7). The elucidation of
the shape of dendrimers in solution and in
the bulk represents one of the most impor-
tant prerequisites for access to their con-
trolled design (4-6). A transition from an
ovoidal to a spherical shape by increasing
the generation number has been predicted
for dendrimers (8). Various studies have
suggested that in solid and melt states,
dendrimers or their aggregates, or both,
can adopt either spherical (5) or rod-like
shapes (6). However, because the previ-
ously studied dendritic systems lacked
long-range positional order, individual ob-
jects could not be isolated, and therefore,
the shape and size of these dendrimers
could not be determined.

Recently, we have advanced a rational
design and synthesized monodendrons that
self-assemble through various molecular
recognition mechanisms into rod-like (9),
cylindrical (10), and spherical (11) su-
pramolecular dendrimers. The cylindrical
supramolecular dendrimers self-organize
into a thermotropic hexagonal columnar
(d,) (10) [two-dimensional (2D) p6bmm
lattice], whereas the spherical ones form a
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novel thermotropic cubic (Cub) liquid-
crystalline (LC) phase of Pm3n symmetry
(3D lattice) (11). The lattices of both su-
pramolecular LC assemblies can be oriented
by using techniques available for the align-
ment of molecular LC assemblies (12) to
generate single-domain LCs. Analysis of
mono- and polydomain LCs by x-ray dif-
fraction (XRD) allowed the determination
of the shape, size, and structure of supramo-
lecular dendrimers organized in a lattice
(9-11). However, owing to the ubiquitous
phase problem, uncertainty is always
present in crystallographic analyses based
on limited numbers of reflections observed
in LC systems (up to 13 different reflections
obtained for 3) (I11). In our XRD experi-
ments (11), the key assumption was that
aromatic and aliphatic moieties segregate,
aliphatic regions having uniform density.
Thus, direct visualization of the structure by
transmission electron microscopy (TEM) is
invaluable in testing the assumptions on
which the XRD structure is based (13). We

directly imaged individual species of cylin-

Cub : Pm3n

Fig. 1. Self-assembly of (A) first-generation flat
tapered monodendrons into a supramolecular cy-
lindrical dendrimer and the subsequent formation
of the p6mm &, LC supramolecular assembly,
and (B) of second-generation conical monoden-
drons into a spherical dendrimer and the subse-
quent formation of the Pm3n Cub LC supramo-
lecular assembly [modified version reprinted with
permission from Balagurusamy et al. (71), copy-
right 1997 by American Chemical Society].
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