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Orientational Disorder of Cg, in Li,CsCg,

Ichiro Hirosawa,* Kosmas Prassides,* Junichiro Mizuki,
Katsumi Tanigaki, Matthew Gevaert, Alexandros Lappas,
Jeremy K. Cockcroft

The x-ray diffraction of the nonsuperconducting ternary fulleride Li,CsCg, reveals at room
temperature a face-centered-cubic (Fm3m) disordered structure that persists to a tem-
perature of 13 Kelvin. The crystal structure is best modeled as containing quasispherical
[radius of 3.556(4) angstroms] C,,3~ ions, in sharp contrast to their orientational state in
superconducting face-centered-cubic K;Cg,, (merohedral disorder) and primitive cubic
Na,CsC,, (orientational order). The orientational disorder of the carbon atoms on the
Ceo°~ sphere was analyzed with symmetry-adapted spherical-harmonic functions. Excess
atomic density is evident in the (111) directions, indicating strong bonding Li*—C inter-
actions, not encountered before in any of the superconducting alkali fullerides. The in-
tercalate-carbon interactions and the orientational state of the fullerenes have evidently
affected the superconducting pair-binding mechanism in this material.

Superconducting alkali fullerides with a
stoichiometry of A,A'C¢, (A and A’ are
alkali metals) can be classified into two
distinct families, distinguished through the
orientational state adopted by the fulleride
Cgo>~ ions in the crystal structure. The
fullerides K;Cg, [superconducting transi-
tion temperature (T_) ~ 19 K] and Rb,;Cq,
(T, ~ 29 K) adopt a merohedrally disor-
dered face-centered-cubic (fcc) (Fm3m)
structure in which the Cq,®~ ions are ran-
domly distributed between two orientations
related by 90° rotations about the cubic
axes (1). Na,CsCqy (T, ~ 12 K) (2) and
Na,RbCy, (T, ~ 3.5 K) (3) adopt a prim-
itive cubic (Pa3) structure in which ~88%
of the fulleride ions are rotated counter-
clockwise by ~98° about the appropriate
[111) cube diagonal, with the remaining
ions adopting minor orientations. Al-
though the pair-binding mechanism in the
fullerenes remains to be determined unam-
biguously, both currently prevailing [elec-
tronic (4) and electron-phonon coupling
(5)] models associate it with intramolecular
properties. The alkali metals fully donate
their electron to the fullerene units and
essentially act as simple spacers. The inter-
molecular separation appears to modulate
the electronic density of states at the Fermi
level (6) and, within each structural family
(2), to result in a monotonic increase in T,
with increasing lattice constant. Differ-
ences between the two structural families at
the same intermolecular separation can be
attributed (2) to the different orientational
state of the C,®>~ ions and the resulting
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intermolecular potential that can sensitively
affect electron hopping and, as a conse-
quence, the electronic and conducting prop-
erties of the solids (7). Experimentally, the
primitive cubic family of fullerides is evi-
dently characterized by a steeper dependence
of T on the interfullerene spacing (2).
Here, we address the problem of the
structural properties of the ternary fulleride
Li,CsCq,, containing the smallest and least

* electropositive alkali metal ion, Li* (radi-

us, ;¥ = 0.60 A) in the tetrahedral
interstices. Little is known about the struc-
tural, conducting, and electronic properties
of such Li* intercalated fullerides, with
Li,RbC¢, and Li,CsCg, the only reported
stable phases with an A,A’'Cq, stoichiom-
etry (8). We found no evidence in
Li,CsCq, for a transition to a superconduct-
ing state down to 50 mK, while differential
scanning calorimetry (DSC) measurements
showed no indication of a structural phase
transition between 100 and 450 K. We
then probed its structural properties be-
tween 13 and 300 K by both laboratory and
high-resolution synchrotron x-ray diffrac-
tion. Unexpectedly, we found that its crys-
tal structure did not belong to any of the
two fulleride structural families known at
present; it was fcc (Fm3m) but with an
orientational state for the Cqy*>~ ions that
were best modeled as quasispherical units of
radius 3.556(4) A. Deviations from perfect
sphericity were more pronounced than
those encountered in the disordered phase
of pristine Cqy (9). A symmetry-adapted
spherical-harmonics analysis of the orienta-
tional distribution function revealed a sub-
stantial excess of carbon atom density in
the (111) directions facing the Li* ions.
This excess is the signature of a strong
stabilizing Li*~C interaction, unprecedent-
ed in fullerene chemistry but reminiscent of
many similar bonding situations, encoun-
tered in the widespread organometallic
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chemistry of Li (10). Also, the partial
hybridization of carbon p, and metal s or-
bitals has been postulated for the Li inter-
calation compound of graphite LiCq (11).
Here, we provide an example of a new
structural family of ternary fullerides. We
associate the absence of superconductivity
in this family with the enhanced lithium-
carbon interactions and the modified inter-
molecular potential.

