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Long-Range (Casimir) Interactions

Larry Spruch

Normally, nonrelativistic electromagnetic theory with two-particle Coulombic inter-
actions adequately determines the interaction potential of systems A and B if the
systems are composed of particles with characteristic velocities much less than the
speed of light. If, however, the time it takes light to travel between A and B exceeds
a characteristic oscillation period of A or B, the way in which the potential function
depends on the separation of the systems can be altered. Called the Casimir effect,
it has only recently been confirmed, and it arises in physics, chemistry, and biology.
It is the clearest physical manifestation of the fact that, even in a vacuum, electro-

magnetic:fields cannot all vanish.

The development of quantum mechanics
in the mid-1920s changed the way we live
and remains today at the core of several
sciences and technologies. It also changed
the way many educated people think about
the world: for example, a staple in physics-
for-poets courses is a discussion of the pro-
found philosophical implications that one
of the elements ¢f quantum mechanics, the
uncertainty principle, has had on determin-
ism. Contrast this impact with that of the
much-improved 1940s version of quantum
mechanics, quantum electrodynamics (QED).
With the possible exception of general rel-
ativity, QED is arguably the most precise
scientific theory ever formulated—theory
and experiment agree, in some cases, to
some 10 significant figures—and is a cor-
nerstone of modern physics. Yet, much of
QED has not been of great practical interest
outside physics; many fewer than 10 signif-
icant figures are more than adequate for
most purposes. Further, QED is more math-
ematically sophisticated and, hence, gener-
ally less simple to interpret than quantum
mechanics.

Surprisingly, a subfield of QED initiated
by Verwey and Overbeek and by Casimir in
the 1940s dealing with systems with large
separations, only relatively recently verified
experimentally, may turn out to be of enor-
mous importance in many areas. These ar--
eas include not only atomic, surface, and
condensed matter physics and chemistry,
but biology and possibly astrophysics and
cosmology. Further, some aspects of this
subfield are, at least qualitatively, easily
interpretable. The distinction between
large and small separations hinges on the
finiteness of c, the speed of light (3 X 10'©
cm/s). At a sufficiently small separation r,
the systems are effectively unchanged dur-
ing the to-and-fro time of flight, 27/c, of
photons betweeri the systems; on account-
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ing for the finiteness of ¢, one therefore
introduces only a small relativistic correc-
tion. If, however, 2r/c = P, where P is some
relevant period of either system, the systems
will change substantially during the time
required to communicate with one another.
The action-at-a-distance Coulomb interac-
tion (which assumes that a charged particle
is instantaneously aware of a change in
position of any other charge) is then inad-
equate, and Maxwell’s equations, which in-
volve ¢, must be used; furthermore, the
usual velocity-dependent relativistic correc-
tions are not the significant corrections.
The effects on the interaction, often re-
ferred to as Casimir or retardation effects,
can be dramatic (1-4).

One interpretation of the difference be-
tween QED and ordinary quantum mechan-
ics is that in QED one recognizes that elec-
tromagnetic fields fluctuate and can there-
fore never all be known exactly; in partic-
ular, the fields can never all be identically
zero (this lack of precision is analogous to
the uncertainty principle for particles; one
cannot simultaneously know both the posi-
tion and momentum of a particle). Casimir
effects represent the clearest physical man-
ifestation of vacuum fluctuations.

Fluctuations play a much more signifi-
cant, even dominant, role for atoms or mol-
ecules in Rydberg states—where one elec-
tron is highly excited and therefore far from
all other constituents—than in low-lying
states where the constituents are close by.
They also play a dominant role in the in-
teraction of distant atoms or electrons with
surfaces and of distant surfaces with one
another. It is in these areas that high-pre-
cision confirmations of retardation effects
have been made (3-5). Ultimately, Casimir
effects may be of much greater importance
in biology, where basic systems, such as cells
and surfaces, can be large; the interacting
constituents may then be far enough apart
for retardation effects to be significant (6).
There also have been hints that truly dra-
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matic Casimir effects may be present in
astrophysics and cosmology.

