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Coupling of Topological Disorder and Polydispersity
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The evolution of disorder in response to period adaptation in a hexagonal magnetic bubble
array is shown to arise from the proliferation of dislocations and to proceed by means of
intermediate states of steadily decreasing hexatic order to an amorphous final state.
Remarkably, each dislocation core imposes a size adjustment on bubbles decorating its
constituent pair of five- and sevenfold coordinated sites. Topological disorder thus induces
intrinsic polydispersity and converts the initially unimodal size distribution into a trimodal
one. This intimate interplay between geometry and topology provides an explicit mech-
anism by which structural disorder arises as a result of frustration.

Domain formation is encountered in a
wide variety of condensed matter systems,
including thin films of type I superconduc-
tors (1), ferrofluids (2), and ferrimagnetic
garnets (3, 4), as well as monomolecular
amphiphilic (Langmuir) films (5, 6) and
certain semiconductor and metal surfaces
(7). Mean-field theories describing domain
patterns as a manifestation of a modulated
order parameter field yield stripes and cylin-
drical “bubbles” as the simplest possible
realizations of these modulated phases (4,
6, 7). These are respectively characterized
by a single and a set of three modulation
wavevectors, q, whose magnitude depends
on the applied field, H, and temperature,
T, so that ¢ = |q(H, T)| or, for constant H,
q = |q4(T)|- The modulation period, d =
2m/q, is set by the competition of a short-
ranged attractive and a long-ranged repul-
sive interaction of magnetostatic (I-4),
electrostatic (6, 7), or strain-elastic (7)
origin. However, in most experimental sit-
uations, stripe and bubble domain phases
are found to adopt disordered configurations
rather than simple, ordered ones.

The focus of this report is the nature of
the disorder and the disordering process of
a hexagonal bubble array subjected to a
scale transformation. Tuning of the mod-
ulation period of such an array by means of
its temperature dependence (8, 9) in the
presence of a small, constant magnetic
field generates strain to which the system
must respond by suitably adjusting bubble
area and (number) density while main-
taining constant net magnetization (“cov-
erage”). Detailed pattern analysis reveals
that the transformation of the ordered
initial state into an amorphous final state
involves a remarkable coupling between
“lattice” and “single particle” degrees of
freedom. The former are those affected by
topological defects, which mediate disor-
dering and melting in systems of rigid
particles (10, 11). The latter are charac-
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teristic of modulated phases whose constit-
uent domains are known to exhibit a
variety of domain shape instabilities (2, 3,
12-15). The disordering process is medi-
ated by the proliferation of (unbound)
dislocations: These generate intermediate
bubble array configurations of steadily de-
creasing hexatic order, with bond-orienta-
tional correlations substantially exceeding
positional correlations (16). An inherent
polydispersity concomitantly arises: Local
strain relaxation in response to the cre-
ation of a dislocation leads to the size
adjustment of the five- and sevenfold co-
ordinated bubbles marking *+1 disclina-
tions (17) in the defect core, and disloca-
tion cores are thus decorated by pairs of
bubbles of mismatched area. The incipient
unbinding of disclination pairs in the final
stage of disordering signals the appearance
of amorphous order, with comparable po-
sitional and orientational correlations of
about two nearest-neighbor distances. Lat-
tice expansion thus induces a transforma-
tion to an amorphous state, characterized
by a trimodal distribution of domain areas
(18). This is to be contrasted with recent

investigations of melting in dilute arrays
of monodisperse bubbles, in response to
an increase in the applied magnetic field
to just below the bubble collapse field
(11), as well as monodisperse colloids
(10), in which simple dislocation pair
unbinding was followed by disclination
pair unbinding.

Domain patterns in magnetic garnet
films of composition (YGdTm),(FeGa)¢-
O,,, grown to a thickness of about 13 pm
on single-crystal substrates of gadolinium
gallium garnet of (111) orientation, were
recorded by polarization microscopy (8,
11). The ordered initial bubble array was
generated by cooling of the film from the
paramagnetic state (8) in a small, normal
magnetic field (H = 1 Oe). Subsequent
disordering was induced by allowing the
system to cool in the applied field, over a
period of about 2 hours, from T = 175°C
(=0.96T,, where T_ is the critical temper-
ature) to room temperature. This trajectory
closely preserves (to within about £2%) a
constant area fraction (“coverage”) of bub-
bles of about 45%, replicating the condi-
tion that applies to experiments on Lang-
muir films of mixed surfactants (14, 19).
Patterns were binarized (20) and processed
to locate domain centroids and evaluate
domain area histograms. Construction of
the Voronoi diagram of the resulting point
pattern facilitated the identification of topo-
logical defects (21).

