Ab Initio Calculations
of Fullerenes
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Recent advances in ab initio electronic structure methods have brought about a sub-
stantial improvement in the capabilities of quantum chemists to predict and study the
propetrties of clusters. The carbon cages known as fullerenes have been the focus of much
attention because of their remarkable properties. This article discusses the application of
state-of-the-art methods to representative fullerene problems and summarizes some of
the recent advances and current challenges in the use of ab initio algorithms.

Since  their discovery in 1985 (1),
fullerenes—the hollow carbon cages that
spontaneously self-assemble in a condens-
ing vapor—have fascinated scientists.
Fullerenes are made of an even number of
three-coordinated sp? carbon atoms that ar-
range themselves into 12 pentagonal faces
and any number (except 1) of hexagonal
faces. The macroscopic synthesis of these
nanoclusters under special conditions in a
carbon arc (2) prompted a flurry of research
that continues unabated (3). The most
prominent representative of the fullerene
class is Cg, (buckminsterfullerene), which
is the most abundant cluster in solvent-
extracted carbon soot (the main source of
fullerenes) and is also the smallest fullerene
that satisfies the isolated pentagon rule.
This rule favors the energy of structures
whose pentagonal faces are separated from
each other (4). Cy, has a unique icosahedral
structure (resembling the shape of a soccer
ball) in which all atoms are symmetry-
equivalent. Other fullerenes that have been
produced in macroscopic quantities include
Cro Crer Crgr Capr Gy Coor and Cyg (5).
Fullerenes and the related carbon nano-
tubes (buckytubes) (6) have attracted the
interest of chemists, physicists, and materials
scientists because of their promise as super-
conductors (7), molecular containers (8),
templates for derivatives with tailor-made
electronic properties (9), and nanometer-
wide carbon fibers (6). These clusters con-
stitute a third form of elementary carbon
(besides graphite and diamond) and afford
a rich exohedral (outside the cage), en-
dohedral (inside the cage), and cage-sur-
face substitution chemistry (10), which
makes them ideal candidates for building
blocks of a carbon-based nanotechnology.

From the viewpoint of a theoretician,
fullerenes are challenging molecules be-
cause of their size. The steep scaling of
computational cost with molecular size pro-
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hibits quantum chemists from using their
most sophisticated tools for ab initio calcu-
lations on ordinary fullerenes. The coupled
cluster method, which has successfully been
used to predict phenomena in small mole-
cules (11), has been used for calculations on
C,o (12) but not beyond. Other methods,
which are less demanding in terms of com-
putational cost but are less accurate than
the coupled cluster method, have been used
for much larger fullerenes: Cy, with Moller-
Plesset second-order perturbation theory
(MP2) (13), C,,o with density functional
theory (DFT) (14), and Cs,, with the Har-
tree-Fock (HF) method (15). Major
progress has been achieved in the last few
years toward ab initio calculations on large
molecular systems (16) with the use of HF
and DFT, which are the least computation-
ally expensive ab initio methods. The major
expense in HF and DFT calculations arises
from solving the electronic quantum Cou-
lomb problem (the Coulomb repulsion be-
tween continuous charge distributions).
The effective Hamiltonian diagonalization,
a procedure that scales as N® (where N is
the number of basis functions), represents
only a minor portion of the computational
time in calculations of molecular clusters
containing up to several hundred atoms
(17). DFT requires an additional three-di-
mensional numerical quadrature to obtain
the exchange and correlation energies (18).

For many years, the basis functions of
choice in ab initio quantum chemistry cal-
culations have been Gaussians because sim-
ple analytic formulas exist for evaluating
the two-electron integrals that appear in
the Coulomb problem (19). Even when
there are formally N* two-electron integrals
to be evaluated in a molecular calculation
(that is, when N is the number of basis
functions, there are N? charge distributions,
and the number of pair interactions is con-
sequently proportional to N*), screening
techniques based on mathematical and em-
pirical bounds can be efficiently used to
identify and eliminate negligible interac-
tions (20), thus reducing the scaling of the
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Coulomb problem to an asymptotic value of
N? (17). With the use of fast multipole
methods (21-23), much progress has re-
cently been achieved in reducing this qua-
dratic scaling to the near-linear regime both
for energy and energy derivatives (forces)
calculations (22).

