
on Si(001) should be good candidates be- 
cause they have a dimer row structure. 

At room temperature, the small struc- 
tures we have made are stable for as lone as " 

we have observed them (several hours). 
We can rouehlv estimate their thermal - ,  

stability from available values of the acti- 
vation energies for desorption of dimers 
from SA (1 7, 18) and S, steps (1 7-1 9). 
Bridges that have only SA edges (Fig. 6) 
decompose most easily by removal of a 
dimer from an SA edge. The theoretical 
value of the energy required for this pro- 
cess is -2.1 eV (1 7). If we use an Arrhe- 
nius relation with an attempt frequency of 
1013 s-', the predicted decay rate at room 
temperature is one defect created in -101° 
years. However, the time to create one 
defect becomes only -1 min at 325"C, a 
moderate temperature by the standard of 
present semiconductor processing. For the 
island structure (Fig. 5), the easiest de- 
comuosition mechanism is the removal of 
dimers from the ends of rows. Experimen- 
tal (19) and theoretical (18) investiga- 
tions yield an estimate of 1.4 to 1.7 eV for 
the energy to remove a dimer from an S, 
edge. If we use 1.5 eV as a mean value, the 
average time to create one defect is -100 
years at room temperature and -10 ms at 
325°C. These estimates indicate that the 
issue of structural integrity will play an 
important role in any potential technolog- 
ical use of atomic-scale silicon structures. 
Possible solutions to the stability problem 
include inducing chemical stabilization, 
burying the structures, or processing at 
lower temperatures than those used today. 
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Fluctuations and Supercoiling of DNA 

John F. Marko* and Eric D. Siggia 
Frequently, DNA in vivo is organized into loops that are partially underwound and consequently 
form interwound helical supercoils. Methods from polymer statistical mechanics are used to 
show how the competition between entropy (thermal fluctuations) and elastic energy deter- 
mines supercoil radius and pitch, in good agreement with recent experiments and simulations. 
Supercoil reorganization by means of slithering (reptation) of the DNA along the supercoil is 
argued to be aslow process. Extension of supercoiled DNA by an applied force shows a number 
of unexpected features, including coexistence of interwound and helical states. 

Closed loous of double-stranded DNA are 
ubiquitous in organisms ranging from certain 
viruses and prokaryotes, in which the entire 
genome (or accompanying plasmids) is a sin- 
gle loop, to eukaryotes, in which chromo- 
somes are organized by DNA-binding proteins 
into 50- to 100-kb loops (1-3). These loops 
change conformation subject to topological 
constraints, such as the double-helix linking 
number Lk (4, 5), which is conserved as long 
as the strands remain unbroken. The confor- 
mational biases induced bv the Lk constraint 
are manifest in the writhing or supercoiling of 
the molecule. analogous to the familiar buck- - 
ling of a twisted tube or wire. Supercoiling is 
believed to play a biological role in that 
elaborate cellular machinery has evolved to 
manipulate Lk either by direct enzymatic ac- 
tion or more indirectly by binding to particu- 
lar proteins (1). 

Conventionally, linking number pertur- 
bations of a loop of length L are reported 
with a fractional linking number u = Lk/Lko 
- 1, where Lko = L/h is the number of helix 
repeats along an open chain of length L; for 
B-form DNA, h = 3.4 nm (1). Except in 
thermophilic bacteria, u is negative and 
approximately equal to -0.05. Further un- 
winding of the double helix to u < -0.10 
unbinds the strands. 

The many studies of elastic equilibria (6) 
of loops with u # 0 are of limited relevance to 
the situations encountered biologically be- 
cause DNA loops are typically much longer 
than the thermal persistence lengths, which 
are on the order of 50 nm. Arduous Monte 
Carlo computer simulations (7) have correctly 
accounted for thermal fluctuations and have 
achieved impressive agreement with experi- 
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ment (8), except in cases where cation-in- 
duced condensation may play a role (9). In 
this reuort. we reuroduce the results of two . , 

previous reports (7, 8) semiquantitatively by 
simule statistical-mechanical calculations that 
provide useful insight into how entropy and 
elastic energy compete to determine the ob- 
served supercoil structure. In addition, several 
experimentally testable predictions are made. 

