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The Oblateness of the Sun 
and Relativity 

R. H. Dicke 

Tests of general relativity fall into two 
classes: (i) the null tests, such as the 
Eotvbs experiment, which test the broad 

principles of relativity, and (ii) the non- 
null tests, such as the gravitational de- 
flection of light and the relativistic rota- 
tion of Mercury's perihelion, which gen- 
erally test a specific theory, such as 
Einstein's gravitational theory. The 

gravitational red shift is an exception 
for it is a non-null test, but primarily of 

general principles. 
The only existing accurate test (with 

a precision of - 1 percent) specific to 
Einstein's theory of gravitation is that 
based on the motion of Mercury's peri- 
helion. However, in 1967 doubts about 
the validity of this test were raised by 
the publication (1) of the results of a 
measurement of the solar oblateness. 
The publication of this note led to a 
flood of correspondence and to the pub- 
lication of at least 16 major papers by 
others attempting to find alternative 
explanations for the oblateness or other- 
wise raising questions about these ob- 
servations. It is amusing to note that 
the publication (2) of our version of the 
Eotvis experiment, an experiment 
which supported Einstein's equivalence 
principle with an accuracy of one part 
in 1011, did not cause the slightest rip- 
ple. 

Responding to the published papers 
(3) greatly delayed the publication of a 
detailed analysis of the 1966 results, 
but the overall effect of these papers 
has been good. In analyzing the data 
we have benefited from consideration of 
the questions raised in these papers and 
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Under the scalar-tensor theory a 7 

percent deficiency in the relativistic part 
of the perihelion rotation implies a 5.2 
percent deficiency in the gravitational 
deflection of light (or microwaves) and 
the retardation of microwaves passing 
the sun. It seems likely that a definitive 
complementary observation will first 
come from this quarter. 

Other oblateness observations are 
needed. Also, radar observations to an 
artificial planet in an inclined elliptical 
orbit would be very important. Such ob- 
servations could provide highly precise 
measures of the motions of the perihe- 
lion and the node, permitting a separa- 
tion of the relativistic and quadrupole 
effects. 

While the validity of general rela- 
tivity is the most important issue af- 
fected by our observations, many inter- 
esting problems concerning the physics 
of the solar interior are involved. Also, 
the significance of the observations can 
only be understood against a back- 
ground of solar physics, and I briefly 
discuss these physical matters before 
turning to the observations. 

History 

A major scientific crisis developed in 
the middle of the 19th century when 
Leverrier (7) found that the planet 
Mercury apparently was not moving in 
accordance with the laws of Newtonian 
mechanics and Newtonian gravitation. 
The observed perihelion motion was in 
excess of that calculated from planetary 
motions. The excess motion of the 
perihelion that he found might have 
been explained if some extra perturbing 
mass in the solar system could have 
been located. A hypothetical massive 
planet Vulcan near the sun was never 
found, and a planetoid ring, sufficiently 
massive to induce the perihelion shift, 
would have scattered more light than a 
single planet and should have been 
visible. The great interest in this para- 
doxical result vanished in 1915 when 
Einstein showed that the excess motion 
of Mercury's perihelion could be ex- 
plained as a relativistic effect (43.0 arc 
sec per century). 

In recent years there has Ibeen a 
renewed interest in the "excess" peri- 
helion rotation. This interest has re- 

this has affected our review articles 
(4, 5) and the comprehensive paper on 
the observations (6). It seems appro- 
priate at this juncture to present an 
overview of our observations. 

We find that the implication of the 
solar oblateness for Einstein's theory 
seems even more serious now than it 
did 7 years ago. The observations have 
been studied exhaustively and a large 
number of possible complications in the 
interpretation of the data have been 
examined and eliminated. None of the 
alternative explanations of the oblate- 
ness signal has survived quantitative 
tests of its validity. 

The general conclusion reached is 
that the sun had an oblateness of Ar/r 
= 4.5;1 ? 0.34 x 10-5 in 1966 (6). 
(Here, Ar = re - rv, where re is the equa- 
torial radius and rv the polar radius of 
the sun.) This represents an excess of 
3.7 X 10-~ over the oblateness due to 
surface rotation. We have not yet been 
able to find any explanation for this 
excess oblateness except the existence of 
a solar quadrupole moment of J = 2.47 
? 0.23 X 10-5. 

If this explanation is correct, the im- 
plied rotation of Mercury's perihelion, 3 
arc seconds per century, leads to a 
discrepancy of 7 percent in the rela- 
tivistic part of the rotation of Mercury's 
perihelion. This discrepancy seems to 
be large enough to be of concern, but 
it is obvious that one should not discard 
general relativity or adopt a modified 
form of the theory without the support 
of other observations. Complementary 
observations of sufficient precision are 
not yet available. It will be interesting 
to see if the observations, when avail- 
able, support these conclusions. 

