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Dynamics of Elliptical Galaxies

David Merritt

Elliptical galaxies were once thought to be similar in their structure and dynamics to
rotationally flattened bodies like stars. The discovery that elliptical galaxies rotate much
more slowly than a fluid body with the same shape has led to a qualitative change in our
understanding of the dynamics of these systems. It is now believed that elliptical galaxies
are fully triaxial in shape. Self-consistent triaxial equilibria have been constructed and
appear to be long-lived; they are made possible by the existence of conserved quantities,
or integrals of motion, for galactic potentials without rotational symmetry. Many self-
consistent equilibria are unstable; the nonexistence of elliptical galaxies with axis ratios
more extreme than 3:1 is probably the result of such an instability. There is evidence for
strong central mass concentrations, perhaps massive black holes, at the centers of some
nearby galaxies. Recent observations suggest that many elliptical galaxies formed through

the merger of two or more spiral galaxies.

About one-third of the bright galaxies in
the universe fall into the class of elliptical
galaxies. In contrast to spiral galaxies, like
our own Milky Way, which contain a
prominent disk composed of young stars,
gas, and dust, elliptical galaxies have a
smooth, almost featureless appearance (Fig.
1). The only obvious characteristic that
distinguishes one elliptical galaxy from an-
other—aside from size or total luminosity,
quantities that depend on the assumed dis-
tance—is apparent axis ratio. This fact is
reflected in the classification scheme that
was proposed by Hubble in 1936 and is still
widely used (I). Although spiral galaxies
are classified according to the detailed mor-
phology of their spiral arms, elliptical gal-
axies are distinguished only by their appar-
ent elongation: an elliptical galaxy with
axis ratio b/a, where a is the length of the
semimajor axis and b is the length of the
semiminor axis, has a Hubble type of En,
where n = 10(1 — b/a). Thus, an apparent-
ly round galaxy has Hubble type EO, and the
most elongated ellipticals are of type E7 (2).
Because we see only the stellar distribution
that is projected along our line of sight, it is
impossible to directly determine the intrinsic
elongation of any single elliptical galaxy or
indeed to decide whether elliptical galaxies
as a class are axisymmetric (oblate or pro-
late) or fully ellipsoidal (“triaxial” in the
nomenclature of astronomers) (3).

Until about 1975, it was commonly
(though in retrospect, rather loosely) as-
sumed that elliptical galaxies were rotation-
ally flattened and oblate, the stellar-dynam-
ical counterparts to Maclaurin spheroids
(4). Thus, elliptical galaxies were seen as
logical complements to the more rapidly
rotating, and hence more strongly flat-
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tened, spirals. However, the first accurate
measurements of the rotation velocities of
elliptical galaxies revealed a significantly
lower rotation rate than expected for an
equivalent fluid body, even one with the
density structure of a real galaxy (5). Ellip-
tical galaxies were revealed to be “hot”
stellar systems, in which most of the sup-
port against gravitational collapse comes
from essentially random motions, rather
than “cold” systems, like spiral galaxies, in
which ordered rotation contributes most of
the internal kinetic energy. Two questions
immediately arose from these observations:
What produces the observed flattening;
and, given that rotation plays only a minor
role, are elliptical galaxies axisymmetric or
fully triaxial (6)? Finding the answers to
these questions, and others that have arisen
as the quality of the observational data has
increased, has occupied the majority of
galactic dynamicists for the last decade or
so. This article reviews recent progress in
our understanding of the structure and dy-
namics of elliptical galaxies.

