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The Solar Acoustic Spectrum
and Eigenmode Parameters

F. Hill, P. B. Stark, R. T. Stebbins, E. R. Anderson, H. M. Antia,
T. M. Brown, T. L. Duvall Jr., D. A. Haber, J. W. Harvey,
D. H. Hathaway, R. Howe, R. P. Hubbard, H. P. Jones,
J. R. Kennedy, S. G. Korzennik, A. G. Kosovichev,
J. W. Leibacher, K. G. Libbrecht, J. A. Pintar, E. J. Rhodes Jr.,
J. Schou, M. J. Thompson, S. Tomczyk, C. G. Toner,
R. Toussaint, W. E. Williams

The Global Oscillation Network Group (GONG) project estimates the frequencies, am-
plitudes, and linewidths of more than 250,000 acoustic resonances of the sun from data
sets lasting 36 days. The frequency resolution of a single data set is 0.321 microhertz. For
frequencies averaged over the azimuthal order m, the median formal error is 0.044
microhertz, and the associated median fractional error is 1.6 X 10~5. For a 3-year data
set, the fractional error is expected to be 3 X 1076, The GONG m-averaged frequency
measurements differ from other helioseismic data sets by 0.03 to 0.08 microhertz. The
differences arise from a combination of systematic errors, random errors, and possible

changes in solar structure.

Several million resonant acoustic normal
modes (eigenmodes) of the sun are excited
stochastically in the subsurface turbulent
layer. The frequencies v, amplitudes A, and
characteristic widths I' of such modes, as a
function of radial order n, spherical har-
monic degree €, and azimuthal order m,
form the basic data from which helioseismic
inferences about the solar interior are
drawn. The GONG project currently esti-
mates these eigenspectral parameters for
about 250,000 normal modes every 36 days,
with the potential to estimate parameters
for more than one million modes. Here we
discuss solar oscillation spectra and random
and systematic errors in the estimated mode
parameters and compare GONG mode fre-
quency estimates to those derived from
three other experiments.

The amplitudes of solar oscillations are
sufficiently small that linear oscillation the-
ory is an excellent approximation. None-
theless, there are numerous statistical prob-
lems in estimating the mode parameters
from the surface motions of the sun as ob-
served by the GONG instruments. These
problems include estimating the geometry
of the images of the solar disk, estimating
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the modulation transfer function (MTF) of
the instrument and atmosphere, estimating
systematic and stochastic components of
the observational noise, optimally combin-
ing observations obtained at different sites
into coherent time series, dealing with miss-
ing observations, and estimating parameters
of a three-dimensional power spectrum and
their errors and covariances. Because we
observe only a portion of one side of the
sun, some power leaks across spatial fre-
quencies; this leakage makes it difficult to
separate modes and distinguish splitting
caused by the solar structure from that of
artifacts of the observation and reduction
process. The sun changes on time scales of 1
month, so common statistical prescriptions,
based on frequency resolution and variance,
for partitioning the years of data into short-
er time series and combining their spectra
do not apply directly; other methods are
necessary. Similarly, the stochastic nature
of the excitation process could be exploited
to improve eigenspectral estimates, and sta-
tistical properties of the excitation process
are interesting themselves. Our knowledge
of the solar interior will become more pre-
cise as improved statistical techniques, tai-



lored specifically to this problem, are devel-
oped and applied to the growing body of
GONG data. The current limitation on the
accuracy and precision of helioseismic esti-
mates of solar structure from GONG data
lies in the details of the data reduction.