The energy (enthalpy) of deformation of 
the double helix (5) depends on its local 
curvature K(S) and local excess twist fl(s), 
both of which have units of inverse length 
and depend on s, the arc length along the 
axis of the molecule. The energy per unit 
length in units of kBT (where kB is Boltz- 
mann's constant and T is temperature) is E 
= ?h(A~l  + CR2) (lo), where A = 50 nm 
and C = 75 nm are the persistence lengths 
for bends and twists, respectively (I I). The 
total molecular twist (2, 3) is 

where wo = 2 ~ / h  = 1.85 nm-' is the local 
twist of an undistorted molecule. The val- 
ues of Tw and Lk are related by Lk = Tw + 
Wr, where Wr is the "writhe" of the mole- 
cule (4, 5), a quantity independent of fl(s) . 

The probability distribution of conforma- 
tions is given by the Boltzmann distribution 
exp[- J ds E(s)]. The R dependence can be 
explicitly averaged out and reexpressed with 
the constraint Tw = Lk - Wr. However. the 
remaining average over backbone conforma- 
tion is complex and has only been implement- 
ed numerically (7, 12). 

For small lul, perturbation theory around 
a free untwisted chain is reasonable, provided 
that the number of added links per nvist 
persistence length, X = Cwolul = 1301~1, is 
less than about unity. The excess free energy 
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per length f attributable to supercoiling thus 
behaves as fABT = afX2/C, and the writhe 
per added linking is WrlALk = %plus a term 
on the order of X2 (13). It is natural to use X 
rather than lo1 because we expect strong 
conformational changes for X r 1. 

For X > 1, a simple calculation is feasible 
if one adopts as a starting point a local 
superhelical reference state, as suggested by 
both mechanical experiments with twisted 
wires and Monte Carlo simulations. The all- 
important entropic contributions to f are cal- 
culated from Gaussian fluctuations around a 
regular solenoidal or plectonemic superhelix 
with an assumed pitch P and radius R. The 
optimal structure is then derived by minimiz- 
ing f with respect to superhelix type, P, and R 
(Fig. 1). 

The bend and twist energetic contribu- 
tions to f are readily estimated from the 
curvature K = Rl(P2 + R2), the constraint Tw 
= Lk - Wr, and the average supercoil writhe 

+n sin y plectoneme wr = { +n(l - sin y) solenoid (2) 

where y is the superhelix opening angle and 
n is the number of superhelical turns along 
the supercoil [sin y = P l m 2 ;  n = 
L l ( 2 ~ q R  2 + P2)]. The upper and lower 
signs refer to right- and left-handed super- 
helices, respectively. 

The energy of the plectoneme can be 
reduced to zero if we put all of the excess 
llnking into the writhe (thus making the twist 
energy vanish), which for given n is maxi- 
mum for sin y = 1 or RIP + 0. T h s  makes 
curvature K and the bending energy zero. On 
the other hand, the solenoid can have its 
twist energy reduced to zero at minimal cur- 
vature energy cost by collapsing the coils into 

1 Solenoid / 

r 
a 0.1 

w , , - ' Monte Carlo simulation 

0.00 0.02 0.04 0.06 0.08 0.10 

Excess linking lo1 

Fig. 1. Excess free energies per unit length 
versus excess linking number u for regular 
solenoid and plectonerne supercoils with radi- 
us R and pitch P as drawn. The plectoneme 
state ceases to exist as a local minimum of Eq. 
4 below lul = 0.02 and crosses the energy of 
the unsupercoiled state for lul = 0.023. The 
Monte Carlo energy (7) is systematically lower 
because we neglect the random coil entropy. 

the plane (sin y = 0). However, a bending 
contribution to the enerw. 2.rr2n2AIL, re- -, . 
mains that is still positive and extensive, 
illustrating why twisted wire loops form plec- 
tonemes rather than solenoids. We show be- 
low that, although it is energetically costly, 
the solenoid state occurs when a twisted wire 
is subject to tension. 

Any physical wire cannot collapse to 
less than its hard core radius, which for 
DNA in solution at biological ionic 
strengths (-140 mM Na+) is r, = 2 nm 
(1 4). Simulations by Vologodskii et al. (7) 
and experiments (3, 8) agree that plec- 
toneme radii are much larger than r, until 
X exceeds 10. The central point of this 
reDort is that ~lectonemes swell as a result 
of thermal fluctuations; reducing R re- 
quires the suppression of fluctuations, 
which causes a loss of entropy. 