The author is Cyrus Fogg Brackett Professor of 
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sulted from the appearance of the 
scalar-tensor theories of gravitation (8, 
9). These theories are relativistic and 
represent modifications of Einstein's 
general relativity in which the gravita- 
tional effects from a scalar field sup- 
plement those of Einstein's metric ten- 
sor. In one form of the scalar-tensor 
theory the scalar plays the role of poten- 
tial, as in Newton's theory but treated 
relativistically. A fraction s of a body's 
weight is due to a scalar force acting on 
the body, where s = 1/(2co + 4) and o 
is the dimensionless coupling constant 
of the theory. This constant s is un- 
known, but the range 5 o,) 9 has 
been considered reasonable on various 
grounds (9, 10). 

Under the scalar-tensor theory the 
paradox of the excess perihelion motion 

reappears, but in a mild form. The 
relativistic effect is now 43(1 - 4s/3) 
arc sec per century. For o = 5 it is 9.5 
percent less than Einstein's value. Thus, 
4 arc sec per century of the perihelion 
motion would remain unaccounted for. 

With our present knowledge of the 
solar system it seems quite certain that 
an undiscovered mass sufficiently large 
to generate an additional 4 arc sec per 
century in the motion of Mercury's peri- 
helion must be found inside the sun if 
it is to be found at all; that is, the sun 
must be distorted. The most likely dis- 
tortion of the solar interior is a shorten- 
ing along the rotation axis, giving a 
solar quadrupole moment. 

The significance of an oblate sun vis- 
a-vis the Mercury perihelion problem 
was first recognized by the great 19th- 

century astronomer Simon Newcomb 

(11). It was not only the absence of the 
extra planet or the planetoid ring that 
led Newcomb to this idea. He realized 
that a planet or a planetoid ring in the 

ecliptic plane would induce a regression 
of the node of Mercury's orbit equal to 
the advance of the perihelion. Such a 
nodal regression was incompatible with 
the observations. 

The equator of the sun is tipped 714 ? 
relative to the ecliptic, and the regres- 
sion of the node on the solar equator 
due to a solar quadrupole moment be- 
comes transformed principally into a 
decrease of the inclination of Mercury's 
orbit. If the quadrupole distortion of the 
sun is sufficient to advance the peri- 
helion by 4 arc sec per century, the 
accompanying rate of change of the 
inclination of Mercury's orbit is - 0.25 
arc sec per century (12). Clemence (13) 
obtained - 0.12 ? 0.16 arc sec per cen- 

tury from the observations. 
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Physical Problems 

Many interesting physical questions 
are raised by the possible existence of a 
solar quadrupole moment. One's first 
instinctive reaction is to question the 

observability of the mass distribution 

deeply buried in the sun. However, we 
are not required to know the details of 
the mass distribution but only the 

quadrupole moment. The gravitational 
potential outside the sun is 

0-- GM(o (1 - JrG2 P2,/2) (1) 

where J is the quadrupole moment, G 
the gravitational constant, M? the sun's 
mass, rO the sun's radius, and r the dis- 
tance from the sun's center; P., = (3 
cos20 - 1)/2 is the second Legendre 
polynomial, where 0 is the polar angle 
in spherical coordinates. 

It can be shown that J can be deter- 
mined unambiguously from surface ob- 
servations, at least in principle. We first 
consider the simplified situation when 

only pressure and gravitational stresses 
are present in the observed surface lay- 
ers o' the sun. The momentum balance 
conditions for a steady state are then 
(in these layers) 

Vp +pV0=-O (2) 

where p is the pressure and p the density 
of the solar atmosphere and ? is the 

gravitational potential. The gradients 
Vp and Vf are vectors normal to sur- 
faces of constant p and 4', respectively. 
From Eq. 2 these vectors are parallel 
to each other and the two surfaces must 
coincide. 

Forming the curl of Eq. 2 gives 

VpXV 0=O (3) 

implying that the vectors Vp and Vc 
are parallel and that the surfaces of 
constant 4 are also surfaces of con- 
stant p. The gas in the outer 15 per- 
cent of the sun is believed to be in 
convective equilibrium, implying a 

thorough mixing and a uniform com- 

position. Thus, the temperature T = 

T(p, p) and p, p, and T are all con- 
stant on a surface of constant 5. This 

implies that these four quantities are 

functionally related and that 

P=-P(,) 

P = P(0) (4) 
T = T(0) 

It has been shown (14) that for all 
reasonable values of J the limb of the 
sun is determined to a good approxi- 
mation by a surface of constant density. 

Thus, the observed shape of the sun 
determines the shape of a surface of 
constant 4. Matching the oblateness of 
this surface of constant 4 to the oblate- 
ness calculated from Eq. 1 yields the 
value of J. 