The interaction V between two systems
at a separation 1, each composed of charged
particles with characteristic velocities v <<
¢, can be roughly sketched as follows. In
ordinary quantum mechanics, V is purely
Coulombic, whereas in QED, there is an
additional contribution to V generated by
the exchange of photons. For small r, the
Coulomb contribution dominates because
the photons contribute only a small ¢?/c?
correction. This can also be true for large r,
but there are cases for which, contrary to
what one might expect, the c-dependent
photon contribution dominates even
though v/c << 1.

The subject of Casimir effects arose in an
experimental study of the interaction of mol-
ecules in a colloidal suspension (7) and stim-
ulated theoretical work. [A number of the
examples cited in (8—22) will be commented
on later.] The atom-atom interaction (8) is a
special case. The interaction of two metallic
walls separated by a vacuum (9) is the most
famous example. Other interactions include
that of two dielectric walls (10-13), an atom
with a metallic (14) or dielectric wall (10—
13), an electron in a highly excited (Ryd-
berg) state with the ion to which it is bound
(15, 16), and an electron with a metallic
(17) or dielectric wall (18).

Superluminal group velocities (19), the
bag model ‘of the nucleon (with the ex-
change of quarks and gluons rather than
photons), and the possible determination of
the cosmological constant are other areas of
interest. In wetting, the Casimir repulsion
in liquid He causes the He to climb the
walls of the beaker in which it is contained
and determines the thickness as a function
of height (20). The Casimir repulsion in
pentane causes it to spread on water, where-
as many other hydrocarbons attract one
another and form globules.

The change in the radiative half-life of
an excited atom when placed between walls
that are close together is an exceedingly
interesting effect (21). What I will refer to
as a “dynamic Casimir effect” can result
when acceleration is present (22). It has
been claimed that Casimir effects enable
one to extract energy from the vacuum and
to explain the equality of gravitational and
inertial masses.

I will give very few experimental details,
but some excellent reviews and research
papers are available (3-5). There is also a
wide-ranging theoretical review (23).



Oddities

There are several curious features of retar-
dation effects. They will be elaborated on
later.

" 1) Relativistic corrections are almost al-
ways of relative order v?/c? for v << c.
Consider, however, the interaction V(r) of
two hydrogen atoms, each in its ground
state, separated by a distance r. For 5a, <<
r << 137a,, where ay ~ 5 X 107% cm is the
Bohr radius, V(r) is the nonrelativistic van
der Waals interaction V_,(r), which falls
off as 1/r%. As the separation grows to r >>
137a,, V{r) undergoes a gradual transition
to the c-dependent Casimir-Polder interac-
tion Vp(r), which falls off as 1/r7 (8). Thus,
even though the protons are almost at rest
and the electrons have speeds of only ¢/137,
the effect is pronounced; the very form of
V(r) changes for large r when the finiteness
of c is taken into account. Note that V;, is
often simpler to interpret than V 4y, even
though the theory leading to V- is much
more complicated than the Schroedinger
theory that leads to V-

2) Normally, the nonrelativistic ap-
proximation to an interaction is obtained
from its relativistic version by letting ¢ —
o, Some retarded interactions, however, are
proportional to ¢, which might appear to
imply that the interactions in the nonrela-
tivistic approximation are infinite.

3) The energy density and, consequent-
ly, the total energy of an electromagnetic
field are both positive in classical theory. If,
however, there is a vacuum between two
plane-parallel,  uncharged  conducting
plates, the energy density in the region
between the plates is negative. (Parenthet-
ically, I remark that domains of negative
energy—gravitational energy in particu-
lar—may allow the total energy of the uni-
verse to be zero. The universe could then
have been created from a vacuum without
violating conservation of energy.)

4) In a vacuum between two plane-par-
allel, uncharged conducting plates, light
travels perpendicular to the plates at a con-
stant group velocity v, > c. This observa-
tion appears to violate a basic premise of
the special theory of relativity.