In DFT calculations, the exchange-cor-
relation quadrature deserves attention be-
cause its computational requirements may
be steep. However, there is no fundamen-
tal limitation in achieving a linear scaling
goal for this step (24). The accuracy of
DFT methods is essentially limited by
the accuracy of the exchange and correla-
tion functionals used in the calculation,
and a major effort to find better function-
als is under way. Although current DFT
methods are not nearly as accurate as the
methods used for small molecules (11, 25),
DFT is the method of choice for large
clusters because of its speed and scaling
properties. The following examples of ab
initio theoretical calculations that have
contributed to our current understanding
of fullerene chemistry were selected to
illustrate the power and the shortcomings
of these calculations.

The Smallest Fullerene: C,,

A dodecahedron consisting of 12 pentagons
and 20 carbon atoms (Fig. 1) is topological-
ly the smallest possible fullerene (26). How-
ever, in laser ablation experiments of graph-
ite under conditions that produce fullerenes
for clusters larger than C,,, only a monocy-
clic ring isomer has been found at size C,,
(27). In calculations, a bowl-shaped isomer
reminiscent of corannulene (Fig. 1), which
minimizes the number of dangling bonds in
a graphite-type structure, has been found to

F

Fig. 1. The ring (R), bowl! (B), and fullerene (F)
isomers of Cy,.



be competitive in energy with the fullerene
and ring isomers. HF calculations have pre-
dicted the ring isomer to be energetically
more stable than the fullerene and bowl
isomers (28); in contrast, calculations with
both MP2 and the local density approxima-
tion (LDA) of DFT led to a reversal of the
energetic ordering of the isomers (28-30)
and predicted the fullerene to be the lowest
in energy, followed by the bowl and then
the ring. Calculations that used the Becke-
Lee-Yang-Parr (BLYP) functional of gradi-
ent-corrected DFT reversed the ordering
again (30) and essentially agreed with the
HF results. The use of other functionals
such as B3LYP (Becke three-parameter ex-
change with Lee-Yang-Parr correlation)
and BPW91 (Becke 1988 exchange with
Perdew-Wang 1991 correlation) predicted
the bowl to be the most stable structure,
closely followed by the fullerene (31). This
result is consistent with both quantum
Monte Carlo (32) and coupled cluster (12)
predictions, although the latter favored the
fullerene isomer when the energy differenc-
es were evaluated at geometries that were
optimized with the HF or LDA methods.
Empirical and semiempirical predictions
are of little help in predicting the most
stable structure of C,,. The ring, bowl, and
fullerene isomers contain different types as
well as different numbers (20, 25, and 30,
respectively) of bonds. Computed equilibri-
um geometries differ substantially among
the methods, which only adds to the com-
plexity of the problem. Although a defini-
tive solution to this problem awaits further
calculations, current ab initio predictions
are consistent with a model in which, at
high temperatures (>1500 K), entropic fac-
tors greatly favor the ring isomer over the
bowl and fullerene isomers (29, 31). Such a
model would explain the abundance of the
C,, ring isomer in mobility experiments.
The relatively low energy of the bowl iso-
mer is consistent with an accretion (“pen-
tagon road”) mechanism of fullerene forma-
tion (33) in which the growing carbon
sheets have enough time to anneal to their
lowest energy forms, simultaneously mini-

Fig. 2. The tetrahedral structure of C,g.

mizing the number of dangling bonds. The
absence of the bowl isomer in mobility ex-
periments may simply be related to entropic
and kinetic (high-reactivity) factors.