Measurements from x-ray diffraction
methods on Li,CsCgy, samples (12) sealed
in thin-wall glass capillaries 0.5 mm in
diameter were performed both with a rotat-
ing anode (12.5 kW) and a synchrotron
radiation source. Laboratory diffraction pat-
terns (Cu K,; radiation) were recorded
between 13 and 300 K. High-resolution
x-ray measurements (A = 0.8717 A, 20 =
4° to 44°) were performed with the sample
inside an Oxford Instruments (Bedford,
Massachusetts) continuous-flow helium cry-
ostat at 50 and 300 K at the SRS Station
9.1, Daresbury Laboratory, United King-
dom. Data analysis was performed with the
PROFIL suite of Rietveld analysis programs
(13), incorporating symmetry-adapted
spherical-harmonic functions for the de-
scription of spherically disordered molecules
to order 12.

The rotating anode x-ray diffraction pro-
files could be indexed on an fcc structure at
all temperatures. Peaks violating fcc rules
did not appear even when an extended scan
with a data accumulation rate of 60 s per
point was performed at 13 K. Under the
same conditions, peaks indexed on a primi-
tive cubic lattice were clearly evident in
Na,CsCgqo and Na,RbCy,. The results of the
DSC measurements are in agreement, show-
ing no indication of a phase transition with
latent heat (AH) greater than 0.1 J/g in the
temperature range 100 to 450 K (Fig. 1). No
sign of unreacted Cq, was evident. Under
the same conditions, Na,CsCq, clearly
showed an order-disorder transition at 313 K
with AH ~ 2.7 J/g (Fig. 1) (14).

The synchrotron powder diffraction pro-
files at 50 and 300 K confirmed that the
crystal structure of Li,CsCq, was fcc. Ri-
etveld refinements of the profiles were at-
tempted in space group Fm3m with the Li*
and Cs* ions occupying the tetrahedral and
octahedral holes, respectively. Various pos-
sibilities, characterized by the differing.ori-_
entational states of the Cg, units, were
explored in the refinements of both data
sets. The merohedrally disordered Cg, mod-
el that had been found appropriate for the
binary fullerides K;C, and Rb;Cq, (1) gave
poor agreement with the data (weighted
profile R factor, R, = 23.3%; intensity R
factor, R; = 15.7% at room temperature).
Increased disorder of the Cy, unit was then
modeled by placing it at the origin of the
unit cell in one of its two standard orienta-



tions and allowing it to rotate counter-
clockwise about the (111) orientation by an
arbitrary angle ¢. The application of all the
symmetry operations of the cubic group O,
to the Cq, unit generally results in the
superposition of eight symmetry-equiva-
lent, differently oriented molecules (15).
Each fullerene unit is thus modeled by 8 %
60 = 480 points on a sphere, each point
occupied with the same probability. Profile
refinements were performed after ¢ was
varied in a stepwise manner in multiples of
5° between ¢ = 0° and 120°, giving im-
proved agreement with the data, compared
to the merohedral model. The lowest R
factors (R,, ~ 16.9%, R; ~ 9.2%) were
obtained in the vicinity of ¢ ~ 17°, 59°,
and 98°. However, the refinement further
improved when each fullerene molecule,
instead of being considered to arise from a
distribution of distinct carbon atoms, was
modeled by a simple spherical shell of elec-
tron density (R, = 15.4%, R; = 9.0%).
The Rietveld refinement results are thus
consistent with pronounced orientational
disorder of the fullerene ions. Because the
carbon atom motion is necessarily confined
to the surface of a sphere, a convenient way
of describing the scattering density in such
cases is in terms of symmetry-adapted spher-
ical-harmonic (SASH) functions (16). The
PROFIL Rietveld refinement program (17)
was extended to include SASH functions to
order 12 and then used to fit the Li,CsCq,
diffraction data. We take into account the
icosahedral symmetry of the Cg, units and
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Fig. 1. DSC measurements on powder samples
of Li,CsCgq, and Na,CsCygy,.

note that they occupy the 4a sites of m3m
(O,) symmetry in the fcc lattice. This
positioning only necessitates consideration
of SASH functions, K, with values for | =
0, 6, 10, and 12, that transform as A, in O,
(18). Refinement was initiated with r =
3.54 A and C, = 1.0. It proceeded
smoothly and resulted in improved agree-
ment factors (R,, = 14.4%, R; = 7.6%).

