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World Ocean Tides Synthesized from Normal Modes 

Abstract. Sixty oceanic normal modes are used to synthesize the M2 and K1 
(principal lunar semidiurnal and declinational diurnal) tides. The ten most energetic 
modes in the M2 synthesis account for 87 percent of the energy; the corresponding 
figure for K 1  is 93 percent, two-thirds of which is contributed by a single mode whose 
natural period is about 29 hours. Model calculations indicate that the quality (Q)  of 
the ocean response to tidal forcing resembles that of a frictionally controlled 
oscillator. In particular, for M2 the global Q is about 10. 

Ocean-tide theorists have lately made 
significant improvements in numerical 
modeling of the global tide ( I ) .  Resolu- 
tion of 1 degree in latitude and longitude 
is now computationally feasible, as is 
inclusion of the small but not negligible 
effect of tidal deformation of the solid 
earth. Probably the chief remaining mod- 
el uncertainty arises from dissipation of 
tidal energy, whose mechanism has long 
resisted both physical and observational 
insight (2). Fortunately, however, the 
orbital history of the moon provides the 
crucial constraint that, whatever may be 
the details, dissipation by the M2 tide 
should not exceed about 3.1 x 1012 W 
(3). 

The almost periodic force that raises 
the tide varies smoothly in both latitude 
and longitude. If all of the ocean's natu- 
ral frequencies were much higher than 
those of the force, the shape of the tidal 
deformation of the sea surface would 

closely resemble that of the force poten- 
tial. For  example, the amplitude of M2 
(principal lunar semidiurnal tide, period 
12.42 hours) would have a peak of about 
20 cm at the equator and would decline 
poleward like cos2(latitude), while the 
phase would increase linearly westward 
at the earth-rotation rate of 1 hour (strict- 
ly 1 lunar hour) in 15 degrees of longi- 
tude. 

The actual (or numerically modeled) 
M2 tide is strikingly different. It has a 
complexity of structure that must be 
ascribed to excitation of similarly com- 
plex free modes of vibration. The im- 
plied influential role of resonance has 
been accepted in varying degrees 
throughout the 200-year history of the 
theory of ocean tides, and is supported 
by numerous investigations of idealized 
models of the free modes (4). Computers 
now make it possible to  extend these 
investigations to  realistic ocean basins 

Fig. 1. Synthesized dynamical M2 tide. The map is shaded where the amplitude of the sea- 
surface elevation exceeds 15 cm. Solid lines are isochrones of phase at intervals of 90" (three 
lunar hours). Zero phase coincides with the transit of the moon at Greenwich and is identified 
by an arrowhead pointing in the direction of propagation. 

(5)  and to create a catalog of the normal 
modes associated with a given tide mod- 
el, taking full account of bathymetric 
details. (There has been an analogous 
development in models used for numeri- 
cal weather prediction.) 

Figure 1 illustrates a further step in 
this direction. It is a map of the M2 tide 
synthesized as a linear combination of 
normal modes. Each mode contributes 
to the synthesis to an extent determined 
by proximity of its frequency to that of 
the tide and by its spatial coherence with 
the tide potential. The map shown here 
was obtained from 60 modes with peri- 
ods between 8 and 96 hours. Except for 
the dubious anticyclonic subtropical am- 
phidrome in the North Atlantic and ab- 
sence of the California amphidrome, it 
agrees qualitatively in most respects 
with maps derived by direct integration 
of Laplace's tidal equations. Although 
some details, such as  the phase distribu- 
tion near amphidromic centers, depend 
on the more weakly excited modes, 87 
percent of the energy of the synthesized 
M2 tide is supplied by only ten modes. If 
we restrict our view to an individual 
ocean region, such as the North Atlantic, 
an even smaller number of modes suf- 
fices to account for the main oceanic- 
scale features of the tide. In a rough way 
these results demonstrate the quasi-reso- 
nant quality of the ocean response to  
tidal excitation. 

Spatial coherences between tide po- 
tential and principal modes are not large 
but neither are they pathologically small. 
As a measure of coherence one can use 
the coefficient of correlation between the 
sea-surface configuration of the potential 
and that of a particular mode, the square 
of which is equal to the normalized spec- 
tral density in modal decomposition of 
the potential. I find that the distribution 
of spectral density over mode frequency 
(Fig. 2) has a peak of about 0.1 near 0.8 
cycle per day (period 30 hours) for both 
semidiurnal and diurnal potentials (re- 
spectively pZ2 and p2I surface spherical 
harmonics). Modes at that frequency 
have the largest geographic scale; this 
promotes coherence with the even larg- 
er-scale potential. On the high-frequency 
side of the peak the mode scale de- 
creases with increasing frequency, in 
much the same way as  for a vibrating 
membrane, and there is a corresponding 
loss of coherence with the potential. On 
the low-frequency side, where the modes 
are dominated by Coriolis force rather 
than gravity, the scale (and consequently 
the coherence) increases with increasing 
frequency. 