Solar Oscillation Spectra

A typical three-dimensional solar acoustic
spectrum (Fig. 1) at € = 85 contains sets of
discrete ridges; each set corresponds to a
different value of n. Within each set, fur-
ther ridges are visible. These arise mainly
from the approximate decomposition of the
motion of the observable part of the sun
into spherical harmonics: because spherical
harmonics are not orthogonal over the ob-
served portion of the sun (somewhat less
than a hemisphere), the spectrum at a tar-
get degree £, contains power from adjacent
values of €. This power appears at frequen-
cies appropriate to the degrees of the spatial
leaks. If it were possible to observe the
entire surface of the sun, these spatial side
lobes would be substantially reduced, but
contributions to the side lobes from projec-
tion effects and the horizontal component
of the oscillatory velocity field would re-
main. GONG spectra have fewer and small-
er artifacts than single-site data, which suf-
fer spectral leakage resulting from the peri-
odic interruption of the observations be-
tween sunset and sunrise.

The standard GONG data products—
network spectra and mode parameters—are
produced every 36 days to sample (but not
to be synchronized with) the synodic solar
rotation period of 27 to 32 days. For some
purposes it is advantageous to combine data
over longer time periods either coherently
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Fig. 1. An example of an m-v spectrum for £ = 85,
obtained between 23 August 1995 and 18 Febru-
ary 1996. The spectrum is shown at three magni-
fications to display the spatial side lobes that result
from observing only a fraction of the solar surface.

or incoherently. A coherent analysis con-
catenates several 36-day time series, pre-
serving phase information. This combina-
tion increases the frequency resolution but
does not reduce stochastic noise. Resolution
is improved significantly for modes with
long lifetimes (small I') (Fig. 2); these
modes typically have low v. GONG will
produce spectra from 1-year time series for €
=< 30. Data can also be combined incoher-
ently by averaging together power spectra
from several months. This averaging reduc-
es the stochastic noise, producing a smooth-
er spectrum, but does not increase the fre-
quency resolution. A combination of these
approaches allows one to reduce the bias
from poor frequency resolution and the
variance from stochastic excitation and
other sources of noise, but there is a prac-
tical upper limit to the length of time series,
beyond which we incur bias from temporal
changes in solar properties.

Sources of Error and Uncertainty

There are many sources of uncertainty: ex-
ternal (1), instrumental (2), and data pro-
cessing (3). To evaluate errors in the GONG
eigenfrequency estimates, we used band-
passed root mean square (rms) power images
to study the differences in velocity noise
patterns at different frequencies. At high
frequencies, the rms velocity is independent
of azimuth and shows a small increase near
the center resulting from small residual im-
age motion convolved with the pattern of
solar intensity structures (which is strongest
near the center of the image) and photon
counting noise (which increases toward the
limb). At pressure- (p-) mode frequencies,
the power has a somewhat larger increase
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Fig. 2. Increase in frequency resolution of a fre-
quency-shifted m-averaged spectrum resulting
from the coherent concatenation of longer strings
of data. (A) Portion of the oscillation spectrum
obtained from a 180-day time series. (B) The
same portion of the oscillation spectrum shown in
(A) from a 36-day time series. The fine structure in
the peaks arising from leakage with modes at dif-
ferent m is more clearly resolved in (A), the spec-
trum of the longer time series.