The oblateness of the surface of con- 
stant gravitational potential is Ar/r 
(r,, - rp)/r = /2J. To rotate the peri- 
helion by 4 arc sec per century re- 
quires an oblateness of approximately 
5 X 10-5 (12). 

The discussion above is predicated on 
the assumption that only pressure and 
gravitational stresses occur in surface 
layers. But both velocity and magnetic 
fields are known to be present in a 
quasi steady state, and modern instru- 
ments provide detailed maps of their 
distributions in the photosphere. 

When steady-state magnetic or veloc- 
ity fields, or both, are present in a 
surface patch, Eq. 2 is modified by 
adding F to the left side, where F is the 
divergence of the stress density of these 
fields. The resulting modifications of p 
and p on surfaces of constant ( are (5) 

ap = W 

ap =---1 (F, + q W/ Ox") 
8 

(5) 

(6) 

where g is the gravitational accelera- 
tion and --F is the (covariant) force 

density due the magnetic or velocity 
fields. The generalized coordinates xl, 
x2, and x' are so chosen that x3 is con- 
stant on surfaces of constant p. From 
Eq. 2, Fc is derivable from a potential 
W on such a surface and F =--W 
ac, a- = 1, 2. Outside the surface 

patch W is defined to be zero. 
From the equation of state, the 

changes in pressure and density inside 
the surface patch imply a change in 
temperature 

T = (T/p)8p + (T/p)8p (7) 

on surfaces of constant potential. Thus, 
the brightness of the surface patch is 

generally affected by the surface field 
unless the field distribution is adjusted 
to keep T constant on surfaces of con- 
stant optical depth. A sunspot provides 
a striking example of the effect on 

brightness of a strong magnetic field in 
the surface layers. 

It should be noted that the correc- 
tions to p and p occur in the surface 

layers only where the fields exist. Thus, 
a strong magnetic field in a sunspot 
cannot affect the brightness or the 

shape of the sun outside the sunspot, 
nor can a strong velocity field below 
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the observed photospheric surface af- 
fect the shape, except through its affect 
on the mass distribution and hence its 
effect on the shapes of surfaces of con- 
stant r. 

Inasmuch as only the observable 
fields (in "seen layers") can disturb the 
relations given by Eq. 4, and the cor- 
rections to these relations can be ex- 
plicitly calculated from the observable 
fields, the field-induced corrections to 
the oblateness are observable, in prin- 
ciple at least. 

For the restricted problem of an 
oblateness induced by surface fields, 
the general theory has been developed 
(14). The conclusion reached from an 

analysis of the observations of the mag- 
netic and velocity fields is that the only 
important surface field is the velocity 
field of surface rotation. This correc- 
tion to the solar oblateness increases 
the oblateness by 0.8X 10-5 (14). 
With this correction the oblateness is 

-r 3/2 + 0.8 X 10- (8) r 
How is a solar quadrupole moment 

to be obtained? Strong internal stresses 
are required, for in their absence the 
sun rounds up to give a sphere as the 

shape of minimum energy. Both mag- 
netic and velocity fields are possible 
sources of internal stress. A rapid ro- 
tation of the deep interior, the inner 
half (by radius) rotating 20 times as 
fast as the surface (1.35 days per revo- 
lution of the core), would generate a 
solar quadrupole moment large enough 
to give an oblateness of 5 X 10-5 from 

Eq. 8 (15). 
For a magnetic stress the strength 

required depends on the magnetic con- 

figuration, but field strengths of the 
order of 107 gauss are required. These 

magnetic field strengths are so much 

stronger than any field observed in a 

low-density star that magnetic stress as 
a source of a solar quadrupole moment 
does not seem to be promising. 

The first obvious question to be 
raised in connection with a rapidly ro- 

tating core in the sun is: How can the 
surface rotate so slowly if the interior 
rotates so rapidly? My colleague P. J. 
E. Peebles and I pondered this ques- 
tion in 1963 before there were any 
reliable measurements of magnetic 
fields in the solar corona. Despite the 
absence of observations, we concluded 
that the only reasonable source of a 
torque acting on the sun was the solar 
wind coupled to the sun by means of a 
twisted magnetic field. The magnetic 
field strength was estimated from the 
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requirement that the magnetic pressure 
not exceed the gas pressure outside a 
magnetic strand (12). 

Using the theory developed for the 
purpose and the estimated magnetic 
field strength, we obtained 5 X 1029 
dyne centimeters per steradian for the 
torque density on the solar equator 
(12). It is remarkable that many years 
later, after the magnetic field observa- 
tions were available and a more com- 
pletely developed theory had been 

published (16), the torque density ob- 
tained from the observations was essen- 
tially the same, 6 X 1029 dyne cm 
ster-1 (17) [also see (16)]. 