Bubble patterns in the course of the
disordering process are displayed in Fig. 1.
The corresponding Fourier spectra docu-
ment the (radial as well as azimuthal)
broadening of the diffraction spots as topo-
logical defects proliferate. These defects
are identified as dislocations in the super-
position of a fully disordered bubble do-
main pattern and its Voronoi diagram
(Fig. 2A). This construction reveals the

Fig. 1. Magnetic bubble patterns (top) and their respective Fourier spectra (bottom) documenting
the evolution of disorder by means of the proliferation of dislocations in response to temperature-
mediated period adjustment in a constant magnetic field (H = 1 Oe) applied normal to the layer
plane. The respective modulation periods are (A) 9.5 pm, (B) 15 um, and (C) 23 um. The horizontal
dimension of each field of view in the top panels is 570 pm.
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strong pairing of five- and sevenfold sites
into dislocations, which themselves tend
to form pairs and clusters (9). Both the
nucleation and the subsequent motion of
dislocations rely on transient shape distor-
tions, explicitly involving the elimination
of fivefold coordinated bubbles (9). The
overlay in Fig. 2A also demonstrates that
five- and sevenfold sites coincide with the
position of bubbles that are, respectively,
smaller than and larger than the bubbles
that decorate all sixfold sites, and adopt
the (temperature-dependent) optimal area
Ag. Polydispersity and topological disorder
are thus found to be intimately related.
A record of the number of bubbles, N =
Ny(T), in the evolving pattern of linear
dimension L, reveals that, over most of the
experimentally accessible range of temper-
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Fig. 2. (A) Voronoi diagram constructed from
bubble domain centroids of pattern in Fig. 1C.
Light and dark gray polygons in the diagram,
respectively, indicate five- and sevenfold sites,
occupied by bubbles of smaller than optimal
and larger than optimal area. The contours of
these domains, derived by edge detection from
the original pattern, are superimposed. Note
the incipient unbinding of disclinations. The
horizontal dimension of the field of view is 900
um. (B) Normalized (70), azimuthally averaged
orientational and translational correlation func-
tions, ge(r) and g(r), computed from the bubble
centers in (A). Dotted lines indicate fits of the
envelope of gg(r) to an exponential, and of g(r)
to an azimuthally averaged structure function of
a perfect hexagonal lattice with multiplicative
exponential decay; the unit of r is the nearest-
neighbor distance, a.

atures, N(T) exceeds the “optimal” number
of domains, NPY(T) ~ LYA(T). This
indicates that, starting in the ordered state,
a decrease in temperature and the ensuing
increase (8, 9) in the modulation period, d,
initially lead to strain accumulation until,
at the yield threshold, the nucleation of
defects facilitates the requisite reduction in
N. The approximately linear relation be-
tween N(T) and N¢P*(T) suggests that the
pattern remains at the yield threshold,
forming dislocations and eliminating (rows
of) particles at a rate sufficient to track the
increase in modulation period. The ob-
served (9) scaling of the mean domain area,
of the form (A) ~ g2, is consistent with
the condition of constant coverage.

The unimodal area distribution charac-
terizing the ordered initial state transforms
into a trimodal distribution as topological
defects continue to proliferate (Fig. 3). The
mean area corresponds to sixfold coordinat-
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Fig. 3. (A) Enlarged section of a nearly ordered
bubble domain pattern exhibiting a pair of dislo-
cations whose core is composed of a pair of
bubbles of nonoptimal size. Two lines, marking
excess rows of bubbles, emerge from each core.
(B) Domain area histograms (in semilogarithmic
representation) with superimposed fits to a single
or a superposition of three Gaussians, shifted to a
‘common maximum position: area values for the
original maxima are (a) 52, (b) 76, (c) 117, and (d)
245 pm?2. Abscissae were expanded, as indicat-
ed by scale bars, by factors of 2 (c) and 5 (d) with
respect to those of (a) and (b). Distributions (c)
and (d), respectively, correspond to Figs. 1B and
2A, and all histograms are also related to the plots
marked (a) through (d) in Fig. 4. Fits yield, for (a),
the polydispersity of the initial state, ((A2) —
(AP)2(A) =~ 0.18, and, for (d), ratios Ry/Ry =
0.77 and R,/R, = 0.88 for the mean radii of n-
fold coordinated bubbles.
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ed sites (9), whereas the emergence of the
satellites reflects the formation of disloca-
tions containing small fivefold bubbles and
large sevenfold bubbles. The distribution
displays a marked asymmetry: The ratio of
mean areas (Ag)/A;) exceeds the ratio
(As){Ag), and the corresponding standard
deviations exhibit a systematic increase, Og
< 04 =< 0.

The smooth evolution of disorder man-
ifests itself in the steady decrease of the
hexatic order parameter |5 (11, 22) and
the concentration, ¢, = 1 — (N5 + N;)/N,
of sixfold coordinated bubbles (Fig. 4A). It
is the concomitant increase in the concen-
tration of defects, 1 — ¢, that leads to the
formation of satellites in the area histo-
grams of Fig. 3.