Stellar systems differ in fundamental
ways from other large-N systems, such as
gases or plasmas. The molecules in a gas
interact by means of short-range forces,
which quickly act to randomize the distri-
bution of molecular velocities at each
point. The stars in a galaxy rarely undergo
physical collisions, except perhaps in re-
gions of atypically high density, such as
galactic nuclei. Furthermore, it is easy to
show that, because of the long-range nature
of the gravitational force, the perturbing
effect of gravitational encounters with near-
by stars is typically negligible compared
with the overall gravitational force of the
galaxy. As a result, the gravitational force
on any star will not vary rapidly, and each
star moves smoothly through the force field
produced by the galaxy as a whole. More
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quantitatively, the relaxation time, that is,
the time scale over which gravitational
encounters with individual stars produce
significant changes in a star’s orbit, is long
compared to the crossing time, the time
required for a star to move from one side of
the galaxy to the other. For a typical ellip-
tical galaxy, the mean relaxation time is of
order 10'° years, whereas the crossing time
is about 10° years. Astronomers therefore
refer to galaxies as collisionless systems.
The particles in a fully ionized plasma
also interact by means of long-range forces,
and low-density plasmas share with stellar
systems the property that the mean field is
more important than the fields of nearby
particles. However, plasmas contain both
positive and negative charges, so they are
neutral on large scales (7). Because gravity
is always an attractive force, stellar systems
tend to form strongly inhomogeneous equi-
libria in which the gravitational force is
balanced at every point by the stellar “pres-

_sure.” This simple fact greatly complicates

the theoretical study of galaxies compared
with that of plasmas because even a zeroth-
order description of a galaxy typically re-
quires an inhomogeneous model (8). The
problem is particularly severe for hot stellar

Fig. 1. A large elliptical galaxy, M87, in the core
of the Virgo galaxy cluster. The center of the
image is burned out through overexposure,
whereas the envelope is underexposed and
almost invisible. The bright knots on one side
are produced by a jet of hot gas that is being
ejected from the nucleus, perhaps by a mas-
sive central black hole. This is one of the few
elliptical galaxies with obvious substructure.
[Photo by A. R. Sandage with the 200-inch Hale
telescope; courtesy of J. Bedke at the Space
Telescope Science Institute]

1867



systems like elliptical galaxies, in which the
stars pass through regions of very different
gravitational force in one crossing time. The
collective gravitational effects that determine
the structure and evolution of a hot stellar
system are therefore usually too complex to be
described by simple mathematical models,
and most studies of these systems must be
based on computer simulations. Recent ad-
vances in the art of studying the gravitational
N-body problem have contributed substan-
tially to progress in this field (9).

Orbits and Shapes

The dynamics of stellar systems are closely
tied to the forms of the trajectories, or
orbits, followed by individual stars. The
classical theory of orbits, dating back to
Kepler and Newton, is based on the in-
verse-square force law that describes two
interacting point masses. In a galaxy, the
force field derives from all the stars (as well
as nonluminous components, such as dust
and dark matter), and the dependence of
the gravitational acceleration on distance
from the galactic center is rarely close to
inverse-square. The orbits are therefore
very different from the familiar closed el-
lipses of the two-body problem.

In an arbitrary spherical potential, the
orbital motion can be well approximated as
a precessing ellipse that fills a plane, annu-
lar region. In axisymmetric potentials,
these annular orbits precess around the
symmetry axis, producing time-averaged or-
bital densities that are roughly doughnut-
shaped. These shapes can be discovered by
direct integration of trajectories on a com-
puter, but they can also be predicted
through study of the mathematical form of
the integrals of motion associated with re-
alistic galactic potentials.

An integral of motion is any function of
the phase-space coordinates (x, v) that is
constant along orbits. Examples are the
so-called “classical” integrals: the total en-
ergy, which is always an integral of motion
if the gravitational field is not time-varying,
and the angular momentum, which is con-
served about any axis of rotational symme-
try. Because integrals of motion are rela-
tions between the phase-space variables,
they restrict the volume in which a star can
move; for instance, an orbit respecting only
the energy integral would fill a volume de-
fined by an equipotential surface. Numerical
integration reveals that the equations of
motion in many three-dimensional poten-
tials seem to respect integrals beyond the
classical ones: the orbits confine themselves
to regions much smaller than the regions
defined by the classical integrals (10).