near the center because the velocity of p
modes is predominantly normal to the solar
surface. At lower frequencies, the rms values
are larger near the limb because supergranule
flow velocities are predominantly horizontal.
A formal propagation of photon and camera
readout noise through the velocity calibra-
tion shows that the nonoscillatory solar
background contribution is at least two or-
ders of magnitude higher than the camera
noise for most values of € and v.
Differences between estimates derived
from stations simultaneously observing the
sun measure uncertainties attributable to
instrument and calibration effects, image
rotation, estimates of the MTF, geometric
corrections, and image registration. The rel-
ative power in the difference of spherical
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Fig. 3. Power spectrum of the difference be-
tween simultaneous observations of the sun at
Teide and Udaipur, normalized by the average
power at the two sites. This plot provides a mea-
sure of the errors in the power spectra arising
from variations between instruments, seeing,
pointing, and data processing.
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harmonic time series derived from two sta-
tions observing the sun at the same time is
typically low in the p-mode band (Fig. 3).
Thus, the differences among instruments
are small, as are those among errors in MTF
estimates, geometry estimates, image regis-
tration, and restored images values. The
dominant source of the residual differences
is image registration—that is, the location
and angular orientation of the image of the
sun on the CCD (charge-coupled device),
which is estimated for each image in an
early stage of data reduction.
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Fig. 4. Power spectra of spherical harmonic time
series and the parametric functions fitted to them
to estimate the frequencies, amplitudes, and line-
widths of the normal modes they contain. (A)
High-quality fit at € = 50, m = =32, n = 12; the
uncertainty in the estimated mode parameters is
small. (B) Poor fitat £ = 50, m = 0, n = 16; the
estimated parameters were automatically flagged
as untrustworthy. Note the different power levels
in these spectra.
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Fig. 5. Central frequencies v averaged over m
measured between 28 September 1995 and 3
November 1995. The errors bars represent the
formal errors of the fitted frequencies multiplied by
a factor of 200.
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A major source of uncertainty is in esti-
mating mode parameters from the spectra.
Mode parameters v, A, and I" are estimated
from the spectrum by maximizing an ap-
proximation to the likelihood function, on
the assumption that the spectrum is a super-
position of Lorentzian peaks (4). The com-
bination of stochastic variability, spectral
leakage resulting from incomplete spatial
coverage, and variable signal-to-noise ratio
(SNR) as a function of € and v can make it
difficult to estimate mode parameters accu-
rately (Fig. 4). However, spectra from the
network have small temporal side lobes, thus
fewer peaks to fit, and smaller systematic
errors compared with single-site data.

Currently, the GONG project estimates
parameters of modes with v =~ 1.5 to 5 mHz,
€ between 0 and 150, and all relevant val-
ues of m. This data set represents only about
25% of the modes that contribute to the
observed spectra, which include 0 = ¢ =
250 and 0 = v = 8.33 mHz. The restricted
region includes all modes that live long
enough to be global (producing discrete
peaks in the power spectrum), where spatial
aliasing is weak and the SNR is high.
Above £ =~ 180, modes are local short-lived
oscillations with broader linewidths, and
the frequency spacing between oscillations
with adjacent ¢ decreases; as a result, the
peaks blend into ridges.

While measurements of v(€,mn) are
used to infer the solar angular velocity and
asphericity as a function of depth and lati-
tude (5, 6), it is also useful to average v over
m (Fig. 5). Averaging reduces the noise in
the estimate of v, and the averaged frequen-
cies can be used to estimate the radial strat-
ification of the density, the speed of sound,
and the chemical composition in the solar
interior with higher accuracy (6). However,
the effect of rotation (which gives rise to the
curvature of the ridges in Fig. 1) must be
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removed before averaging, otherwise the m-
averaged mode widths will be overestimated.
The effect of rotation is removed by fre-
quency shifting the spectrum for each m (5).
Currently, the reported errors in the
mode parameter estimates are formal and
reflect primarily the sensitivity of the pa-
rameter-fitting algorithm in the neighbor-
hood of the estimate. Over a 36-day time
series of observations, the median formal
error in the m-averaged frequencies is about
44 nHz (about 14% of one resolution ele-
ment in v), and the median fractional error
is 1.6 X 107°. These errors should decrease
as the frequency resolution improves. For
1-year time series, the mean formal error is
expected to be about 14 nHz (a fractional
error of 5 X 107%); over the first 3 years of
the project, a mean formal error of 8 nHz
(fractional error of 3 X 107%) is expected.
Although the peak-fitting algorithm as-
sumes that every peak has a specific symmet-
ric shape and background, both are asym-
metric in some regions of the spectrum (7).
Neglecting these effects probably introduces
a small systematic error in the estimated
frequencies. We explored the effect of the
starting values on the peak-fitting algorithm
by starting the algorithm from randomly
generated values about the reference fre-
quencies. The resulting frequency estimates
changed on the average by less than 5% of
their nominal uncertainties for modes with
frequencies in the range 1.8 to 3.3 mHz.