The existence of free dislocations in
disordered bubble patterns is consistent
with a rapid decay of positional correla-
tions. The observation that disclinations
remain tightly bound would suggest hexatic
ordering to persist. This expectation is
borne out by explicit evaluation of transla-
tional and bond-orientational correlation
functions (Fig. 4B). This analysis indicates
that, throughout most of the regime of
pattern evolution probed here, the range
(17, 23) of orientational correlations, &,
exceeds that of translational correlations, &,
as expected for a hexatic state (10, 11, 22).
Notable is the short range of positional
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Fig. 4. (A) Concentration of sixfold coordinated
bubbles, ¢ = 1 — (N5 + N,)/N (@), obtained
from Voronoi diagrams by omission of sites
near edges of the field of view, and absolute
value of the orientational order parameter, ||
= gy(0)""2 (O). Histograms (a) through (d) in
Fig. 3B correspond to patterns as indicated
here. (B) Translational (¢; 4) and orientational
(& ©) correlation lengths, in units of the near-
est-neighbor distance, a, on a logarithmic
scale. The common abscissa is given in terms
of the square of the modulation wavevector, q
= |q,(T)|. evaluated from azimuthally averaged
Fourier spectra.
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correlations even at exceedingly low defect
concentrations at high T (see Fig. 1A).
Careful examination reveals that the distor-
tions introduced on a scale of many nearest-
neighbor distances by even a single, un-
paired dislocation (Fig. 1A) lead to a sig-
nificant reduction of § = 10a << & (where
a is the distance to the nearest neighbor),
in essential agreement with the situation
encountered in dilute magnetic bubble ar-
rays at room temperature (11, 24). The
reduction of the asymptotic value of || to
below unity (Fig. 4A) is likewise attributed
to the free dislocation and to possible addi-
tional static random displacement disorder.
Whether a state of true long-range position-
al order exists in magnetic bubble arrays
near T_ remains an open question.

In the final stage, represented by the
patterns in Figs. 1C and 2A and charac-
terized by the correlation functions in Fig.
2B, an isotropic, amorphous state of com-
parable & and § = £ = 2a appears. Close
examination of the corresponding Voro-
noi diagram (Fig. 2A) confirms the incip-
ient unbinding of =1 disclinations (17),
respectively marking five- and sevenfold
sites; disclinations of charge exceeding
+1, commonly observed in other systems
(10, 11, 22), are not formed here. In a
system of colloidal spheres of comparable
defect density (I — c4 = 0.25), a signifi-
cant number of unbound disclinations,
exceeding by almost an order of magnitude
that found here, ensures realization of a
true, isotropic liquid state (10). Disclina-
tions in the high-coverage maghetic sys-
tem here, perhaps as a result of bubble size
adjustment, appear to be more tightly
bound.

Roughly coincident with the appearance
of an amorphous state (Fig. 4), & which
tracks the average (lateral) distance be-
tween dislocations (10, 22), approaches an
asymptotic level (9). Close inspection of
the evolving pattern reveals the activation
of an additional mechanism for the elimi-
nation of bubbles; this involves the annihi-
lation of interstitials, and hence of disloca-
tion pairs, and thus facilitates local “heal-
ing” of the disordered pattern. This process
is mediated by the collapse of fivefold coor-
dinated bubbles in a manner closely related
to the collapse of five-sided cells in coars-
ening polygonal networks (“froths”) (9,

We suggest that, as with the evolution
of labyrinthine stripe domain patterns
from a lamellar initial state (9, 26), the
morphology of disordered bubble patterns
may be viewed as a configuration of cor-
rect modulation period emerging from
constrained optimization under the condi-
tion of fixed coverage and given number
density of bubbles. The possible interplay
between the strain relaxation achieved by
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bubble area adjustment and the dissocia-
tion of dislocations into their constituent
disclinations, beginning to occur in the
most disordered patterns (see Fig. 2A),
constitutes an interesting, currently unre-
solved problem.

“Frustration,” arising from quenched
size inhomogeneity, and its effect on trans-
lational and orientational ordering have
been previously examined in binary arrays
of spheres, as well as in simulations of
close-packed hard disks (22), in an effort
to understand the evolution of amorphous
structures and the connection to melting
in two dimensions. Related questions have
recently been addressed in the study of
three-dimensional spherical colloids; bina-
ry mixtures of colloidal spheres of suffi-
ciently different size have in fact been
shown to exhibit a glass transition at high
densities (27). However, in contrast to
the quenched disorder pertinent to those
situations, we find that polydispersity and
thus frustration arise spontaneously in
dense magnetic bubble patterns in re-
sponse to the formation of dislocation
cores. This intimate connection between
geometry and topology, relating the sites
of particles of nonoptimal size to the
position of topological defects, yields a
simple example of a mechanism generating
structural disorder typical of that found in
amorphous systems such as glasses (28).
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