The ten most energetic modes in the 
synthesized M2 tide are in the frequency 
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Fig. 2 (left). Normal- 
ized spectral densities 
in the mode decompo- 
sitions of (a) the PzZ 
and (b) the Pz' spheri- 
cal surface harmonics, 
corresponding, respec- 
tively, to the semi- 
diurnal and diurnal 
tide potentials. Arrow- 
heads indicate limits 
of frequency bands 
that contain the ten 
most energetic modes 

0 in syntheses of the M2 
1.5 2.0 2.5 and K, tides in (a) 

Dissipation (unit: 1 TW) and (b), respectively. 
Fig. 3 (right). Quality 

(Q) of M2 response, versus radiational dissipation. Increasing the 
effective shelf depth decreases Q. It also increases energy loss through 
the boundary, if the response is inertially controlled (high Q). When the 
shelf depth exceeds a critical value (in this model about 2.5 m), the 
response becomes frictionally controlled (low Q) and energy loss 
decreases with increasing shelf depth. 

band indicated by arrows in Fig. 2a. The 10,ooo I 
average spectral density of these modes Fig. 4. Energy gain a I 
in the-tide potential is ;bout 0.0062 (6). 
In the synthesis of Kl (declinational diur- 
nal tide, period 23.93 hours), the ten 
most energetic modes (between arrows 
in Fig. 2b) provide 93 percent of the total 
energy and have an average spectral 
density of 0.056. It is remarkable that in 
K1 the most energetic mode (period 28.7 
hours, a combined fundamental basin 
oscillation of the Pacific and fundamen- 
tal Kelvin wave of Antarctica) alone 
accounts for 61 percent of the total ener- 
gy. In contrast, the synthesized M2 tide 
has only 19 percent of its energy in the 
most energetic mode (period 12.8 hours, 
dominant in the South Atlantic). 

The modes thus far used for tide syn- 
thesis are not dissipative, nor do they 
provide for self-attraction or crustal 
yielding. I have not yet attempted to 
overcome the latter limitations, but have 
applied standard variational analysis to 
introduce dissipation as a perturbation 
(7), alnd adopted a radiation boundary 
condition for that purpose (8). This con- 
dition is appropriate when the mesh size 
of the model does not give adequate 
resolution of direct frictional dissipation 
on continental shelves and in marginal 
seas, where most of the tidal energy loss 
is generally believed to be located. It 
introduces an ad hoc dissipation parame- 
ter, which can be fixed by specifying the 
depth of the energy-absorbing shelves. 
The tildes described here were synthe- 
sized from a model with an effective 
shelf depth of 50 m. They do not provide 
for ocean-tide self-attraction or load-tide 
attraction and displacement, but were 
adjusted for earth-tide attraction and dis- 
placement by means of the Love reduc- 
tion factor 0.69. On this basis, dissipa- 
tion of the synthesized M2 was found to 

(ratio of synthesized- 
tide energy to equilib- 
rium-tide energy) in 
response of the ocean 
to forcing by the Pz2 
potential over a con- 
tinuous range of fre- 
quencies. The re- 
sponse in (a) was ob- 
tained with effective 
shelf depth 0.3 m and 
evidently is inertially 
controlled. In (b), 
with shelf depth 50 m. 
it is frictionally con- 
trolled. At the Mz fre- 
quency (1.93 cycles 
per day), Q = 86 in 
(a) and 10 in (b). 
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be 1.7 TW (1 TW = 10" W), considera- 
bly less than the astronomically derived 
3.1 TW but not so much smaller than 
values from the most recent tide models 
(9). 

Dependence of response energy on the 
dissipation parameter resembles the be- 
havior of a damped harmonic oscillator. 
In particular, when expressed as a rela- 
tion between dissipation D and response 
quality Q = oEID (where o is tide fre- 
quency and E average stored energy), it 
exhibits a duality that permits both a 
high-Q and a low-Q response to have the 
same D (Fig. 3). An important feature of 
this duality is existence of a maximum 
possible dissipation, which in the present 
model is about 2.5 TW. This occurs at 
Q = 33 and for a shelf depth of 2.5 m. 
With D = 1.7 TW the two values of Q 
for the synthesized M2 tide are about 86 
(shelf depth 0.3 m) and about 10 (shelf 
depth 50 m) (10). By examining the cor- 
responding maps of sea-surface eleva- 
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tion I found no difficulty in selecting the 
low-Q response (E  = 1.20 x 10" J) as 
the appropriate one: at Q = 86 the re- 
sponse is much too energetic. Moreover, 
at high Q the dependence of response 
energy on excitation frequency shows a 
conspicuous resonance peak at every 
mode, whereas at low Q it conforms to 
the "credo of smoothness" (11) (Fig. 4). 