5) No truly relativistic problem is sim-
ple enough to allow an exact solution in the
context of QED. (There are interesting and
informative models, such as that of Jaynes
and Cummings, that are solvable.) Instead,
one expands the expression for the quantity
to be estimated in terms of some smallness
parameter v, which is often proportional to
the fine structure constant. Consider the
determination of the energy of an atom
with atomic number Z in its ground state.
The nucleus and the electrons are all close
together, so retardation effects are not sig-

nificant, and the appropriate y is propor-
tional to Z. For a Rydberg atom, however,
retardation effects must be considered, and
the appropriate y decreases as Z increases.

Some Background Material

For a one-dimensional harmonic oscillator
of stiffness constant kg, the energy g, of a
particle of mass m, momentum p,, and dis-
placement x is (p2/2m) + (k x?/2). Classi-
cally, €, can assume any nonnegative val-
ue, but because the uncertainty principle—
AxAp, = #/2, where Ax and Ap, are the
uncertainties in x and p,, and & ~ 6 X
10727 ergss is Planck’s constant divided by
2m—forbids simultaneous exact knowledge
of xand p,, x = p_ = 0 is not permitted, nor
therefore is €, , = 0. The allowed values of
€., are (n + V2)fiw, where o = (k /m)/? is
the classical angular frequency andn = 0, 1,
2. ... The minimum energy, Aw/2, is called
the “zero-point energy.”

The amplitude of any mode of an elec-
tromagnetic field behaves like the amplitude
of a one-dimensional harmonic oscillator.
The energy of a mode of frequency w can
therefore assume any nonnegative value
classically, whereas in quantum theory, it is
at least Aw/2. Because the number of modes
between @ and o + dw is proportional to
w?dw, one finds on integration that the total
electromagnetic energy is formally infinite,
but infinities no longer strike terror in the
hearts of physicists; a triumph of QED was
learning how to bypass the problems they
raise, as in the Casimir effect.

The Casimir Effect

A definition of “Casimir effect” cannot be
found in a dictionary, nor is there universal
agreement among physicists as to its mean-
ing, but it is often used in connection with
retarded interactions between pairs of sys-
tems and changes in the energy of the vac-
uum produced by the imposition of bound-
ary conditions. We begin with a study of the
force per unit area F/A between two parallel
metallic walls separated by a vacuum, often
referred to as the Casimir effect. Because the
separation g is assumed to be small com-
pared with the wall’s dimensions, edge ef-
fects can be ignored. The charge e and mass
m of an electron play no role in an ideal
conductor; the only relevant entities are #
and ¢ (quantum theory and relativity theory
play a role) and z. On dimensional grounds,
F/A is uniquely determined to within a di-
mensionless constant K and is given by F =
FIA = Khc/y* (for arbitrary X, X denotes
X per unit area). To determine K, consider
not two walls but three, with separations z
and L — % (Fig. 1). There is energy between
the walls because the eléctromagnetic fields
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Fig. 1. Despite the apparent simplicity of the
two-wall system (A), it is simpler to study the
Casimir effect for three walls (B) because a
change in z changes the energy between walls
for both cases but changes the energy beyond
the walls only for (A).

cannot be identically zero. The allowable
modes are those that satisfy the appropriate
boundary conditions, including the vanish-
ing of the tangential component of the
electric field E at the surface of the wall.
The sum of the energies per unit area of the
allowable modes is infinite, but the physi-
cally relevant energy per unit area between
the plates is the difference between the
total energy per unit area of the allowable
modes in the presence and in the absence of
the central wall. For two walls a distance B
apart, €(B) is the energy in a cylinder of
unit area and length B, its axis perpendic-
ular to the walls. The physically relevant
total energy per unit area between the outer
walls is

£o(l,2) = ER) + EL—0— EL) (1)