C,g: A Metal-Trapping
Tetravalent Fullerene

The T, structure (Fig. 2) is the most sym-
metrical arrangement possible for 28 iden-
tical atoms. The C,q cluster may best be
understood as four hexagons connected by
four carbon atoms at the center of triplets of
fused pentagons in tetrahedral positions.
Laser vaporization experiments of graphite
mixtures have shown that U@C, (a urani-
um atom trapped inside the C,4 cage) was
formed in abundance (34). Ab initio HF
calculations have predicted that the ground
state of this cluster has an open-shell elec-
tronic structure with four unpaired spins
(°A, ground state). Further calculations re-
vealed that C, g4 should behave like a hollow
superatom (with an effective valence of 4)
and should be reactive toward both the
inside and outside of the cage (34, 35).
Besides uranium, metals such as scandium,
titanium, zirconium, and hafnium have also
been trapped inside C,g (35). Exohedral
derivatives such as C,gH, have been pre-
dicted to be remarkably stable (35), al-
though they have not yet been experimen-
tally isolated.

Calculated binding energies of metal at-
oms inside small fullerenes have offered im-
portant clues about the mechanism of metal
trapping and fullerene self-assembly in a
condensing vapor. Theoretical predictions
indicate that elements with low electro-
negativity have energetically favorable in-
teractions with the fullerene cage. These
elements, which form strong charge transfer
complexes with graphene sheets of high
electron affinity, are essentially the only
elements that spontaneously form endohe-
dral complexes. The relative absence of
empty fullerenes in the same experiments
implies that during the growth process,
fullerene cages are to some extent nucleated
around the metal atom (35). In contrast to
the results for C,, theoretical predictions at
the HF (35), DFT (36), and configuration
interaction levels of theory (37) show a
consistent qualitative picture for the equi-
librium geometries and electronic structures
of C,4 and its endohedral derivatives. These
ab initio calculations have offered insight
into the bonding properties of these clusters
(35-37) and have also played an important
role in the interpretation of the experimen-

tal data (34).

Annealing and Fragmentation

Under intense laser irradiation, fullerenes
such as Cg, fragment by losing C, units in a
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unique pattern that produces only even-
numbered carbon clusters down to C;,
(38). Close alliance between theory and
experiment has been useful in elucidating
the relation between fragmentation and an-
nealing, the process by which these clusters
can rearrange their surface bonding. Calcu-
lations at the HF and DFT levels of theory
have produced conclusive evidence that an-
nealing and fragmentation are high-energy
reactions in which sp>-hybridized carbons
and seven-membered rings play an impor-
tant role (39).

The Stone-Wales transformation (40)
(Fig. 3, 1) is the basic process by which
fullerenes can rearrange the surface distri-
bution of pentagons and hexagons. An al-
ternative path, consisting of two sequential
1-2 carbon shifts (Fig. 3, II), connects the
same reactants and products and has been
predicted to have a lower activation energy
in ab initio calculations (39). The interme-

D)

"Fig. 3. The Stone-Wales rearrangement (|) is a

concerted process in which two bonds form and
two bonds break. An alternative path in the poten-
tial energy surface consisting of two sequential
1-2 carbon shifts has an sp® intermediate (Il),
which also connects the annealing process with
C, fragmentation (lll).
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diate containing the sp>-hybridized carbon
(Fig. 3, I1) is especially important because it
connects the processes of annealing and
fragmentation. Fragmentation proceeds
from this intermediate by excision of a C,
unit (Fig. 3, III). The amount of energy
required to remove C, from Cg,, however,
is in dispute; experiments (41) and theory
(42) predict values that differ by several
electron volts.

The C, photofragmentation of fullerenes -

has an end point at Cs,, after which shat-
tering into small carbon species occurs. HF
and DFT calculations have shown that after
formation of the precursor (Fig. 4, top) for
C, fragmentation in C;, (Fig. 4, left), re-
closing of the cage may be impeded by the
large strain, leading to a competitive frag-
mentation channel in the potential energy
surface (Fig. 4, right), which in turn leads to
excision of long carbon chains. HF and
DFT calculations have also shown that this

Fig. 4. In C,,, the C, fragmentation channel (left)
faces competition from a process that leads to the
excision of long carbon chains (right).
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alternative fragmentation channel is ener-
getically not competitive in C;, and in
larger clusters that have less cage strain and
can reclose more easily. These theoretical
predictions (43) are consistent with the
experimental evidence for Cy, — C;, + C,
as the only fragmentation channel at this
fullerene size (38).

Giant Fullerenes:
Spheres or Tubes?