Comparison with Other Data Sets

A number of earlier experiments have mea-
sured parameters of the modes observed by
GONG (8). We examined the differences
between m-averaged frequencies obtained
by GONG and three other experiments (9),
as well as differences between two months of

GONG data (Fig. 6). Mode frequencies es-

Fig. 6. Comparisons of
the m-averaged fre-
quencies obtained by
GONG between 23 Au-
gust 1995 and 27 Sep-
tember 1995 with fre-
quencies from other ex-
periments. (A) Compari-

v (LHz)

son with estimates from

Big Bear Solar Observa-
tory data recorded in.
1986. (B) Comparison
with  estimates  from
LOWL data collected
between 26 February
1994 and 25 February
1995, (C) Comparison
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eval Mount Wilson data
obtained between 23
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August 1995 and 27 September 1995. (D) Comparison with estimates from GONG data obtained
between 28 September 1995 and 3 November 1995.
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timated from Big Bear Solar Observatory
data obtained at a time of comparable solar
activity differ from GONG estimates by a
mean (*£SD) of 29 * 86 nHz. Mode fre-
quency estimates from the High-Altitude
Observatory (HAO) Low-€ Instrument
(LOWL) data, obtained about 1 year before
the GONG data, differ from GONG esti-
mates by 74 * 81 nHz. Data from Mount
Wilson and GONG are virtually coeval;
their mean difference is 48 = 110 nHz.
Although the mean differences are smaller
than the standard deviations of the differ-
ences, suggesting that the deviations are
consistent with zero, the GONG frequency
estimates are systematically lower than those
of the other three experiments (Fig. 6).

The differences between the GONG re-
sults and the others represent a combina-
tion of systematic errors, random errors,
possible changes in solar structure and dy-
namics, and variations in solar activity.
Evolving solar magnetic activity can pro-
duce temporal variations in mode frequen-
cies because the frequencies depend on the
level of surface activity (10). These effects
also contribute to changes in the GONG
frequency estimates from month to month.

The effects of solar changes are substan-
tially eliminated in the Mount Wilson—
GONG comparison because the data were
collected simultaneously. Their difference
is probably dominated by a combination of
unknown systematic errors in both data
sets. There is also indication that the dif-
ference depends on v in both the Mount
Wilson-GONG and the LOWL-GONG
comparisons. Although the actual causes of
the frequency differences remain uncertain,
GONG’s higher duty cycle, compared with
the other experiments, reduces temporal-
gap artifacts and improves the SNR. The
MTF correction could contribute to the
differences; it is applied in the GONG anal-
ysis but not in any of the others. Other
details of the data analysis, such as the
peak-fitting algorithm and the m-averaging,
also play a role.

Comparing spectral estimates from 2

SRR S
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LR

months of GONG data estimates the repro-
ducibility of m-averaged frequencies ob-
tained by GONG. The mean difference is
3.7 * 66 nHz. The standard deviation is
about a factor of V/2 larger than the median
of the error estimated by the fitting proce-
dure for 1 month (44 nHz). Systematic
errors should be essentially identical in both
data sets, and the contribution of activity
should be small and similar for both months,
because solar activity is near minimum.

The identification and estimation of sys-
tematic errors is one of the major statistical
challenges in helioseismology. Systematic
errors in the estimated frequencies result in
comparable errors in the inference of solar
structure and dynamics. The Solar and He-
liospheric  Observatory—Solar Oscillations
Investigation (SOHO-SOI)  experiment
was launched in December 1995 (11) and
will provide high-€ observations comple-
mentary to those obtained by GONG.
Comparison of SOI and GONG data will
provide estimates of the systematic errors in
both data sets.
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