Each of the three terms is infinite because
the frequencies of the modes range up to
infinity. However, the modes for o =~
pass easily through the walls; their contri-
bution is thus independent of the presence
of the walls, and the infinities cancel, yield-
ing a finite €,.,(L, z). With Aw,/2 being the
energy of the nth allowable mode of fre-
quency o,, one can evaluate €,,(L, 2) for L
~ (g, then no longer depends on L) by
summing over all modes. One obtains (9)
€,..(x) = —whic/7202>. It follows that F is

attractive and is given by
Eul)  he
dx 2407

Even for z as small as 107> cm, F is only
about 10% dynes/cm?, or 10™* atm. [Mea-
surements have not been made for walls
that can be taken to be ideal. They have
been made for dielectric walls, for which F
is asymptotically proportional to x4 (with a
coefficient different from —%/240), and
the r™* dependence has there been con-
firmed (24).]

Why consider three walls when studying
the interaction of two? Differentiation with
respect to z is achieved conceptually by
moving the central wall and keeping the
outer walls fixed; the energy beyond the
outer walls is thereby unaffected. Had we

F=- (2)
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used only two walls and moved either of
them, we would have had to consider the
change in energy of the fields in the infinite
volume outside the wall that had been
moved. A more intuitive derivation of F
proceeds by considering only two fixed
walls and evaluating the net'-momentum per
second per unit area imparted to a wall by
the photons between the walls and those
outside the wall (25).

Equation 2 leads to the unacceptable re-
sult that F — o0 as ¢ — o. The difficulty
originates in our assumption that the (ideal)
conductor responds instantaneously be-
cause the teoand-fro time of flight of a
photon, 2z/c, is then always relevant; that
is, we are in the retardation zone for any
value of z. Now, in fact, any real conductor
has some period or characteristic time. Let T
be the longest relevant time interval. The
value of 7 is. irrelevant; the point is that
there always exists some nonzero 7. Then F
assumes the retarded form given by Eq. 2
only for 2g/c >> 7, that is, for 1 > c1 = g
(F assumes its nonrelativistic form 1/2 for g
<< 7). Thus, 7, increases with ¢, and

¢ ot

he ke &
< = (3)

2

} 240_
™ b ¢

for x> ¢t = %,. As ¢ — @, we have |F| ~ 0,
not |F| ~ o, and the nonretarded form of F
is valid out to z = o, as would be expected.
Many theoretical results assume relative-
ly simple forms in asymptotic domains.
Nevertheless, the fact that the result for F is
based formally on a relativistic quantum
field theory makes the extraordinary sim-
plicity of the form of F in Eq. 2 rather
surprising. It is well known that many Ca-
simir effects in the asymptotic domain can
be derived starting from the classical theory
for electrons, atoms, walls, and the determi-
nation of allowable electromagnetic modes;
relativistic quantum field theory enters only
in the assignment of an energy fiw /2 to a
classical mode of frequency w, (26).

The Casimir-Polder Effect

Consider two ground-state hydrogen atoms,
A and B, whose protons are fixed at a
separation r >> a,. If 2r/c << P(=~1071¢s),
then a Coulomb potential adequately de-
scribes the interaction of a component of A

Fig. 2. Schematic plots in a study of
an atom-atom interaction for r > a,

with one of B (quantization of the electro-
magnetic field produces only a small correc-
tion). Loosely speaking, A responds at any
instant to the orientation of the dipole
moment of B at that instant, and vice versa;
the two dipoles orient themselves in the
state of minimum energy and rotate locked
in that state (Fig. 2A). If 2r/c >> P, how-
ever, a Coulombic description is inade-
quate. Thus, a photon emitted by B carrying
information about the orientation of its di-
pole reaches A a time 7/c later, by which
time the orientation of B’s dipole will have
changed significantly, and the dipole of A
will adjust to the dipole of B at the earlier
time (Fig. 2B). To account for the finiteness
of ¢ and the associated time delay, one must
use Maxwell’s equations. Because the atoms
are in their ground states, any photons emit-
ted must be (quantized) virtual photons,
with an energy for frequency o of fiw/2, and
the very nature of the interaction is changed.
Thus, when it is necessary to account for
retardation, which would seem to be a clas-
sical effect, it becomes necessary to quantize
the electromagnetic fields [for r >> a;, the
fractional change in the distance between
the electron (e™) or proton (p) in A and the
e~ orp in B is small as the e ”’s move in their
orbits; for 2rfc => P, it is the fact that the
dipoles are oriented differently than for 2v/c
<< P that changes the 1/1° to 1/7).