A second remarkable coincidence in 
the 1964 paper (12) is the fact that 
the observations 2 years later (1) gave 
an oblateness only 20 percent less than 
the estimate used for modeling in the 
1964 paper. 

A third coincidence involves the 
solar interior and the 1964 torque esti- 
mate. It was found that the viscous 
drag of a rapidly rotating solar core 
on the slowly rotating outer solar shell 
represented a torque density of 3.5 X 
1029 dyne cm ster-1 (12), essentially 
the same as the solar wind torque. With 
a more recent solar model this is 4.2 X 
1029 dyne cm ster-1 (17). In obtain- 
ing these results it was assumed that 
the sun arrived on the main sequence 
with a steep angular velocity gradient 
at the surface of a rapidly rotating core 
and that this configuration was quasi- 
stable. The leakage of angular mo- 
mentum from the core could be cal- 
culated because a totally ionized 
medium like the solar interior has a 
calculable viscosity. 

The outer half of the sun (by ra- 
dius) has a low average density and a 
moment of inertia so small that the 
solar wind torque would have slowed 
the rotation of this shell rapidly (17). 
One would expect a substantial part of 
the present loss of angular momentum 
to the solar wind to have its origin in 
viscous leakage from the core if the 
overall picture is correct. 

To have enough angular momentum 
in a rapidly rotating core to generate 
an oblateness of (4 to 5) X 10-5 re- 
quires a fairly steep angular velocity 
gradient. This raises questions of hydro- 
dynamic stability that have not yet 
been completely resolved. It was early 
recognized that a rapidly rotating core 
must have its surface substantially be- 
low the outer convective layer of the 
sun to avoid the generation of turbu- 
lence by shear instability (12). The 

buoyancy force associated with vertical 
motion in a density-stratified fluid, 
such as the deep solar interior, strongly 
damps out the incipient motions of this 
type of instability. 

It was not recognized at first that 
there was another type of instability, 
thermally driven, that under certain 
conditions would generate a slow tur- 
bulence in the fluid if the angular 
momentum (per unit mass) were to in- 
crease inwardly [Goldreich and Schu- 
bert (3)]. This instability is very weak 
and is easily terminated by a suitable 
motion of the fluid or a small vertical 
gradient in the mean molecular weight 
of the fluid. All that is required to pro- 
tect the surface of a rapidly rotating 
core from this instability is a jump by 
- 10-3 in the mean molecular weight 
across the boundary of the core. This 
slight change in molecular weight 
might have been obtained by mixing 
of the products of nuclear burning in 
the core of the young sun. It seems un- 
likely that our knowledge of the sun's 
history is sufficiently firm to exclude 
this possibility at this time. 

Closely related to this instability are 
the Eddington-Sweet thermally driven 
circulation currents. These currents are 
usually considered to be too slow to be 
important, but it has been shown that 
they can become quite rapid when 
there is a steep angular velocity gradi- 
ent (15, 18). These circulation cur- 
rents can also be stopped by small 
molecular weight gradients (15, 18). 

"Spin-down" currents were early sug- 
gested as a possible means of slowing 
the rotation of the solar interior [How- 
ard et al. (3)]. These currents provide 
the means for the rapid slowing of 
rotation in a stirred cup of tea. It has 
been shown that in the density-strati- 
fied solar interior spin-down currents 
are greatly modified, being restricted to 
a very thin spherical layer at a spheri- 
cal boundary (19). These currents are 
not believed to be significant for the 
solar model under consideration, re- 
membering the great weakness ob- 
served for the solar wind torque. 

When dealing with the solar interior 
one observation is worth a thousand 
calculations. Fortunately there are ob- 
servations (other than the solar oblate- 
ness) which seem to have a bearing on 
the question of the rotation of the solar 
interior. Observations of other stars, 
particularly solar-type stars, provide 
several useful pieces of information. 
Rotation rates of stars substantially 
more massive than the sun are great 
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(Fig. 1). For stars slightly more mas- 
sive than the sun (~ 1.2 M), Kraft 
(20) has found that the rotations are 
first rapid but then decrease as the 
stars age. Very young stars rotate 
about 20 times as fast as the present 
surface rotation of the sun. The rota- 
tion drops to one-half this value when 
the star is nearly 109 years old. For 
still older stars the rotation rate is even 
less (see Fig. 1). 

From these and other observations 
a reasonable physical picture has grad- 
ually developed (20). For solar-type 
stars a convective shell is believed to 
exist at the surface. The turbulence of 
this convective layer sends shock waves 
into the upper stellar atmosphere. These 
shock waves heat the atmosphere to 
form a corona, driving a stellar wind 
and pulling out magnetic field strands 
into the stellar wind. The slowing of 
the surface rotation with time is be- 
lieved to be due to the twisting of this 
magnetic field and the resulting stellar 
wind torque. If this picture is correct, 
we are now observing in stars the slow- 
ing of rotation believed to have oc- 
curred in the sun billions of years ago. 
The key question involves the interiors 
of these stars. Is a rapidly rotating core 
left in the interiors as the rotations of 
the surfaces of these stars decrease? 