This entropy loss may be estimated with 
the scaling ideas originally developed for 
the study of fluctuating membranes (15). 
We present a rough estimate for the plec- 
toneme case that agrees with a systematic 
Gaussian calculation (16). When R << P, 
steric hindrance limits the distance that 
anv nortion of the molecule can fluctuate 

f L 

away from the average regular superhelix 
to R. This constraint on the fluctuations 
reduces the correlation length 6 along the 
double helix for the bending fluctuations. 
To find the relation between 6 and R, we 
must consider the energy of a fluctuation 
a(s) away from an average superhelical 
confieuration. - 

If we use the normal modes ak = $ ds 
eka(s), the bending energy is a sum over 
contributions for each wave number k with a 
leading term that scales as kBTAk41q12. Equi- 
partition indicates that in thermal equilibri- 
um, (lakI2) = l/(Ak4) for k > 5-'. For k < 
6-', the fluctuations are suppressed, and we 
may take (lak12) = 0 in this range. Therefore, 
the average of the square of the fluctuation at 
any point s along the supercoil is 

Our observation that the fluctuation ampli- 
tude is R gives the relation t3 = AR2. 
Finally, the confinement free energy per 
unit length scales as kBT/6 = k,TA-'I3 
RP2". A similar argument applied to the 
solenoid case (for .rrP << R) gives a con- 
finement free energy per unit length of 
kBT A-'"(TTP)-~/~. 

The free energy per unit length for a 
supercoil with X > 1 therefore has the 
form, to within order-unity constants 

The first two terms are the static bend and 
twist energies noted above, the third term is 
a sum of the entropic penalty incurred as 
either or both of R and P are reduced to 
zero, and the final term models the short- 
ranged hard core interaction. The recent 
proposal (9) of salt-induced supercoil col- 
lapse could be modeled by including an 
attractive potential tail with the hard core. 
Because Tw = Lk - Wr, the excess twist is 

C! = woo 2 Pl(R2 + P2) (5) 

for the plectoneme and 

for the solenoid. Given X, minimization of 
this free energy with respect to R and P 
yields the equilibrium structure. 

For small X, the equilibrium state has R 
= P = m, indicating an unsupercoiled 
conformation. As X is increased to X, = " 
3.0 (with numerical constants as in Eq. 
4), the equilibrium state jumps to that of a 
plectonemic superhelix with finite R and 
P, as observed experimentally and in sim- 
ulations (1 7) (Fig. 1). Because a polymer 
is one dimensional, we expect that the 
sharp transition with increasing X be- 
tween the unsupercoiled state and the 
plectoneme is smoothed out by thermal 
fluctuations. Our results lie systematically 
above the Monte Carlo results (7) because 
Eq. 4 does not include random coil entro- 
py of order -kBTIA. The absolute scale 
and the variation of the plectoneme pa- 
rameters with a observed experimentally 
(8) are described well by our model (Fig. 
2), indicating that the free energy cost of 

Excess linking lo1 

Fig. 2. Plectonemic supercoil (A) radius Rand 
(6) turns per unit length 1 / [ 2~ (R '  + P2)'J2] 
versus u from Eq. 4 (solid lines) and experi- 
ments on 3.5-kb plasmids. The experimental R 
values [figure 12 of (8)] were derived from a 
d~rect measurement of the number of turns 
[figure 6 of (8)], the length of plectoneme axis, 
the number of ends, and L. No attempt was 
made to adjust the unknown order-unity con- 
stants in Eq. 4 to improve the fit. 
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confinement determines supercoil size. 
For X >> 1, simple scaling laws for all 

quantities can be derived from Eq. 4. The 
plectoneme free energy grows as f/k,T = X/C, 
which is much less at large X than that of the 
solenoid, f/k,T = XZ/C. This difference ex- 
plains why the plectonemic coil is the stable 
state for X > 1. The plectoneme radius and 
pitch scale as R = C/X3" and P = C/X. This 
scaling behavior is cut off for small X = 1 bv - 
strong corrections from random coil fluctua- 
tions and at high X by the hard core interac- 
tions. The large-X cutoff thus occurs for R = 
ro, or for X = (C/ro)2" = 10, and causes the 
upturn in the plectoneme free energy (Fig. 1). 
Similar scaling laws have been experimentally 
determined [R and P = l/X (3)], and our 
model provides a framework for understand- 
ing their origin. 

