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little over a year ago, Vaughan 
Jones and Joan Binnan met in Bir- A, an's office at Columbia University. 

Both are mathematicians, but their fields are 
so different as to seem totally unrelated. 
Jones, who is at the University of California 
at Berkeley, specializes in von Neumann 
a l g e b r ~ s o t e r i c  mathematical objects that 
originated with quantum mechanics but 
since have been abstracted almost beyond 
recognition. Birman studies knot theory a 
branch of pure mathematics related to topol- 
ogy. What brought the two together was 
Jones's suggestion that perhaps some results 
he obtained might help answer afimdamcn- 

them what mathematicians call an algebra. 
Finally, in the 19303, mathematicians Frank 
Murray and John von Neumann, motivated 
by mathematics as well as physics, developed 
what Jones describes as "a very 1II collec- 
tion of operators," which became known as 
von Neumann algebras. 

The von Neumann algebras fascinated 
mathematicians, and, as they began to work 
with them, they concentrated especially on 
simple algebras, which they called factors. 
These are the backbone of all the von Neu- 
mann algeb-ery algebra can be built 
up from a collection of factors. 

particles h quantum kiechanics, you will 
have a subfactor. 

Jones came up with the concept of an 
index for subfactors, which measures their 
dimensions. Since factors in general can 
have any dimension imaginable, he l l l y  
expected that subfactors would have contin- 
uous dimensions also. "What I discovered 
was sort of amazing. If the dimension of a 
subfactor is less than 4, it must be precisely 
4Cos2~/n." These strange numbers, "just 
came out of the proof somehow. It was not 
entirely understood," says Jones. 

Jones then visited some mathematician 
fiiends at the University of Geneva and 
showed them his unexpected result. When 
they saw how the proof went, a couple of 
them said that it resembled the braid group, 
a concept fiom knot theory. Jones replied 
that it could not possibly resemble that 
group. But the very idea that his work with 
the dimensions of subfactors of von Neu- 
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ral question in knot theory. 
When the two sat down together, the 

discovery was almost i n s t m w .  Jones 
proved that what they both hoped was 
aue+von Neumann algebras are related to 
knot theory and provide a way to tell very 
complicated knots apart. "It was wondentll, Vaughan Jones 
it was very wonderhl, and I'm sdll thded," T~ hspt $#we, 
says Birman. work on von Ne%mann 

The result, say mathematicians, is a land- e e h m  sDLped 
mark in recent mathematics whose d c a -  ouhtd-nding p b ~ in 
tions are still being worked out. Moreover, knot theory. 
it now appears to be of more than theoreti- 
cal importance. Biologists arc begimmg to 
make use of knot theory to understand 
DNA conformations. The new d t is 
helping them understand how DNA be- 
comes linked like a chain and a k  knotted 
during replication and recombination and, 
as a consequence, how the enzymes produc- 
ing these knots and 1'& must work 

Von Neumann algebras were discovered 
in connection with auantum mechanics 
when physicists needed' a new way to tak 
about "obsewables." In classid mechanics, 
obsewables are such things as energy, posi- 
tion, and momentum. They can be known 
precisely. But in quantum mechanics, they 
never can be known precisely, so physicists 
substituted the mathematical notion of op- 
erators fbr the classical notion of obsema- 
bles. 

They also postulated that these operators 
can be multiplied or added together, making 

Jones, who started out studying physics 
and quantum mechanics in his native New 
adand ,  switched to math in order to con- 
centrate on factors. "They are very beautiful 
mathematical objects," he says. What parric- 
ularly intrigued Jones was the notion that 
factors can have continuous dimensions, 
meaning that they can have as their dimen- 
sion not just positive whole numbers, like 
thm-dimensional space, for example, but 
any number that can be conceived of-1/21, 
for example, or m, which is not even a 
rational number. Continuous dimensions, 
Jones remarks, "are very strange and I was 
completely fascinated by them." 

mann algebras could have something to do 
with knot theory led him to Joan Birman's 
office, where the crucial link between the 
two fields was made. 

