FV,T) = (1 — x)F,(V,T)
+ Fun(V,T) + TSy — (1 — x)D°

where x is the fraction of dissociated molecules and
is determined by minimizing the free energy. The
dissociation energy of an isolated molecule is D°,
and the mixing entropy term makes a small contri-
bution. The free energy of the molecular phase, £,
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turbation theory to find the molecular potential that
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Ab Initio Calculation of the Sound Velocity of
Dense Hydrogen: Implications for
Models of Jupiter

Ali Alavi,* Michele Parrinello, Daan Frenkel

First-principles molecular dynamics simulations were used to calculate the sound velocity
of dense hydrogen, and the results were compared with extrapolations of experimental
data that currently conflict with either astrophysical models or data obtained from recent
global oscillation measurements of Jupiter. Excellent agreement with the extrapolated
experimental data was obtained. These results strongly support the notion that the
existing models for the jovian interior need to be revised.

Although hydrogen is the simplest of all
elements, its properties at high pressures (in
the 100-GPa regime) and temperatures (sev-
eral thousand kelvin) are not well under-
stood. Hydrogen in such physical regimes
occurs in abundance in astrophysical bodies
such as stars and the giant planets, and thus
its properties are of fundamental importance
in understanding the physical properties of
these bodies. A number of recent experimen-
tal and observational breakthroughs may
lead to a much better understanding of the
properties of hydrogen at these conditions.
In particular, Duffy et al. (1) have measured
the sound velocity of dense hydrogen up to
pressures of 24 GPa. These measurements
were preceded by observations of global os-
cillations of Jupiter (2), from which the
planet’s “equidistance” has been inferred.
The equidistance is the inverse of twice the
time it takes for a ray to travel from the
planet’s center to the surface. In the context
of a model for the pressure profile of Jupiter
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(3), this equidistance can be used to obtain
an estimate of the sound velocity of hydro-
gen under the conditions prevailing in the
interior of the planet (1).

The global oscillation data, combined with
a reliable interior model, may provide a con-
venient way to probe the interesting interme-
diate temperature regime in which the elec-
tron gas is partially degenerate. However, the
sound velocities that have been obtained in
this way are in substantial disagreement with
the measured sound velocities (). At present,
the source of disagreement is not clear. To
make meaningful comparisons, researchers
have extrapolated experimental data (by
means of fitting the data to empirical poten-
tials) from 25 to 300 GPa, but this procedure
is fraught with uncertainty because in this
high-pressure regime hydrogen is expected to
undergo a variety of transitions (both first-
order and continuous), including a molecular-
to-atomic transition (3) and a metal-insulator
transition. Empirical potentials for H,, fitted
to lower density data, tend to overestimate
the repulsive wall of the molecules (I). The
result is an underestimate of the compressibil-
ity of dense hydrogen or, equivalently, an
overestimate of the sound velocity. Indeed,
the extrapolated “low-pressure” experimental
data predict sound velocities in dense hydro-
gen that are much greater than those inferred
from the global oscillation data. However, it
cannot be concluded that the extrapolation
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procedure to estimate the high-pressure sound
velocity is in error; the assignment of the
global oscillation spectra in (2) has been con-
troversial, and the results of the data analysis
depend strongly on the choice of the model
for the interior of Jupiter. Thus, the apparent
disagreement between the jovian global oscil-
lation data and the extrapolated terrestrial
results may also signal the need for a revision
of the existing models of Jupiter (I, 2). A
completely independent measurement of the
sound velocity in dense, hot hydrogen would
help to clarify these issues. Here, we present
ab initio calculations of the sound velocity of
hydrogen and compare our results with the
above findings.

The prediction of sound velocities over
such a broad range of pressures presents a
formidable theoretical problem for a number
of reasons. First, in this pressure regime the
nature of the effective interaction between
the protons changes from a completely mo-
lecular state to an increasingly dissociated
one. A parameter-free model that can con-
sistently describe hydrogen throughout this
regime necessitates a proper quantum me-
chanical treatment of the electrons. In addi-
tion, the thermal fluctuations of fluid hydro-
gen must be properly sampled, which re-
quires a statistical treatment of the protons,
and, furthermore, dynamical information is
necessary to compute sound velocities. An
approach that combines quantum and statis-
tical mechanics is the method of ab initio
molecular dynamics (Car-Parrinello meth-
od) (4), which has recently been successfully
applied to the hydrogen plasma (5).

The method we used is different in one
basic respect from the usual Car-Parrinello
method, namely, that it is based on finite
temperature density functional theory, as de-
veloped in (6), rather than ground state (T =
0) density functional theory; this enabled us
to check the effect of electronic temperature
on the approach to the metallic phase. In our
calculations two approximations remain,
namely the electronic exchange-correlation
functional, which we treat in the local density
approximation (LDA) (7), and the neglect of
the zero-point motion (ZPM) of the protons.



The combined error introduced by these two
approximations will be judged wherever pos-
sible by comparison with T = 0 diffusion
Monte Carlo (DMC) calculations (8), which
treat both the ZPM exactly and electronic
correlation beyond the LDA.