The answer to this question may be 
provided by the lithium abundance ob- 
served in these stars. In addition to the 
decrease in surface angular velocity, 
there is a decrease in the abundance of 
lithium at the surfaces of solar-type 
stars with age (21). This gradual dis- 
appearance of lithium seems to be as- 
sociated with the loss of angular 
momentum, for it occurs only in stars 
that lose surface rotation [see (20) for 
references]. 

It has been shown that the loss of 
lithium can be quantitatively related to 
the loss of the surface angular velocity 
of these stars if the rotation of only 
an outer shell is decreased and the 
angular momentum is transferred from 
the interior of the star by an isotropic 
turbulent diffusion process (17). The 
fluid motion that carries angular mo- 
mentum to the star's surface also car- 
ries lithium to the inner half of the star 
(by radius) where it is rapidly burned. 

In the sun lithium has been depleted 
by a factor of - 200, suggesting that 
the same process has occurred there. 
The same turbulent diffusion model 
gives a quantitatively satisfactory rela- 
tion between the solar wind torque and 
the rate of loss of lithium at the sun's 
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surface (17). If this turbulent ( 
takes place, it is very likely gc 
by the Goldreich-Schubert me 
(3). 

Fluid motion is not the only 
means of transport of angular J 
tum in the sun. It could be trar 
by twisting internal magnetic fi 
by means of internal hydrot 
waves, but then we would have 
a means for depleting lithium 
explanation for the relation 
the depletion of lithium and th 
port of angular momentum. 

The observations of the loss 
face rotation of solar-type st 
depletion of lithium in these s 
solar wind torque and the resul 
of angular momentum from 1 
and the depletion of lithium f 
sun, together with the solar ot 
observations to be discussed 
permit the construction of 
model for the internal rotatior 
sun. To be believable, such 
model must be the end result c 
sible solar history. 

The first attempt at construct 
a history and a rotation mo 
made before either the sole 
torque or the oblateness were 
(12). The slowing of the rot 
solar-type stars on the main s 
was also unknown, and the sig] 
of the depletion of lithium in 1 
nection was not appreciated. 

the hypothesis that the solar oblate- 
)CITY ness, if found, would be Ar/r=6X 

10-5 led to a rotational model based 
on rather crude numerical estimates. 
In this model the core had a radius 
of ~0.75 ro and an angular velocity 
25 times as great as that of the surface 
(12). The observations since 1964 have 
changed the model, but not dramati- 
cally. It is now suggested that the core 
radius is 0.5 rQ and that the angular 
velocity is 20 times the surface value 
(17). 

In constructing a possible solar ro- 
tational history all of our present 
knowledge is used, but it must be em- 
phasized that any such history can be 

1.5 at best fragmentary and tentative. We 
observe only a very thin layer at the 

a and M sun's surface. From this we are trying 
nd mass to picture not only the nature of the 
are the rotation of the solar interior but the 

;s of the past history of this rotation. It is ob- 
the Hy- vious that this is risky. eid stars 

~ge r than The sun is believed to have started 
its life as a greatly expanded, com- 
pletely convective red star (Fig. 2). To 
be hydrodynamically stable it would 

liffusion have been substantially uniform in its 
anerated rotation. 
chanism The contraction of the deep solar 

interior is believed to have "spun-up" 
possible the solar core and decreased the loga- 
momen- rithmic temperature gradient, elimi- 
isported nating convection as the means of 
ields, or energy transfer from the deep solar 
dynamic interior. The density stratification of 
neither this state stabilized the deep interior 
nor an against the more violent of the hydro- 

between dynamic instabilities, permitting large 
ie trans- angular velocity gradients to exist, at 

least for times of the order of the 
of sur- thermal relaxation time - 30 million 

ars, the years. Relaxation times of 1010 years 
tars, the require stabilization against the ther- 
ting loss mally driven instabilities. Such stabili- 
the sun, zation could have occurred in several 
rom the different ways, including the develop- 
)lateness ment of a jump in mean molecular 

below, weight A ~ 10-3 across the core 
a crude boundary (see Fig. 3). 
a of the If the thermally driven instabilities 
a solar were to have been eliminated, leading 

Af a pos- to an angular velocity distribution 
roughly like curve (c) of Fig. 3, the 

:ing such angular momentum lost from the core 
idel was by diffusion would probably have been 
ar wind transported to the convective zone by 

known the Goldreich-Schubert turbulence phe- 
ation of nomenon, leading to the gradual deple- 
sequence tion of lithium. As angular momentum 
nificance was lost by diffusion from the surface 
this con- of the rapidly rotating core, the angu- 
Making lar velocity gradient at the core's sur- 
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face decreased and the rate of loss of 
angular momentum decreased. 