Dielectric Walls

The discussion leading to Eq. 2 of F for me-
tallic walls omitted the (not terribly difficult)
calculational details. The details are quite
complicated for Fpp, the force per unit area
between uniform dielectric walls. [I will
henceforth use the subscripts M, D, Dil, At,
and El to denote a metallic (ideal) wall, a
dielectric wall, a wall composed of a dilute gas
of atoms, an atom, and an electron, respec-
tively, and X denotes any one of these. Ac-
cordingly, F of Eq. 2 will be written as Fy,,.]

The complexity is caused in part by the
fact that a dielectric wall is characterized by
a frequency-dependent dielectric “con-
stant,” the permittivity €(®). For metallic
walls, there is only a retardation zone, but
for dielectric walls, there are in addition
unretarded and transition zones. We will
restrict our attention to large separations,
that is, to the retardation zone. Only low-

(ag is an atomic size) for (A) 2r/c << P
and (B) 2r/c >> P. In (A), the dipoles

. . . << CcP
interact effectively instantaneously, r<z¢

A B
=t ’

Y

r>>1§ cP

rotate in lock-step in the state of minimum energy at all times, and generate the van der Waals 1/r®
interaction. In (B), each dipole responds to the dipole moment of the other from an earlier time, they are
each in a different minimum-energy state, and they generate the weakened Casimir-Polder 1/r7 inter-

action.
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frequency vacuum fluctuation fields then
contribute significantly. The integrals that

define Vyp, contain the factor e, where 7 is
a wall-wall, atom-wall, or electron-wall sep-
aration; large values of w, those for which
k = w/c is greater than 1/r, therefore tend to
average out. Values of ® much smaller than
c/r are also insignificant, because the num-
ber of modes between ®w and o + do is
proportional to w*dw. The dominant con-
tribution comes from the neighborhood of
k = 1/r, or @ = ¢/r, which is arbitrarily small
for arbitrarily large r. We can therefore
approximate €(w) by €(0) = €, a great
simplification.

Expressions for Fpp and V (3, 10, 11)
and for Vi, (18) are known, but they are so
complicated that approximations, if simple
and reasonably accurate, can be very useful.
Rather than considering approximations to
Vyo» for heuristic purposes we obtain an
approximation to the much simpler text-
book problem of the nonretarded e™-wall
interaction, vg (%, €,), where the electron,
in a vacuum, is at a distance g from the wall
(27), and we use vy rather than Vi, to
stress its nonretarded nature. Because this is
a static problem, we set ® = 0 and &(w) =
€,- The origin of vy, is very different from
the origin of Vyp, vacuum fluctuations
playing no role, but the methods of approx-
imation are almost identical in form.

Because vy, must vanish for g, = 1 (the
wall is then a vacuum), we choose vy, to be
proportional to €, — 1. For g, = ®, the wall
is a metal, and the image method gives

vem(z) = —e?/(42). This suggests that we
choose
_ € — 1 ez
vep(2, €0) = — &b & (4)

where b is a dimensionless constant inde-
pendent of €. To fix b, we take the wall to
be dilute and obtain two different expres-
sions for vgp;. On the one hand, vgp, is a
superposition of nonretarded electron-atom
interactions, given by

1 age?

vpiar) = — 7 A

)

The interaction of an electric dipole mo-
ment p with the static electric field E that
induces it is —pu-E/2, where p = aE and o,
is the static electric dipole polarizability of
the atom. The interaction is then —a E?/2.
Because the field seen by the atom is e/r?,
we obtain Eq. 5. Integrating over the full
domain of the dilute wall, we find
7N 5 00e?
vepi(z, €0) = 22