Unfortunately, the class of three-dimen-
sional mass models for which the nonclas-
sical integrals of motion can be expressed in
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closed form, or can even be shown mathe-
matically to exist, is very small. The math-
ematician Stickel first classified, in 1890,
the full set of potentials for which the
Hamilton-Jacobi equation becomes separa-
ble in curvilinear coordinates to yield three
exact integrals of motion (11). Remark-
ably, it required a further 80 years for the
realization that certain ellipsoidally strati-
fied mass models have potentials of the
Stiickel form (12). The most general such
mass distribution is

Po
(1 +m?)?
2 22
a b? + c? (1)
The mass density, p, is constant on surfaces
of constant m, which are ellipsoids. These
ellipsoids can have arbitrary axis ratios.

The orbits in the force field generated by
the mass model of Eq. 1 fall into four
families (Fig. 2). Three of these families are
“tubes,” orbits that respect an integral sim-
ilar to the angular momentum around one
of the three axes, which causes them to
avoid the center. Orbits of the fourth family
are called “boxes,” which are unique to
triaxial potentials. At low energies, and
thus small amplitudes, the box orbits are
rectangular parallelepipeds confined to the
core, where the equations of motion are
those of a three-dimensional, incommensu-
rate harmonic oscillator. At large energies,

= p(m?) =
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Fig. 2. The four families of orbits in an integra-
ble, nonrotating, triaxial potential. The pictures
are perspective views of solid bodies that en-
velope the volumes filled by the four types of
orbits. The symmetry axes of the solids coin-
cide with the symmetry axes of the galaxy.
[Reprinted from (74) with permission © Ameri-
can Astronomical Society]
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the box orbits become elongated in the
direction of the long axis of the ellipsoid.
Box orbits are distinguished from tube or-
bits in that they pass arbitrarily close to the
center and have an alternating sense of
rotation. Numerical integrations show
that—with some important exceptions dis-
cussed below—these families of orbits are
the main ones in a fairly wide class of
triaxial potentials (13).

A first step in determining whether real
elliptical galaxies are triaxial (as opposed to
axisymmetric) is to show that self-consistent
triaxial equilibria exist. One simple, al-
though approximate, way to accomplish this
is by numerically combining a discrete set of
orbits like those in Fig. 2 in such a way as to
reproduce the mass distribution of Eq. 1.
Such experiments suggest that triaxial equi-
libria do indeed exist for essentially any
choice of axis ratios (13, 14). These models
typically contain sizable contributions from
each of the four basic families; the box
orbits, which are elongated in the same
direction as the galaxy and are concentrated
near the center, are often the dominant
component. An alternative way to verify the
existence of triaxial equilibria is to use an
N-body program to simulate the relaxation
of a set of stars from nonequilibrium initial
conditions, such as an extended protogalac-
tic cloud or a pair of subsystems in the process
of merging. One finds that the final state is
often substantially triaxial and that many of
the stellar orbits have the same basic proper-
ties as the orbits in integrable potentials (15).
Taken together, these two sorts of experi-
ments suggest that triaxial ellipsoids are natu-
ral, and perhaps long-lived, shapes for slowly
rotating galaxies (16).

Real elliptical galaxies have density pro-
files that are much more centrally con-
densed than that of the integrable model
described by Eq. 1. High-resolution obser-
vations of nearby ellipticals and the central
bulges of spiral galaxies, including the
Milky Way, often reveal core luminosity
profiles that rise very steeply into the center
with no discernible limiting density (17).
The bulge of the nearby spiral galaxy M31
contains a dense nucleus of almost stellar
appearance (18), and many elliptical galax-
ies may contain massive black holes at their
centers, as discussed below. The gravitation-
al potentials of triaxial models with density
profiles similar to these are far from Stiickel-
like, and, although many of the orbits in
such model potentials appear to respect
three integrals of motion, the orbital shapes
are often quite different from those in the
analytically separable potentials.

Most strongly affected are the box orbits,
which pass arbitrarily close to the center
after sufficient time. Numerical orbit inte-
grations show that most box orbits are
destroyed when the stellar density increases



more rapidly than r~! near the center, as

appears to be the case for many resolved
galaxies. Some of these box orbits become
“stochastic,” or chaotic, filling volumes
that are roughly bounded by equipotential
surfaces. Other box orbits are replaced by
so-called “boxlets,” orbits similar to boxes
but which curve in such a way as to avoid
the center (19). It is unknown at present
whether self-consistent triaxial models with
central cusps can be constructed from these
orbits. If the answer is no, this would imply
that many elliptical galaxies are axisymmet-
ric, or perhaps that their triaxial figures are
slowly evolving toward axisymmetry.