Knot theory has a central, fundamental 
problem: How can you tell whether two 
knots are the same or different? If you have 
two knots made of string, can you change 
one into the other without cutting the 
string? "Imagine you have a big piece of 
tangled string and you throw it into the air 
and let it fall," Jones explains. "It will look 
different when it lands, but you would find 
it hard to tell how the knots in the string 
before you threw it in the air were converted 
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into the knots after it landed. Anyone who's 
been fishing will understand the problem." 

For the past 100years, knot theorists have 
made up huge tables of knots, drawing 
pictures to show which knots are different 
from others. But this is hardly an ideal 
solution. What knot theorists really want are 

Is this knot knotted or not? 

It is not always obvious whether a knot is 
knotted. This %not" actually is not knotted 
and is the bmk of a magzc trick. 

properties of knots that they can calculate 
that are invariant, that uniquely characterize 
knots. Ideally, such an invariant will always 
be the same if two knots are the same and 
will always be different if two knots are 
different. 

The closest anyone came to finding such 
an invariant was the American mathemati- 
cian John Alexander. In 1928 he discovered 
a simple polynomial that is associated with 
knots and can sometimes determine whether 
knots are distinct. If the Alexander polyno- 
mial is different for two knots, the knots are 
different. But the problem is that many 
times the Alexander polynomial is the same 
for two knots and yet the knots are not the 
same. 

One idea for studying knots was to derive 
knots from braids. Mathematicians imagine 
making what they call braids by tying pieces 
of string to a set of hooks and then winding 
the strings around each other before tying 
each piece of string to another hook at the 
bottom of the braid. An ordinary braid like a 
braid of hair is a special case of these more 
general braids. Once a braid is made from 
strings tangling between two sets of hooks, 
it can be turned into a knot by bringing the 
top and bottom set of hooks together and 
tying the ends of the strings to each other. 
Sometimes, depending on the braid, there 
will be a knot, someumes there will be 
several knots, and sometimes there will b~ 
no knots at all. But, as Alexander showed in 
the 19203, this process of making knots 
from braids allows mathematicians to create 
any knot they want by making the corre- 
sponding braid. 

"It seemed like a good idea to use braids 
to study knots," says Jones, who has become 
an expert on knots as a consequence of his 
discovery. "But there is a great deal of non- 
uniqueness. It is not clear whether you can 
do a calculation on a braid and get informa- 
tion that only depends on the knot." 

What Jones learned from his friends in 
Geneva, however, is that information on 
braids appears when he proves his resuit on 
the dimension of subfactors. "The braid 
group somehow appeared in the algebra 
when I proved my result on the index 
[dimensions]. It later turned out, by a mir- 
acle, that this number, the dimension, is 
dependent on the knot, not the braid," 
Jones says. "So you get a function depen- 
dent only on the knot." The function was a 
polynomial. 

But the knot connection came only after 
Jones had learned something about knots. 
He was no knot theorist and he was not at 
all sure that this "mysterious way of going 
about things" actually provided any new 
information. He sought out Birman to learn 
about the connections between knots and 
braids. He was not at all optimistic that his 
work would lead to anything significant in 
knot theory. "Braids are related to many 
things, only one of which is knots," Jones 
remarks. Since knot theory and von Neu- 
mann algebras are so different, the two 
mathematicians began by spending a day 
telling each other about their fields. 