Plectonemic supercoils have a branched 
structure (8), and they can be considered to 
be "living" branched polymers (1 8). We 
can roughly estimate the distance between 
branches for X > 1 by noting that the free 
energy required to create a "Y" branch 
point is that needed to create a random-coil 
region of length 5, which is -kBTX, a 
behavior that has been observed in simula- 
tions (7). If the interbranch distance A is 
much larger than P, the entropy per branch 
will scale as k, log Alp, and thus, balancing 
energy cost with entropic gain, we expect A 
= (CIX)exp(yX), where y is a constant of 
order unity. By taking y = 1 and moderate 
X = 5, we have A = 2000 nm, compatible 
with simulation results (7). 

\ , 

A plectonemic supercoil brings into prox- 
imity sites separated by many base pairs 
along a DNA loop, so it is natural to suppose 
that the slithering or conveyor belt-like 
motion of DNA through the supercoil in- 
creases the rate of ~rotein-mediated intra- 
molecular reactions or fluorescence transfer 
in vitro (19). Such is not the case. For an 
open coil i n  solvent of viscosity q , ignoring 
self-avoidance interactions (reasonable for 
DNA shorter than 250 kb), the reaction 
time is T~ = 25(L/A)312qA3/kBT (20). For 
the slitherine of DNA around an un- " 
branched plectoneme, we compute the ratio 
of drag force to velocity, p,, on two parallel 
cylinders of radius ro, spacing R, and length 
L/2 to be p = 2~rqL/log(R/r~). The reaction 
time is thus T~ = LZCL/kBT, which greatly 
exceeds T, for L >> A. However. intramo- 
lecular reactions can also occur through 
bending of the branched plectoneme of ef- 
fective length -L/2 and stiffness -2A. For 
lul = 0.05, we estimate a consequent reac- 
tion time ranging from T~ for L 5 5 kb to 
-0.57, for L r 50 kb; the slight decrease in 
reaction time relative to T~ results from 
plectoneme branching, which increases the 
polymer density (1 6). 

Recently, force versus extension mea- 
surements were made on a single DNA 

Force F (kBTlnm) 

Fig. 3. Extension versus force for DNA with 
fixed linking number (note 1 k,Tinm = 4 x 

N). The u = 0 calculation is exact, 
whereas the other curves are calculated in the 
large force limit, which, in the case of small lull 
results in errors 55% for extensions 20.3. A 
plectonemic bubble appears with decreasing F 
at point B (la1 = 0.02), and for larger 1 ~ 1 ,  the 
concentration of links in the plectonemic phase 
causes the DNA to unbind or melt at point M as 
F increases. 

molecule (21), and it is tempting to an- 
ticipate what will happen if the experi- 
ments are repeated with a nonzero u 
imposed. Because the energetically pre- 
ferred plectoneme phase is unable to tra- 
verse distance, whatever extension exists 
must be bridged by a helical random coil 
or solenoid. Extension thus brings the 
solenoidal and plectonemic states into 
"phase coexistence." 

The calculated extension versus force F 
(16) is shown in Fig. 3. Although the 
increase of F with IuI at fixed extension is 
intuitively plausible, the radius, pitch, and u 
of each component phase in the mixed 
"plecto-noid" state, which we also calculate, 
are less easy to divine. For lul = 0.02 a large 
force eliminates all net writhe, the link is 
entirely twist, and the extension is identical 
to that of a u = 0 random coil. As F 
decreases, some of the twist is expelled into 
a small plectonemic bubble with Iupl 
-0.08, which grows to -8% of L for a 
fractional extension of 0.5, at which point 
the calculation becomes unreliable. We ex- 
pect the plectoneme phase to vanish entirely 
as F + 0 because a closed loop takes on 
chiral random coil conformations at this u. 

For larger lul, for example 0.05, when 
the F = 0 state is plectonemic, a finite force 
(equivalent to a free energy per length) 
must be exerted to have any extension at 
all. As F increases, there is again a tenden- 
cy to concentrate u in the plectoneme 
phase, but now Iupl can exceed 0.12, which 
we take somewhat arbitrarily to be the 
point where DNA unbinds. These transi- 
tions could also occur whenever DNA is 

einned at two locations and subiect to twist 
as in the bacterial nucleoid; thus, extension 
of the force measurements of Smith et al. 
(21) to nonzero a should prove interesting. 
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