We considered systems consisting of 64
atoms at a temperature of T = 1000 K at
five densities ranging from 3.673 to 1.840
cm’/mol H, (9). In terms of the ion-sphere
radius v, = (3/4mp)'” (where p is the den-
sity), this range spans r, = 1.7 to 1.35 (in
units of the Bohr radius) and covers a pres-
sure regime of ~30 to 300 GPa. For a given
configuration of protons, the electronic
density n(r) was computed (10) by minimiz-

ing the free-energy functional & of the
electron gas, defined as
@=Q+p,N+E” (1)

Q[n(r)]— log det{1 + exp[— B(IH — W}

r 30,
fdr n(r) [ép( ) Sn(;')

(6), which reproduces the exact finite tem-
perature density of the Mermin functional
(11). In these equations, N is the number of
electrons, B! is the electronic temperature,
. is the electronic chemical potential, # =
—(1/2)V? + V(r) is the one-electron Ham-
iltonian with potential V(r) = 2,V ,(r — R))
+ &(r) + 8Q fon(r), d(r) is the Hartree
potential of an electron gas of density n(r),
V,, is the electron-proton interaction (10),
R, are the instantaneous positions of the
protons Q. is the exchange correlation
grand potentlal energy (7), and E;; is the
classical coulomb energy of the protons. The
value of % was optimized for each ionic
configuration by means of a self-consistent
diagonalization method, as in (6). The elec-
tronic density thus computed, together with
the Hellmann-Feynman theorem, enables
the calculation of the ionic forces. The ionic
degrees of freedom were integrated with a
time step of 20 atomic units (~0.48 fs),
which gave rise to a conservation in total
energy of 1 part in 5000. Simulations of
duration 0.5 ps per density were performed;
this time length was found to be adequate for
equilibration of both pressure (12) and tem-
peraturg, and it allowed the computation of
time-correlation functions. During equilibra-
tion, the temperature was thermostated at
1000 K, but the production runs, in which
time-correlation functions were computed,
were done in the microcanonical ensemble
(constant total energy), in which the average
temperature remained close to 1000 K.

To obtain the sound velocities as a func-
tion of pressure, we first calculated the equa-
tion of state (EOS). This is shown in Fig. 1,
along with similar results from experimental

(13) and theoretical work (8, 14, 15). Com-
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Fig. 1. EOS of dense hydrogen as obtained from
our calculations (O), experimental data at 300 K
() (13), DMC calculations of (8) (&) and (75) (©,
molecular structures; +, atomic structures), and
LDA calculations including ZPM in a harmonic ap-
proximation (74) (V).

parison with DMC calculations and experi-
mental data provides a stringent test of the
validity of our calculations. Our results for
the high-pressure regime agree well with re-
cent DMC results (8), whereas at lower pres-
sures they are consistent with the available
experimental data. The absolute error in the
pressures is estimated to be ~5% (12). The
calculated pair correlation functions (Fig. 2)
show a gradual disappearance of the molec-
ular peak as a function of increasing pressure.
As the molecular phase disappears, no dis-
continuities in pressure, indicating a strong
first-order transition, are observed. Inspec-
tion of the atomic configurations reveals
that, with increasing density, short-lived
anisotropic filamentary structures with per-
colative character build up instantaneously.
They are not stable with respect to the ther-
mal motion, however, and disintegrate rap-
idly (on the order of a few femtoseconds,
substantially less than a molecular vibron).

The question of the importance of ZPM
has been the subject of studies that used
T = 0 DMC (8, 15) and LDA calculations
at both T > 0 and T = 0 (5, 14). These
studies showed that at T = 0, where ZPM
has its greatest influence, the primary effect
of the neglect of ZPM is to overstabilize
anisotropic structures; ZPM favors more iso-
tropic structures. The magnitude of this
overstabilization, however, is less than the
kT (16) in our work; the motion in the fluid
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Fig. 2. Pair correlation functions g() (solid lines)
and coordination numbers n({r) (dotted lines). T ~
1000 Kin all cases. From top to bottom: ry = 1.7,
1.5,1.45, 1.4, and 1.35 au.

is not frozen into such structures. The sam-
ples were fluid and strongly diffusive
throughout the density regime of interest.
Because at T > 0 the effect of ZPM is
intrinsically reduced, the overall effect of
ZPM in the fluid can be expected to be
rather small. The effect of the finite elec-
tronic temperature is to increase the band
gap by approximately kT relative to the T =
0 LDA. Even at r, = 1.35 the hydrogen,
although dissociated, is not yet metallic.
The adiabatic sound velocity cg can be
obtained indirectly for the molecular dy-
namics simulations in several ways. The
first method derives cg from the-isothermal
sound velocity cq, which can be obtained
from the EOS (Fig. 1) by means of the

thermodynamic relation

= (dP/dp)r = 1/(pK7) 3)