However, a different Fourier analysis of
the diffraction data revealed that the pres-
ent model was drastically underestimating
the electron density residing in the tetrahe-
dral holes. Thus, we considered a structural
model that allowed for disorder of the alkali
ions. Unconstrained refinement was robust
and rapidly converged to excellent agree-
ment factors (Fig. 2), resulting from partial
occupation of the tetrahedral holes by Cs*
ions. At the final stages, the alkali metal
occupancies were constrained to satisfy the
stoichiometry of the material, (Li, ,Cs,),.,-
(Li,Cs;_) o Cqo- The variable x refined to
0.115(5), indicating a ~6% occupation of
the tetrahedral holes by Cs* (R,, =
11.4%, R; = 5.9%). Refinements of the 50
K data also proceeded routinely with the
same structural model, and the fitted pa-
rameters at both 50 K and room tempera-
ture are summarized in Table 1.

Several points arising from the results of
the present refinements are of particular
interest. First, the C603_ ions remain disor-
dered at all temperatures with a spherical
radius of 3.556(4) A, somewhat larger than

the radius of neutral C, [3.5429(6) A 9)]
but entirely consistent with the expected
effect of reduction. In addition, disorder
effects associated with the alkali metal ions
in both the tetrahedral and octahedral in-
terstitial sites were identified. Partial occu-
pation (~6%) by the large Cs* cations of
the small tetrahedral holes seems surprising,
especially because the evidence so far on
ternary metal fullerides has been strongly in
favor of complete order for both sites (19).
However, the large difference in scattering
power between Li and Cs in the present
case allowed us to probe the alkali metal
distribution with high accuracy. Both the
spherical shape of the fulleride ions and the
enlarged effective radius of the tetrahedral
ions in Li,CsCq, lead to a lattice constant
[a = 14.0746(12) A at room temperature)
somewhat larger than expected from a di-
rect extrapolation from the other families of
fullerides. ‘
Because the error in the determination
of the fitted C,, coefficients of the SASH
functions (Eq. 4) increases rapidly with
increasing order, it was not possible to
extract reliable values for higher order co-
efficients (20). Comparing these coeffi-
cients (Table 1) with those determined for
Ceo (9), we find (i) that they are relatively
large and (ii) that their signs and relative
magnitudes are reversed. These findings
indicate that the deviations from spherical
isotropy are more pronounced in the pres-
ent case, consistent with the more strongly
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Fig. 2. Final observed (points) and calculated (solid line) diffraction profile for Li,CsCg, at room
temperature (298 K) in the range of 5° to 44° (A = 0.8717 A). The lower panel shows the difference
profile. The normalized intensity is plotted with a square root scale to amplify the weak high-angle
peaks. Vertical marks indicate the observed reflections. Three peaks arising from copper reflections
from the cryostat and the scattering in the vicinity of ~9° arising from the glass capillary were
excluded from the refinement (as indicated by the horizontal lines above the marks). The inset
shows in detail an expanded view of the profile in the range of 20° to 44°.
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anisotropic crystal field generated by the
presence of the alkali ions. In addition, the
orientational distribution function is drasti-
cally different. From the refined values of
the coefficients, we calculated the carbon
orientational density function, shown in
Fig. 3 as a contour map. The value of p(r)
is normalized to be equal to one for the
isotropic case, with larger and smaller val-
ues representing density excess and deficit,
respectively. Unlike the rotator phase of
pristine Cgy in which a density deficit is
evident in the (111) directions (9), Fig. 3
shows the. existence of a density excess
along (111) and a deficit along (100). This
distribution means that the carbon atoms
have a high probability of being close to the
Li* ions that occupy the tetrahedral holes
while; at the same time, avoiding the Cs*
ions located at the octahedral interstices.
This result may be understood if a strong
interaction with some covalent character
exists between the least electropositive,
strongly polarizing alkali ion, Li*, and the
fullerene carbon atoms. The dy; ¢, distances