(6)

where N, is the number density of atoms.
We now use the standard relation (for a
dilute gas) connecting the macroscopic or
bulk property €, with the microscopic or



atomic property g, namely, &, — 1 =
4N 00 (28). (For a dilute gas, g5 — 1
must be proportional to N4, and to some
property of an atom, and the polarizability
ay is the property to be expected.) Equation
5 can then be rewritten as

(gg—1)e?
vEp(z, €0) = — ‘"Qv (7)

Alternatively, vg follows from Eq. 4 upon
replacement of €, in the denominator (but
not in the numerator) by unity. Thus, com-
paring Eq. 4 with &, + b replaced by 1 + b
and Eq. 7, we find b = 1, which gives

80—1 62

g+ 1 4 ®)

as an approximation for arbitrary €, (ob-
tained by demanding that it be exact for &,
= o and become exact as €, ~ 1). This
particular example is a bit misleading, for it
happens to give the exact result. If the
process is reversed, we can obtain vy, from
knowledge of vgp,.

Similarly, we can obtain approximations
for Vpp and Vg from known results on
Vaow Vamp and Vi, and with a slight
modification, we" can approximate Fpp.
The approximations are accurate to within
about 15% over the range 1 = g, =< . It
was by no means certain that the approach
that worked so well for the simple classical
interaction vgp, an approach without an
honest basis, would work at all well for the
complicated quantum interactions Vyp and
Fpp, but the good results obtained are not
really surprising; Vyp, and Fp are approxi-
mated by using quantum results for simpler
but related situations, and at very large
separations we can, as noted, replace &(w)
by €, thereby eliminating much of the
structural complexity of the problem.

vEp(%, €0) =

He,, Dynamic Casimir Effects,
and Superluminal Velocities

There is a multitude of known and possible
Casimir effects (23, 29); understanding in
some cases is far from complete.

“The weakest bond.” Whether two heli-
um atoms, with their small atomic polariz-
abilities and small masses, could form a
bound state (He,) has fascinated many
chemists and physicists since the 1920s. It
followed from an analysis of scattering data
of virial coefficients that He,, if it existed,
had a binding energy E; of a few millikelvin
(that is, ~1077 V). Some beautiful, recent
experiments have shown that He, does ex-
ist. Its wave function decays asymptotically
as e X" where 1/K = (f'LZ/MmEB)”z ~ 107¢
cm, with M, being the mass of the helium
nucleus. Although the two atoms will most
often be found at r << 107° cm, the non-

negligible probability of finding them at r =
107% cm leads to remarkably large retarda-
tion effects of about 10% on the binding
energy and about 5% on the mean separa-
tion (30).

Dynamic Casimir effects. Accelerating
conducting walls can convert virtual pho-
tons to real photons, but the effects are
significant only for accelerations that are so
large as to be unobtainable by mechanical
means. However, one can simulate a rapidly
accelerating conducting wall by causing a
dielectric wall to become conducting in
femtoseconds (22). '

Superluminal velocities. The group veloc-
ity v, of a pulse, the velocity of the peak, is
normally physically meaningful. In QED,
for light traveling between and perpendic-
ular to a pair of plates, v, is constant and
exceeds c, the speed of light in free space
(19). The special theory of relativity de-
mands that the signal velocity cg,, the ve-
locity at which information is transmitted,
not exceed c¢. The uncertainty principle
makes it impossible to know the exact times
of emission and detection of a pulse, and
one finds that ¢, does not exceed ¢ (31)
(cgq > ¢ would allow many science fiction—
type delights).

As conceptually fascinating as Casimir
effects may be, confirmations have just be-
gun, and significant applications have yet
to appear. However, research on the subject
represents a growth industry, and there is
reason to expect that not only will signifi-
cant effects be found, but that they will be
found in a variety of domains.
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