where K is the isothermal compressibility.
The value of ¢q can then be obtained from
¢ = Vycp, where y = C,/C,, the ratio of
the specific heats at constant pressure and
volume, respectively. The value of +y is not
directly available from the simulations, but a
reasonable estimate can obtained ,from the
dynamic structure factor S(k,od) (. 16) as fol-
lows. In the small k limit, S(k, w) should
exhibit the characteristic Raylelgl’l Brillouin
form of a Rayleigh peak centered at = 0
and two Brillouin peaks at finite . The ratio
of areas under the Rayleigh and Brillouin
peaks Jp/Jg is the Landau-Plazeck ratio (17),
which is related to y by Jg/2J; = v — 1. The
value of y thus obtained, combined with ¢,
enables the calculation of ¢. The value of cg
can also be obtained from the small k limit of
the dispersion curve w(k) of the Brillouin
peak by means of the relation lim;_, w(k) =
csk. However, the rather small system sizes
used in our study do not allow comfortable
extrapolation to k = 0; this is especially true
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of the higher densities. Nevertheless, for the
lower densities, this method of computing cg
provides a useful independent check of the
thermodynamic estimate of cg.

The dynamic structure factors for the
smallest wave vectors (Fig. 3) were found to
exhibit very convincingly the Rayleigh-Bril-
louin form, from which the Landau-Plazeck
ratios (18) can be estimated. The values of -y
decrease fromy~1.45atr, = 1.7toy~ 1.16
atr, = 1.35. [The values of y for H, gas at 300
and 400 K at atmospheric pressure are 1.38
and 1.40, respectively (19). Increasing the
pressure to 100 atm increases y on the order of
1%.] The estimated error in vy is on the order
of 10%, so that the error in cg should be on
the order of ~5%. Figure 4 shows ¢y comput-
ed from the EOS (3) and the resulting ther-
modynamic estimate of cg, as well as the cg
values obtained from the dispersion curves.
For the three lower densities, the two methods
yield very similar estimates for cg, whereas at
the highest two densities the dispersion esti-
mate is markedly lower. This reflects the fact
that w(k) at the large wave vectors necessarily
probed at the higher densities shows a signif-
icant deviation away from the limiting linear
form, which results in an underestimation of
the limiting slope. At these two densities,
therefore, the thermodynamic estimate of ¢ is
more realistic.

In any event, our ab initio estimates of the
sound velocity in dense hydrogen are in ex-
cellent agreement with the extrapolated ex-
perimental (terrestrial) data, particularly with
those of Ross et al. (20) that were based on
shock compression data. Our sound velocities
are marginally higher than the extrapolations
of Duffy et al., but the discrepancy is within
the statistical errors of the present calcula-
tions. The fact that our simulation results
support the extrapolated data of (1) and (20)
necessarily implies that our data are incom-
patible with the sound velocity estimates that
result from the current interpretation of the
jovian global oscillation data. Given the pa-
rameter-free nature of the present calculation,
this agreement removes much of the earlier
doubt as to the validity of the extrapolations
and strengthens the case (1) for a revision of

60
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Fig. 3. Dynamic structure factors for the lowest
wave vectors at three densities.
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either the current jovian models or the global
oscillation spectra themselves.

Current models of Jupiter depend crucially
on the EOS P(p) of H and H-He mixtures,
and they are based on free-energy models (3)
in which a number of simplifying assumptions
are made. In particular, pair interactions be-
tween H,, H, and H* enter as necessary in-
put. Ideal mixing between the H and He
components is also assumed. On the basis of
currently available data, it is difficult to assess
the effect of these various approximations on
the overall EOS. An indication of anomalous
behavior is that the value of v they yield for
the jovian adiabats (3) exceeds 2, which is in
excess of the value of 5/3 for an ideal gas. Our
calculations indicate that the value of =y
should decrease from roughly 1.4 at low den-
sities, approaching unity at higher pressures.
This would suggest that the construction of
free-energy models built on our EOS data and
similar work may yield more accurate models,
which may ultimately remove the present dis-
crepancies. More interesting, however, is the
assumption of ideal mixing of the two com-
ponents. In particular, close to the critical
point that signals the onset of phase separa-
tion between H and He, the behavior of cg
will be anomalous because both K and vy are
divergent (with similar exponents) (21). In
such conditions cg may be attenuated. These
effects would be in line with our calculations;
if this is indeed the case, it goes against the
current orthodoxy that He is fully miscible in
H under the conditions prevailing in Jupiter.
In either case, the present discrepancy be-
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Fig. 4. The sound velocities. [, Thermodynamic
estimate of cg; O, dispersion estimate of cg; dot-
dashed line, c,-computed from the EOS; solid line,
extrapolation of Duffy et al. (1); dashed line, ex-
trapolation of Ross et al. (20); and long dashed
line, jovian profile from (7).
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tween the sound velocity of pure dense hydro-
gen and the jovian sound profiles remains
unexplained. The resolution of this issue may
lead to an improved model of the planet and
to a better understanding of H-He mixtures at
high pressures and temperatures.
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