Table 1. Refined parameters for Li,CsCgq, Ob-
tained from Rietveld refinements at room tem-
perature.and at 50 K. Estimated errors in the
last digits are given in parentheses. The space
group is Fm3m. The x-ray wavelength is 0.8717 A,
The x-ray scattering factors for the neutral at-
oms were used, and anomalous scattering cor-
rections (f' = —0.405, f” = 3.036 electrons per
atom) were included for Cs. Unconstrained
refinements in the thermal factors of the tetra-
hedral and octahedral ions showed little differ-
ence in their values; these were then con-
strained to be equal in the final refinement
cycles. The R factors are defined as R.,p, =
{Ewly(obs)—y(calc)}?/Zwy(obs)?}'2 x 100%,
R0 = {(N-P+C)/Zwy(obs)?}'2 x 100%, R, =
3[1{obs)— I(calc)|/2 I(obs) x 100%, where w =
1/a y(obs)2. Data for Li,CsCg, at room temper-
ature are as follows: cell constants, 14.0746(12)
A; Cy, shell radius, 3.556(4) A; cubic harmonic
coefficients, G, , = 1.0, G, = 0.08(1), C, , =
—0.24(4); R factors, Ryp = 11.4%, Rexp =
4.5%, R, = 5.9%; B, 8.8(2) A2 for Li(1), Cs(1),
Cs(2), and Li(2) and 5.2(6) A2 for C,,. Data for
Li,CsCg, at 50 K are as follows: cell constants,
13.9889(12) A; Ceo shell radius, 3.555(4) A;
cubic harmonic coefficients, C, , = 1.0, G, =
0.05(1), C,o, = —0.16(3); R factors, =

13.3%, R,,, = 5.6%, R, = 7.7%; B, 6.2(2) A? for
Li(1) to Cge-
Atom  Site X y z N

Room temperature

L) 8 1/4 1/4 1/4 75402
Cs(l) 8 14 1/4 1/4 0462
Cs@ 4b 12 12 1/2 3542
L@  4b 12 1/2 12 0.46(2)
Ceo 4a 0 0 0 240
50K

Li(1) 8c 14 14 14  759@2)
Cs(1) 8 14 14 14 0412
Cs@) 4b 12 12 12 3592
L@  4b 12 12 12 0412
Ceo 4a 0 0 0 240
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(2.54 A at room temperature, 2.50 A at 50
K) do not indicate, however, large covalent
interactions.

Steric factors should also contribute to
the stability of this novel orientational state
of the fullerene units that usually tended in
the solid state to align their hexagonal faces
(and molecular threefold symmetry axes)
along the (111} crystal directions. An ori-
entational distribution function similar to
pristine Cg, would have led to a large
coordination number for the tetrahedral
ions and steric crowding for the small Li*
ions. Our present results are thus consistent
with the trend of decreasing coordination
number of the tetrahedral ions in fulleride
solids with decreasing ionic size (2). When
the ionic radius of the alkali A* ion is
larger than the size of the tetrahedral inter-
stices (~1.12 A), then A is K or Rb, the
repulsive A*—C interactions dominate the
orientational potential, and the Cg, ions
present eight hexagonal faces to the tetra-
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Fig. 3. (A) The orientation distribution function
for Cg, in Li,CsCg, at room temperature viewed
down one of the (111) directions. The zero-order
term is omitted to emphasize differences from
spherical symmetry. Solid and dashed contours
indicate excess and deficit, respectively, carbon
density with respect to the zero-order term.
Contour intervals are +£0.128. (B) Cuts through
the spherical surface plot of (A) along constant
azimuthal angles, ¢ = 45° {[110] plane} and 0°
{[100] plane} showing the orientational density
as a function of polar angle 6.
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hedral sites, resulting in a coordination
number of 24. However, whenr,+ < 1.12 A
(A = Na), the repulsive A*—C interaction
is substantially diminished (21), leading to
an optimal A*-Cy, coordination, in which
each C4,®~ ion presents two hexagonal faces
and six hexagon-hexagon fusions to its eight
neighboring A* ions, reducing the coordi-
nation number from 24 to 12 (2, 22).

The nature (static, dynamic, or both) of
orientational disorder present in Li,CsCq,
is difficult to decipher from the present
results, as x-ray diffraction probes the time-
averaged molecular and crystal structure
and additional experiments with dynamical
probes (“Li and *C nuclear magnetic reso-
nance quasielastic and inelastic neutron-
scattering measurements, for example) are
needed. However, large isotropic tempera-
ture factors persist to low temperatures both
for the spherical shell and the alkali ions,
indicating the existence of some static dis-
order (Table 1).