Unsatisfactory aspects of this work 
are the use of nondissipative modes and 
omission of ocean attraction and loading. 
To remedy these defects calls for greater 
computational effort. 

GEORGE W. PLATZMAN 
Department of the Geophysical 
Sciences, University of Chicago, 
Chicago, Illinois 60637 
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Phase Transition and Crystal Structure of the 
37°C Form of Cholesterol 

Abstract. Crystalline cholesterol undergoes a phase transition a few degrees below 
human body temperature. The high-temperature form has an unusually complex 
structure with 16 independent molecules. In the transition two molecules change side 
chain conformation, four reorient about their long axes, and ten remain unchanged. 
The transition mechanism implies relatively nonspecific intermolecular interactions, 
qualitatively consistent with the behavior of cholesterol in biornembranes. The 
transition preserves a remarkably closely obeyed pseudosymmetry present in the 
structure. 

The reversible phase transition in 
crystalline anhydrous cholesterol, first 
reported in 1965, has been the subject of 
numerous studies by thermochemical, 
powder x-ray crystallographic, and nu- 
clear magnetic resonance (NMR) meth- 
ods (1-4). The transition temperature 
31.60 * O.l°C was determined for single 
crystals of cholesterol (3); the transition 
enthalpy is 0.69 kcallmole (4). In earlier 
studies the monohydrate was reported to 
be the only form present in biological 
deposits of crystalline cholesterol, such 
as gallstones and atherosclerotic plaques 
(5). Recently, however, the phase transi- 
tion was detected in freshly removed 
human gallstones by means of differen- 
tial scanning calorimetry (4). This indi- 
cates that the anhydrous form of choles- 
terol is present in gallstones in addition 
to the cholesterol monohydrate, which 
does not exhibit a transition. A suggest- 
ed relation between the phase transition 
and the apparent dependence of athero- 
sclerosis on species body temperature 
(6, 7) remains unsupported in the ab- 
sence of evidence that the anhydrous 
form of cholesterol is present in athero- 
sclerotic deposits. 

The calorimetric and NMR data have 
been taken to indicate that the phase 
transition involves a change in the pack- 
ing of the side chain methyl groups (2) or 
other rearrangement or onset of disorder 
in the side chains (7, 8). The strong 
influence of cholesterol content on the 
gel-liquid crystal phase transitions of lip- 
id bilayers and membranes has been 
qualitatively ascribed to the lateral pack- 
ing requirements of rigid steroid skele- 

tons and flexible hydrocarbon chains (9- 
12). To our knowledge, no crystals have 
yet been prepared of mixed (or stoichio- 
metric, if such exist) phospholipid-cho- 
lesterol systems, but the packing of ste- 
roid nuclei by themselves and with inter- 
digitating hydrocarbon chains in crystals 
of cholesterol derivatives has been con- 
sidered a possible model for biological 
bilayers (13). 

Crystals of the body-temperature form 
grown from 1,4-dioxane solution by slow 
evaporation at 37°C were mounted, 
transferred, and examined on the diffrac- 
tometer while maintained at 37" * 1°C. 
Data were collected to a resolution of 
0.97 A (deviation of diffracted beam from 
direct beam = 28 5 105"). The crystals 
belong to the triclinic space group P1 and 
have a remarkably large unit cell con- 
taining 16 independent cholesterol mole- 
cules, compared to 8 in the room-tem- 
perature (25°C) cell (14). The 37°C cell is 
formed from the 25°C cell by a doubling 
of the a axis. Lattice parameters are 
given in Table 1. 

The structure solution was initiated 
with an assumed model consisting of 
two copies of the 25°C structure placed 
in the 37°C cell and translated by a12 
relative to one another. This model was 
first refined against data for only even 
values of the index h,  using a restrained 
rigid-body refinement program employ- 
ing the Gauss-Seidel least-squares algo- 
rithm, in which the calculated structure 
factors are updated after each shift of a 
rigid group of atoms (15). The refinement 
resulted in considerable rotation of sev- 
eral molecules about their long axes. 

Table 1. Comparison of unit cell parameters (19) of cholesterol above and below the 31.6"C 
phase transition. 

Tern- Unit cell axes (A) Unit cell angles (deg) 
pera- P (g 
ture 

a b c a. P Y 
~ m - ~ )  

("C) 

-- - 

*Reduced 37°C cell, whose lattice parameters are related to the reduced 25°C cell by the approximate 
relations a3, = 2a2,, b,! = a>, + b2. and ci, = c2~.  'Nonstandard 37°C cell, used in Fig. I ,  related to the 
25°C cell by an approximate doubllng of a.  $Reduced 25°C cell (14) shown for comparison. 

SCIENCE, VOL. 220 