"I'd written a book on studying knots 
through braids and I suggested we get to- 
gether and talk," says Birman. When Jones 
arrived, "at first we thought it was the 
Alexander polynomial. It looked just like it," 
Birman recalls. So she asked Jones to calcu 
late his polynomial for the trefoil, which is 
the overhand knot-the simplest knot t h a ~  
can be tied with string and the knot that is 
normally used to tie string around a pack- 
age, for example. There are right-handed 
and left-handed versions of the overhand 
knot and, although knot theorists know 
these versions are different, they firld it 
difficult to prove it. The Alexander polyno- 
mials for the two versions are the same 

Jones calculated his polynomial for the 
right-handed trefoil and its value looked 
different from the value expected from the 
Alexander polynomial. Then Birman asked 
him to calculate his polynomial for the left. 
handed trefoil. It was not the same polyno- 
mial as he calculated for the right-hand knot. 
"At first, I thought it was a mistake," says 
Birman. So she had Jones start calculating 
his polymonial for other knots. "He did 
many, many specific calculations and there 
wasn't a false note in it." 

Jones's result "was an enormous surprise," 
Birman remarks. It still does not completely 

solve the knot theorists' problems because 
there are some knots that are distinct and 
that have the same polynomial values. But 
Jonesds polynomial, says Birman, "is more 
powerful" &an Akxander's-it is more like- 
ly to distinguish knots chat are in fact differ- 
ent 

Yet, says Jones, there were still many 
loose ends. For one the mathematics turned 
out to be unnecessarily complicated. "You 
start with a knot, go ro a braid, then go to a 
von Neumann algebra and from there you 
get a dimension." The first thing he learned 
was that -'you don t have to go through the 
braid." The caiculat~on can be done directly 
from the knot and is pract~cally the same as 
the calculation for t h ~Alexander polynomi- 
al. This led mathemaucians to believe there 
must be some simple formula to embrace 
both Alexander's and Jones's polynomials. 

h o s t  media te ly  five groups of math- 
ematicians independently and by different 
methods found a rwo-variable polynomial 

Going from braids to knots 

Lvbe braid (cop) ~ a nbe ~onvertedto  a knot 
(center) by tying. ih 6t~d.rtog.ether. Butgoing 
fjom a knot &o a @ f a d  CUYL be dzficult. For 
example my JO~LGJ-Sjavu~~te,the knot at the 
bornom which rym kuzsed by Mmwen 
Thtstlethwattc a5 tbe Polytechnic of the South 
Bend in Londov~ 
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that does the trick. By specifying one vari- 
able, you get the Alexander polynomial. By 
specifying another, you get the Jones poly- 
nomial. "So that was wonderful." savs 

, . 
Jones. It was the beginning of a flurry of 
work on simple inductive formulas to distin- 
guish knots. 

The knot theorists also are trying to un- 
derstand what the polynomials really 
mean-what are they telling mathematicians 
about knots? They recognize, says Birman, 
that the polynomials "are encoding data 
about knots in some terribly complicated 
way." It is not yet clear just what the 
encoding pattern is. 

In the meantime, this progress in knot 
theory is having some definite practical con- 
sequences in biology. In their attempts to 
understand the knotting and linking of 
DNA molecules, many biologists "were be- 
coming very good at knot theory," says 
Birman. But they are starting to run into 
problems that simple knot theory and even 
the Alexander polynomial could not solve. 

DNA is packaged very tightly into cells. 
There is enough DNA in the cells of a 
person to stretih to the sun and back 50 
times, so once it is in cells, it must be coiled, 
linked l i e  a chain, and knotted in order to 
fit. Until recently, biologists could only 
guess at what these knots and links and coils 
actually look like because DNA is too thin 
for th&e structures to show up well under 
the electron microscope. But recently, Nich- 
olas Cozzarelli of the University of Califor- 
nia at Berkeley and his colleagues working 
with Andnej Stasiak and his associates at the 
Institute for Cell Biology in Zurich, Swit- 
zerland, found that if they coat the DNA 
with a protein-rec A-it becomes five 
times fatter and looks like coiled and knot- 
ted sausages under the electron microscope. 
Now biologists could address fundamental 
problems of the knot theory of DNA. 

The principal observation is that DNA 

How does DNA untie its 
knots? 