The fcc, merohedrally disordered, super-
conducting A,A'Cg, compounds obey a
simple monotonic relation (6) between T,
and the lattice constant a. This relation has
been attributed to the interfullerene spac-
ing modulating the electronic density of
states at the Fermi level. A similar relation
has been also proposed for orientationally
ordered primitive cubic fullerides, with T,
showing a steeper dependence on intermo-
lecular distance than in the fcc systems (2).
The present structural characterization of
fcc Li,CsCyy, in which C, adopts a differ-
ent orientational state with dramatic effects
on the macroscopic properties, now adds an
additional dimension in the role of orienta-
tional disorder on the superconducting
properties of the fullerides. The Li,CsCq,
fulleride is not superconducting, although
the transition temperatures expected for the
value of its lattice constant should be on
the order of ~5 to 10 K. The detrimental
effect on superconductivity should come
from the strong lithium-carbon interaction
that modifies the electronic structure at the
Fermi level through hybridization. In addi-
tion, electron hopping between neighbor-
ing molecules may be adversely affected by
the quasispherical disordered state of the
fulleride ions.

High-resolution x-ray diffraction has
been used to show the existence of & third
possible structural modification of alkali ful-
lerides with stoichiometry of A,A’'Cy, real-
ized for the small dopant, A = Li* cation.
The combination of small size and weak
electropositive character for lithium leads to
the formation of an fcc phase, incorporating
quasispherical fulleride ions and character-
ized by bonding lithium-carbon interactions.
Detailed band structure calculations are
needed to explore the exact origin of the
nonappearance of superconductivity in this




phase, despite the apparent correct band
filling and suitable interfullerene spacing. It
appears that the orientational state of the
fullerenes and the intercalate-carbon inter-
action subtly control the pair-binding mech-
anism in the fullerides.
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Critical Behavior in the Satisfiability of Random
‘ Boolean Expressions

Scott Kirkpatrick and Bart Selman

Determining the satisfiability of randomly generated Boolean expressions with k variables
per clause is a popular test for the performance of search algorithms in artificial intelligence
and computer science. It is known that for k = 2, formulas are almost always satisfiable
when the ratio of clauses to variables is less than 1; for ratios larger than 1, the formulas
are almost never satisfiable. Similar sharp threshold behavior is observed for higher values
of k. Finite-size scaling, a method from statistical physics, can be used to characterize
size-dependent effects near the threshold. A relationship can be drawn between thresholds

and computational complexity.

Properties of randomly generated combina-
torial structures often exhibit sharp thresh-
old phenomena. A good example can be
found in random graphs. A graph is defined
as a set of points (vertices) in space with
lines (edges) connecting pairs of vertices. A
random graph is generated by randomly
selecting pairs of vertices to be connected
by edges. Erdos and Rényi (I) showed that
many properties of random graphs can be
predicted with a very high accuracy. Con-
sider the sizes of connected clusters. A
connected cluster is a group of vertices
where, starting at an arbitrary vertex, one
can reach any other vertex in the group by
traversing one or more edges in the graph.
It is intuitively clear that the more edges in
the graph, the more vertices will be inter-
connected and the larger the clusters will
be. What is surprising is that gradually
increasing connectivity leads to sudden
changes in the distribution of cluster sizes.

Let N be the number of vertices and M
be the number of edges. If we make N and
M large but hold their ratio &« = M/N
constant, then we can identify two regimes:
When o < 1/2, many small isolated clusters
of maximum size In N are found; when o >
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1/2, a single giant component with size
proportional to N absorbs many of the
clusters. At the boundary between the two
regimes, when a has its critical value o, =
1/2, the largest clusters are proportional to
N?3, Subsequent work (2, 3) has made
precise the sharpness of the threshold: Its
characteristics persist across a range of a of
order N~ about o, = 1/2. This is now
recognized as the prototype of “percolation”
phase transitions studied in simple models
of real inhomogeneous materials, which
change sharply from nonconducting to con-
ducting on macroscopic scales as a local
measure of connectedness increases (4).
We shall use this well-understood model to
test techniques for the identification of
critical phenomena in less understood com-
binatoric structures.

Threshold phenomena have recently
been observed in randomly generated Bool-
ean expressions or formulas. Mitchell et al.
(5) considered the k-satisfiability problem
(k-SAT). An instance of k-SAT is a Bool-
ean formula in a special form, called con-
junctive normal form (CNF). An example
of such a formulais (x Vy) A (x V y) A (x
V v), where x and y are Boolean variables
and A\, V, and the overbar are logical
operators denoting, respectively, AND,
OR, and NOT.

Each Boolean variable can be assigned
either true or false. Depending on the
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