Numerous numerical variations of 
this history have been examined (17). 
The initial solar surface rotation was 
varied and the solar wind torque was 
assumed to be proportional to either 
the angular velocity of the surface or 
the square of the angular velocity. The 
initial surface rotations range from 
two to ten times the present rotation. 
The model parameters were adjusted 
to yield the observed present rotation 
and the observed surface value of the 
lithium abundance. Without any more 
adjustment of parameters, the present 
value of the solar wind torque density 
was calculated. This calculated torque 
density ranges from 4.5 X 1029 to 9.0 X 
1029 dyne cm ster-l (17) (to be com- 
pared with the "observed" value of 6 X 
1029). It is an amusing thought that, 
if this model is correct, the solar wind 
torque can be calculated from the ro- 
tation rate of the sun and the abundance 
of lithium at the sun's surface. 

It is within the context of the above 
physical picture that the solar oblate- 
ness observations should be examined. 
The suggestion that the sun's internal 
rotation (and quadrupole moment) is 
great enough to account for all the 
excess motion of Mercury's perihelion 
(22) does not seem to be compatible 
with the observational limits on the 
rate of change of the inclination of the 
orbit (12), but there seems to be no 
insurmountable physical difficulty as- 
sociated with the assumption that the 
sun has an oblateness of ~ 5.8 X 10-5, 
sufficient to rotate Mercury's perihelion 
by 4 arc sec per century. [See (23) 
for other discussions of physical prob- 
lems associated with rapid internal ro- 
tation.] See (15) for review articles. 

a 

b 
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pulled out by the solar v 
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at the solar limb. A cont 
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are demanding a measur 
position to an accuracy c 
of the width of this con 
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Observational Problem 

The measurement of the solar oblate- 
ness with an accuracy of + 0.5 X 10-5 
imposes a severe observational require- 
ment. This precision represents an ac- 
curacy of ? 0.005 arc sec in the differ- 
ence in equatorial and polar radii. (An 
oblateness of 5 X 10-5 implies a radial 
difference Ar =rr - r = 0.048 arc sec 
for r = 960 arc sec.) 

In order to avoid an enormous dis- 
tortion of the sun's image by atmo- 
spheric refraction, the sun should be 
high in the sky, with a zenith angle 
less than 60?. But this implies a turbu- 
lent atmosphere heated by the sun and 
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should obtain the data as much as pos- 
-sible "untouched by human hands." 

There are statistical reasons to believe 

..iJ that the old 19th-century observations 
of the solar oblateness with a "heli- 
ometer" may have suffered from per- 
sonal bias (24). 

:. . .... These considerations impose severe 
. requirements on the measuring instru- 

ment. The following is an incomplete 
list: 

1) The difference between the equa- iew of the sun . 
hi phase show- torial and polar radii must be deter- 
I magnetic field mined to a precision better than a 
vind. (b) The wavelength of light for the solar image 
on of the sun 6.8 cm in diameter actually used. 

2) The sensitivity of the measuring 
instrument must not drift more than 

the"seeing" a few parts per million between the 
h 
f u determination of the measures of re 

inually fluctu- and rr. >ut by several p ut by 
severanl 3) The astigmatism of optical com- lal appearance it. W ponents must be eliminated as a factor onditions. We ondtons.e affecting the apparent oblateness. The ement of limb 

astigmatism of a flat mirror ~ 50 cm 
of 0.1 percent f 0.1 percent from the telescope objective should be 
tinually vary- . . . eliminated (or determined) to a radius 
he sun. he 

suren. s of curvature of 100 km (representing a 
easurement is . . isin, bumt t 10-2 wavelength dip in the surface of 
ision, but the 

es io, bs - an 8-cm mirror). es of observa- 
eto avoid ino - 4) For the integration techniques o a - 

used, the transmission by the optical and personal and personal system of the light rays from the limb 
sary accuracy. ary accuracy. near the pole and near the equator he instrument should not differ by more than 0.03 

percent. 
During the early phases of this ex- 

periment, when the oblateness tele- 
TATING CORE scope was being designed, constructed, 

and tested, H. M. Goldenberg and I 
had the invaluable help of H. Hill, now 
at the University of Arizona. Many of 
the clever innovations in the instru- 
ment are due to him. The high quality 
of the data is also due in part to the 
skill of our graduate student assistants, 

reich-Schubert P. Boynton, K. Davis, B. Godfrey, P. 
I turbulence Henry, E. Holm, E. McDonald, and 

R. Stokes. 
Hayashi It seemed best to us to use a tech- 

/convective nique based on integration rather than 
I/star (a) 

aHydr-ogean differentiation to determine the position ~' Hydrogen 
9 convective of the solar limb. The sun's image is 