TI& DNA from the bactmerzal 
v i m  lambda ti knotted and 
coiled. Befwe it cun replicate, it 
must straZghten itseIfout. UUsing 
new mathematiw results, 
bloing&s cun determine how 
knots and chain-like links of 
DNA are made-and unmade. 

'23efwe Jones, the math 
was incredibly arcane. 
The way knots were 
classi~ie2 had nothing 
to do with biology. But 
mw vou can calculate 
thinis that are 
important to you." 

knots and unknots, ties and unties itself and 
if these procedures do not occur properly, 
the cell dies. Normally, knots and links 
appear in DNA during replication and re- 
combination. Then the DNA must be 
straightened out during cell division. "The 
biological consequences are profound," says 
Cozzarelli. "A single link that is not undone 
is lethal. You have to get rid of all links, 
supercoils, and knots. If you don't, you die." 

So what the biologists want to know is, 
how are these chain links and knots made- 
and unmade? The new polynomial has im- 
portant implications, according to Cozzar- 
elli. 

The first major use of the mathematics is 
to classify DNA knots and links. "It is 
important to know what to look for," says 
Cozzarelli. 'With complicated knots, there 
are billions and billions of possible ways 
they could be made." Biologists cannot fall 
back on model building, their old standby, 
because they really need rigorous proofs of 
how the knots were made. Cozzarelli ex- 
plains: "It's like doing Rubik's cube. The 
path from one configuration to another is 
not obvious. Can two forms be intercon- 
verted? Just because you can't do it doesn't 

mean it's impossible." With the new polyno- 
mial, biologists have a way to prove whether 
two DNA configurations are the same or 
different. 

But Jones's work has a second implication 
that, Cozzarelli proposes, is where the real 
future of the result lies. Onlv two basic 
operations change the structure of DNA. 
One is p a s s a g ~ n e  segment of DNA is 
broken, another strand is passed through, 
and the DNA is then closed up. This is how 
supercoils as well as knots and links are 
made. The other basic operation is ex- 
change-two pieces of DNA are broken and 
the DNA fiom the two strands is switched. 
"All other motions of DNA can be reduced 
to these two simple ones," Cozzarelli says. 

The amazing aspect of the new polynomi- 
al is that the two operations it uses are 
exactly these two operations on DNA. In 
fact, the mathematical equation roughly 
says, in biological terms, that if you take a 
polynomial that describes a knot and add to 
it a polynomial that describes that knot after 
it has been broken and the other DNA 
strand has passed through and then add to 
that sum the polynomial that describes the 
DNA after an exchange, the sum must be 
zero. 

"All of a sudden, the math is relevant," 
Cozzarelli says. "Before Jones, the math was 
incredibly arcane. The way knots were classi- 
fied had nothing to do with biology. But 
now you can calculate things that are impor- 
tant to you." 

In a recent application of the new mathe- 
matics, Cozzarelli and his colleagues Sylvia 
Spengler and Steven Wasserman along with 
James White, a geometer at the University 
of California at Los Angeles, answered the 
question of whether a model based on four 
rounds of recombination was correct. "We 
didn't know if the model was correct or if 
there was some other way to do it or if you 
could work backward [from the knot to the 
original unknotted DNA to get the mecha- 
nism]," Cozzarelli says. White proved that 
the way Cozzarelli suggested the reaction 
could go was in fact the simplest way and 
that they could work backward and so they 
could derive the mechanism. 

It is too soon to say where these unexpect- 
ed connections between von Neumann age- 
bras, knot theory, and molecular biology 
will lead, but Frank Gilfeather, who is staff 
director of the National Research Council's 
state-of-the-art monitoring reviews panel for 
the mathematical sciences, likes to empha- 
size that at the verv least it illustrates how 
practical results can come from the most 
esoteric of research. It is a theme mathemati- 
cians know well, and often describe as the 
unreasonable effectiveness of mathe- 
matics. GINA KOLATA 
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