An interesting problem that has not been
resolved by orbital studies is why elliptical
galaxies are so nearly ellipsoidal in shape.
The class of integrable potentials includes
mass models with isodensity contours that
are strongly nonellipsoidal, both “disky” and
“boxy” (20). Triaxial models formed during
the N-body evolution of nonequilibrium or
unstable initial conditions are often found to
be extremely boxy, even peanut-shaped (21,
22). The ubiquity of boxy models is perhaps
not surprising in consideration of the fact
that most orbits in triaxial potentials have
strongly flaring shapes, as shown in Fig. 2
(23). In contrast, however, real elliptical
galaxies have isophotal shapes that are al-
most precisely elliptical: the deviations are
typically less than 1% and are as often in the
direction of diskiness as of boxiness (24). It
is unclear what, if anything, this fact might
be telling us about the formation history of
elliptical galaxies (25).

Stability

Any proposed stellar-dynamical configura-
tion should be tested for stability before
being accepted as a model of a real galaxy.
The importance of instabilities in rapidly
rotating stellar systems, such as spiral galax-
ies, has been recognized for at least three
decades; this work has antecedents in the
classic papers of Jacobi, Dirichlet, and others
on the equilibrium and stability of rotating
fluid bodies. In contrast, the importance of
instabilities in galaxy models with little or
no rotation was appreciated only quite re-
cently. In part, the reason was that the
stellar velocity vectors in a hot stellar system
are pointed in all directions, so a perturba-
tion in the stellar density might be expected
to rapidly attenuate as the stars move along
their respective orbits. However, it turns out
that the stellar motions in a variety of
interesting hot models are sufficiently corre-
lated to induce instability, and these insta-
bilities often grow on a time scale that is
short compared to the age of the universe.
The first such instability to be discov-
ered, and probably still the most important,
is the so-called “radial-orbit instability”

(26). A spherical model in which the orbits
are strongly eccentric, or radial, evolves
quickly into a triaxial bar. The instability
arises because highly eccentric orbits are
nearly closed, and nonradial forces can
realign them around a barlike perturbation.
The radial-orbit instability implies an upper
limit to the degree of velocity anisotropy in
spherical or spheroidal models and can
sometimes be used to constrain the dynam-
ical state of observed galaxies (27). This
instability may also play a role in galaxy

formation because collapse tends to result -

in eccentric orbits. The N-body simulations
of such systems verify that collapse from a
wide range of initial conditions leads to

Fig. 3. The firehose instability in a nonrotating,
prolate galaxy model (27). Frames are separat-
ed by about two crossing times. The final model
is substantially more “boxy" than real elliptical
galaxies; the simulation was not carried far
enough to determine whether this boxiness
would persist for a time corresponding to the
age of the universe. This N-body simulation
contained 10* particles and was executed on
the Cray Y-MP at the University of Pittsburgh.
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final states whose axis ratios are determined
by a process similar to the radial-orbit in-
stability (28).

Another important instability is illus-
trated in Fig. 3. Models that are sufficiently
elongated are unstable to global bending
modes, which arise when the centrifugal
force experienced by a star that moves
along the bend overwhelms the gravitation-
al restoring force (29). This instability is
similar to the “firehose” instability of plas-
ma physics (30) and is usually called by the
same name. The N-body integrations of a
family of prolate models suggest that galax-
ies with axis ratios more extreme than
about 3:1 are unstable to these bending
modes, which quickly act to “puff up” the
short axis and reduce the flattening (21).
This instability is a plausible explanation
for why elliptical galaxies never have Hub-
ble types more extreme than E7 (31). The
firehose instability may also play a crucial
role in the formation of the central bulges
of spiral galaxies: N-body integrations of
rapidly rotating disks show that the central
regions, after forming a rotating bar
through an instability in the disk plane,
immediately bend out of the plane, produc-
ing a hot, spheroidal system with properties
similar to those of galactic bulges (32).