0zone 
projected onto an occulting disk 
slightly smaller than the sun's disk and 

y o t accurately centered Iby a servomecha- y of the sun's 
ty 0 as a frac- nism (see Fig. 4). The light from the 
angular veloc- 6 to 19 arc sec of the sun's disk that 
:tion of radius projects beyond the occulting disk is 
e). The three used as a measure of the amount of 
ns of angular projection of the limb. The distribution 
pre-main se- . f 
after arriving of the light flux per unit angle about 

nd (c) after the solar limb is obtained photoelectri- 
times. cally, by using a rapidly rotating scan- 
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ning wheel perforated by two dia- 
metrically opposed apertures. For an 
oblate sun slightly more light would be 
transmitted to the photocell when the 
apertures in the wheel sample light 
obtained from the equatorial regions. 
(The same would be true if the solar 
equator were brighter than the pole. I 
shall return to a discussion of this 
ambiguity.) 

Integration is very much superior to 
differentiation. The poor seeing which 
fragments a point of light from the 
solar limb into a disorganized patch of 
light several seconds of arc across does 
not change the integral (namely, the 
light flux), whereas the differential of 
surface brightness is very sensitive to 
this fragmentation. The integral is af- 
fected by this fragmentation only to 
the extent that the gradient of the 
brightness of the sun's disk varies with 
radius at the edge of the occulting disk. 

To some extent the fragmentation 
of the image from a point source of 
light is systematically elongated in one 
direction by anisotropy in the atmo- 
spheric turbulence at the observatory. 
This elongation can affect the apparent 
oblateness (again only when the gradi- 
ent in solar brightness varies radially 
at the edge of the occulting disk). I 
shall return to this problem. 

Fragmentation of the image is not 
the only atmospheric problem. A tem- 
perature difference between the inside 
and outside of the observatory causes 
the air at the entrance to act like a 
very weak cylindrical lens that distorts 
the solar image. I shall return to this 
difficulty. 

A second advantage of the scanning 
technique is the rapid intercomparison 
of the light flux from the equator and 
the pole, effectively measuring the 
radial difference (Ar= re - rp) 244 
times per second. 

Two numbers are required to define 
the oblateness. These numbers can be 
taken to be the magnitude of the 
oblateness and the orientation of the 
minor oblateness axis. An alternative 
and more useful way of expressing the 
oblateness is in terms of two orthogonal 
components. For reasons to be dis- 
cussed below, the measured oblateness 
is expressed in terms of the following 
two orthogonal components: a shorten- 
ing along the north-south diameter of 
the solar disk and a shortening along 
the northeast-southwest diameter. The 
former radial difference defines the 
"vertical component" of the oblateness 
(Arv -rE^,--rN_s) and the latter is 
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called the "diagonal component" of the 
oblateness (Ard = rNW-E - rNE-sw). 

The vertical and diagonal compo- 
nents of the oblateness are not de- 
termined from point to point mea- 
surements made at the ends of the 
diameters, but from the sine and co- 
sine components of the 244-hertz sig- 
nal in the photocurrent. A two-phase 
lock-in amplifier is used to continu- 
ously measure these sine and cosine 
components. 

The requirement for great precision 
in the occulting disk, for lenses free 
of astigmatism and uniform in optical 
transmissions, and for numerous other 
tight mechanical tolerances can be ob- 
viated by the simple expedient of using 
the instrument in such a way that er- 
rors from these components average to 
zero. The telescope and all its associ- 
ated equipment is made to rotate rig- 
idly about the optic axis of the system. 
All errors associated with the telescope 
and its equipment disappear from data 
combining results obtained with the 
telescope in positions 90? apart. A con- 
cern that the gravitational distortion 
of the optical and mechanical systems 
might change under this 90? rotation 
is eliminated by mounting the telescope 
with its optic axis vertical and using 
two mirrors to direct the sun's light 
into the telescope. 

Unfortunately, the error due to astig- 
matism in these plane mirrors is not 
eliminated by this rotation procedure. 
But the astigmatic error is eliminated 

by rotating the two mirrors about nor- 
mals to their surfaces, observations be- 
ing made equally frequently with these 
mirrors in each of two positions 90? 
apart. The primary (p) mirror is 
rotated every two observational days 
at the start of the day. The secondary 
(s) mirror is rotated every observa- 
tional day at noon. Correlations of 
mirror functions describing the mirror 
orientations (fp = ? 1, f, = ? 1) with 
the data residuals permit a determination 
of these astigmatic corrections, which 
can then be subtracted from the data 
(if desired). In any case, these errors 
average to zero over the whole observa- 
tional season (31/ months in the sum- 
mer of 1966). 

One mirror error is not eliminated 
by this procedure. A slight, axially 
symmetric concave or convex shape of 
the mirror surface induces an astigmatic 
distortion of the sun's image when the 
mirror is used off axis (that is, with 
nonnormal incidence). This distortion 
is unaffected by mirror rotation. 