The discovery of buckytubes in a deposit
at the electrodes of the same machine that
produces fullerenes in macroscopic quan-
tities suggested that carbon cylinders
could be competitive in energy with car-
bon spheroids. However, HF calculations
(44) promptly repudiated this notion by
showing that the icosahedral structure of
fullerenes such as C,4, and C,,, was much
more stable than the structures of cylin-
drical forms, in agreement with semiem-
pirical predictions (45). Under intense
electron beam irradiation, carbon soot
particles and buckytubes curl into quasi-
spherical particles composed of concentric
graphitic shells, which clearly suggests
that these “buckyonions” are more stable
than any other form of carbon (including
graphite) for systems of finite size (46).
Thus, theory and experiment agree that
the formation mechanism of the mul-
tishell nanotubes found at the electrodes
of the arc generator must be kinetically
driven.

Large yields of single-shell buckytubes
were recently reported in a process identical
to the laser vaporization experiment used to
make fullerenes and endohedral metal-
lofullerenes (47). However, the synthesis of
these buckytubes occurred only in the pres-
ence of elements with large electronegativi-
ties, which do not form endohedral
fullerenes, as discussed above. These results
suggest that buckytubes and fullerenes may
share a common growth mechanism in
which distinct metal particles catalyze the
formation of one class versus the other.
Further calculations to determine the inter-
mediates of metal-carbon clusters may help
to elucidate the mechanism of carbon
nanotube and metallofullerene growth.

Polyhedral or Spherical Shape?

The geometrical shape of the large icosahe-
dral fullerenes C,,o and Cg,o has been the
subject of much attention. The question un-
der investigation is whether these fullerenes
possess a spherical or polyhedral (faceted)
shape. This question was prompted by trans-
mission electron microscopy (TEM) pictures
that showed evidence of spheroidal shapes in
concentric carbon particles (46, 48). On close
inspection, polyhedral outlines were discern-
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ible in some of these pictures (48). Simulated
TEM of icosahedral fullerenes can vyield im-
ages with polyhedral or spherical shapes, de-
pending on the axis of view (49). Early claims
that icosahedral C,,, has multiple minima
corresponding to spherical and faceted struc-
tures (50) have not been confirmed by ab
initio calculations carried out at the HF (14,
15, 44) and DFT (51) levels; these calcula-
tions only showed evidence of a faceted
fullerene. For icosahedral Cs,o (Fig. 5), the
situation is similar: HF theory predicts the
existence of only one minimum in the poten-
tial energy surface (15). Unlike the views
along the C, and C; symmetry axes, which
yield strongly faceted shapes, the view along
the C; axis is much more spheroidal (Fig.
5), essentially in agreement with the simu-
lated TEM images of icosahedral particles
that indicated different shapes at different
angles of observation. In both C,,, and
Cs,o the predicted equilibrium structures
consist of 12 pentagons that concentrate
most of the strain, with fairly flat pieces of
graphene sheets connecting them (15). The
nearly spherical structure of the buckyon-
ions observed experimentally could origi-
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Fig. 5. Three views of the HF equilibrium structure
of icosahedral Cg, along the C,, C,, and Cg sym-
metry axes. The C, and C, views show a faceted
structure, whereas the Cg view has a spheroidal
outline because of the image superposition of the
front and back carbon shells.



nate from rotational averaging (52) or from
the presence of defects that smooth the
strain at the pentagons (53). However, the
earlier TEM images of nonannealed carbon
particles (48) are consistent with the poly-
hedral shapes predicted by theory.

Conclusion

Ab initio calculations at the HF and DFT
levels of theory have substantially contrib-
uted to many aspects of fullerene chemistry.
For problems such as the determination of
the structure of C,;, these two methods are
not sufficiently accurate to provide reliable
answers, and a higher level of theory is
required. However, the speed and scaling
properties of DFT make it ideal for molec-
ular and solid-state studies (54) of fullerene
derivatives (55) and buckytubes (56), and
for future calculations on even larger clus-
ters than those discussed above. The cur-
rent challenge is to develop DFT algorithms
that scale linearly with cluster size, as well
as better functionals that can reproduce the
results of more accurate ab initio quantum
chemistry methods and experiments.
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