Little is known yet about the stability of
triaxial models.

Dark Matter and Central
Black Holes

The model building described above is
based on the premise that the gravitational
potential in which the stars move is gener-
ated by the stars themselves. There is good
reason to suspect, however, that much of
the matter in the universe is dark (33). The
most secure evidence for dark matter comes
from studies of the rotation curves of spiral
galaxies. The stars in these galaxies lie
mainly in a thin disk and travel on nearly
circular orbits around the galactic center.
By comparing the observed centripetal ac-
celeration, v/r, with the calculated gravi-
tational acceleration attributable to the lu-
minous mass, one infers that stars make up
less than 10% of the total mass in spiral
galaxies and that the dark matter is more
extended spatially than the stars, in what is
commonly called a dark halo. The shapes of
these halos are not well constrained obser-
vationally but are thought to be spherical or
ellipsoidal (34). The composition of the
dark matter is a completely open questjon.

It is reasonable to expect that elliptical
galaxies are also surrounded by extended
dark halos. Their presence is more difficult
to infer than in the case of spiral galaxies,
however, because elliptical galaxies are not
spherical and the orbits in elliptical galaxies
are more complex than those in spiral
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galaxies. The basic principle behind the
estimation of the gravitational potential in
an elliptical galaxy can be illustrated by the
case of a spherical and nonrotating galaxy
in which the stellar velocities are every-
where isotropic. The first velocity moment
of the collisionless Boltzmann equation
yields an equation similar to the equation of
hydrostatic equilibrium

d(vo?) dd
& —vﬁ )

Here v(r) is the number density of stars at
radius r, o%(r) is their mean square velocity
in one dimension, and ®(r) is the gravita-
tional potential, which may result from
both stars and dark matter. Observations
yield the projected number density and
velocity-dispersion profiles from which v (r)
and o(r) can be inferred. Equation 2 then
gives the potential ®(r) and, hence, the
mass M(r) = G~ 2d®/dr, where G is the
gravitational constant. This sort of analysis,
applied to stars and other kinematical sam-
ples, suggests that dark matter may be
present around at least some elliptical gal-
axies (35). But even in a spherical galaxy,
the distribution of stellar velocities need
not be isotropic, which leads to large formal
uncertainties in the estimated ®(r) (36,
37). If we permit the postulated dark-mat-
ter halos to be nonspherical, the uncertain-
ties increase even more.

Recent work suggests that it is possible
to map dark matter in hot stellar systems
with the use of the full distribution of
line-of-sight velocities of some test sample
at a number of different positions, rather
than just the velocity dispersion that ap-
pears in Eq. 2 (38). One way to obtain this
additional information is to measure the
Doppler-shifted velocities of a very large
sample of discrete objects (stars, planetary
nebulae, globular clusters, and so on) that
surround the galaxy and construct a veloc-
ity histogram at a variety of radii. Such
observations are greatly facilitated by a new
generation of detectors that use optical
fibers to observe hundreds of objects at once
(39). Another route is to measure the
integrated spectrum of the stars at a given
point in a galaxy and ask what velocity
distribution function would yield the ob-
served line shapes after convolution with
the spectrum of a single star (40). Such
studies are only beginning but have the
potential to place much stronger con-
straints on the dynamical state of elliptical
galaxies than was possible in the past.

Another piece of evidence for dark mat-
ter in elliptical galaxies comes from kine-
matical studies of galactic nuclei. In 1978, a
group demonstrated the possible existence
of a black hole or other compact object
with a mass of about 5 X 10° solar masses at
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the center of the giant elliptical galaxy M87
(41). The evidence was a moderately steep
rise in the stellar velocity dispersion in the
inner kiloparsec of the galaxy, which im-
plied, with the use of Eq. 2, a large central
mass. Very soon after, a number of workers
stressed the nonuniqueness of this model
because of uncertainties in the orbital dis-
tribution, and the most recent work sug-
gests that no strong case can be made for a
significant nonluminous component in the
nucleus of this galaxy (42). However, it has
long been clear that dead quasars should be
roughly as common as giant galaxies, and it is
natural to expect that the massive black holes
that are thought to power the quasars should
reside in galactic nuclei. This argument has
prompted a search for dynamical signatures of
massive black holes in other galaxies. To
date, reasonably strong kinematic evidence
for central mass concentrations has been ob-
tained for a handful of nearby galaxies (43).
The most convincing cases are the central
bulges of spiral galaxies, which often exhibit a
rapid rise in the velocity of stellar streaming
very near the center. These nuclei are proba-
bly highly flattened and may even consist of
disks of stars that formed from gas that fell in
from much larger radii. However, the resolu-
tion limits imposed by the Earth’s atmosphere
have so far precluded the unambiguous deter-
mination of the shapes of these nuclei, and
the resulting uncertainties in the inferred
black hole masses are generally comparable to
the masses themselves (44). It is not clear
whether improvement of this situation is pos-
sible with ground-based instruments (45).

Formation of Elliptical Galaxies

One remarkable regularity in the morpholo-
gy of elliptical galaxies is the form of their
surface brightness profiles, that is, the de-
pendence of the stellar number density on
radius. Aside from scaling and shape factors,
this dependence is very nearly the same for
all elliptical galaxies. One commonly used
parametrization is the so-called “r'* law”

I(R)x exp [—7.67 (RIR)®]  (3)

first proposed by de Vaucouleurs in 1948
(46); here I(R) is the luminosity density on
the plane of the sky at apparent radius R,
and R, is the projected radius containing
one-half of the total light. Equation 3 is
accurate over at least three decades in radius
for many bright elliptical galaxies (47). Al-
though the detailed form of Eq. 3 is almost
certainly without physical significance, the
existence of a characteristic density law cries
out for an explanation. Attempts to derive
the r'# law from a maximum-entropy prin-
ciple have been largely unsuccessful (48).
Nevertheless, computer simulations of gal-
axy formation demonstrate that a density
profile similar to Eq. 3 is a very common
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outcome, as long as the evolution satisfies
two general conditions: (i) there must be
strong exchange of energy between the stars
and ‘the overall gravitational field, so that
the initial conditions are forgotten, and (ii)
the initial state must contain an appreciable
fraction of matter at high phase-space den-
sities, to allow the formation of a high-
density core (49). One simple formation
scenario that has received much attention is
collapse from a cold, that is, low velocity
dispersion, initial state. Computer simula-

* tions (28), as well as simple analytical argu-

ments (50), confirm that such collapses pro-
duce galaxies with density profiles very sim-
ilar to the r'/* law. However, it is clear from
the numerical simulations that many other
models of galaxy formation can produce

. good 1 laws (51), and it does not seem

especially likely that real galaxies formed
through cold collapse.

One model for the formation of elliptical
galaxies that has gained many adherents in
recent years is the merger hypothesis pro-
posed by Toomre (52). According to this
hypothesis, most or all elliptical galaxies
formed from the coalescence of spiral gal-
axies, either in the distant past or more
recently. The initial motivation for the
merger hypothesis was the observation that
the rate of apparent merger events in the
current universe is large enough to have
formed all the observed elliptical galaxies
over the course of 10'° years (52). This
argument was strengthened by the discov-
ery of dark-matter halos around spiral gal-
axies, which imply a much higher probabil-
ity for a merger than if galaxies were no
bigger than their luminous parts (53). More
recent evidence in favor of the merger
hypothesis includes the discovery of a num-
ber of fine-structure features, including rip-
ples, twists, imbedded disks, and tidal tails,
that may be indicative of past mergers (54).
A large fraction of the elliptical galaxies
that are examined closely seem to have
such fine structure (55). Although the in-
terpretation of this fine structure is still a
matter of debate, it seems clear at least that
elliptical galaxies are far less uniform in
their structure and formation histories than
was previously thought.
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