A convex primary mirror with a 
radius of curvature of 55 km would 
produce an off-axis distortion of the 
sun (Ar/r)v-=0.73X 10-5 on 1 July. 
On 1 October this becomes 1.52 X 
10-5 [see (6)]. 

At this point I should mention one 
of the great advantages of our partic- 
ular choice of the orientation of the 
axes of the oblateness components. 
The above distortion appears wholly 
in the vertical component of the oblate- 
ness and the diagonal component is 
free of the distortion. On symmetry 
grounds one would expect the true 
solar oblateness to have a minor axis 
along the rotation axis of the sun. In 
any case we make this assumption. 
Thus, only one oblateness component 
(diagonal or vertical) is needed to de- 
termine the solar oblateness. If the 
diagonal component is used, the oblate- 
ness determination is free of mirror 
distortion. 

There is another important advan- 
tage in using this component. The im- 
portant parts of the observatory and 
the optical system exhibit symmetry 
under reflection in a plane containing 
the optic axis and the north-south line. 
It was noted above that there are two 
types of distortion of the solar image 
induced by temperature inhomogeneity 
at the observatory. One of these is due 
to an anisotropic spreading of a point 
light source. The other is a "cylindrical 
lens effect" due to a temperature differ- 
ence between the inside and outside of 
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the observatory. Both of these effects 
exhibit the symmetry of the observa- 
tory, and at noon these effects dis- 
appear from the diagonal measure of 
the oblateness. These seeing contribu- 
tions to the diagonal component are 
odd functions of the time of day rela- 
tive to noon, and prior to 1 September 
(while the sun is high in the sky) they 
are observed to be relatively minor (6). 

A third advantage in a determina- 
tion of the solar oblateness based on 
the diagonal component is the fact that 
this component is expected to vary 
strongly through the season as the 
earth swings around the sun and we 
observe the tilted solar axis from vari- 
ous directions. The form of this ex- 
pected variation is known and the 
amplitude can be determined indepen- 
dent of any constant bias introduced by 
the atmosphere or the instrument. 

A fourth (relatively minor) advan- 
tage of using the diagonal component 
is that the effect of gross laminar re- 
fraction by the atmosphere on the 
shape of the sun is an odd function 
of time for this component, and a 
minor error made in determining its 
magnitude is of no great consequence. 
Such an error would average to zero. 

I do not want to imply that the verti- 
cal component of the oblateness is use- 
less. The mirror distortions have been 
determined and a procedure has been 
devised for extrapolating the daily ob- 
servations to the beginning of the day 
to substantially reduce the effects of 
turbulence at the observatory (6). The 
oblateness measures based on both the 
diagonal and the vertical component 
are presented below. 

I return now to the integration tech- 
nique discussed above. The advantages 
of this technique are great but it car- 
ries one disadvantage. A 244-hertz sig- 
nal can be obtained from either an 
oblateness or a brightening of the sun 
in the equatorial region. I shall call the 
latter a "brightness signal" and the 
former an "oblateness signal." 

This ambiguity concerned us from 
the beginning and we designed the ex- 
periment in such a way as to do all 
we could to separate these two effects. 
The oblateness signal is proportional 
to both the oblateness and the bright- 
ness of the sun at the edge of the 
occulting disk, whereas the brightness 
signal increases with the amount of 
exposed solar photosphere, being pro- 
portional to the light flux for simple 
equatorial brightening independent of 
position relative to the limb. 
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In order to reduce the brightness sig- 
nal to a minimum, observations were 
made with the limb as close to the 
edge of the occulting disk as possible 
without cutting into the seeing distribu- 
tion at the limb. This distance averaged 
to 6.4 arc sec over a random set of 
26 days during the 1966 season. But 
to obtain a measure of the amount of 
brightness signal, measurements were 
also made with more of the photo- 
sphere exposed. The observational time 
was divided equally among exposures 
of 19.0, 12.7, and 6.4 arc sec of the 
solar disk. These three exposures are 
averages and are designated magnifica- 
tions 1, 2, and 3 of the solar disk, re- 
spectively. For these three exposures 
a simple equatorial brightening pro- 
duces signal intensities in the approxi- 
mate ratios 3: 2:1, respectively. 

As a second test for a brightness sig- 
nal, the occulting disk is replaced by 
a solid disk with an aperture in the 
form of a thin annular gap (14 arc 
sec wide) placed completely on the 
solar disk, near the limb but with the 
solar limb completely covered (6). 
This configuration minimizes the 
oblateness contribution to the total sig- 
nal inasmuch as the positive oblateness 
signal derived from the inner edge of 
the annulus is nearly canceled by the 
negative signal derived from the outer 
edge. With the masking oblateness sig- 
nal minimized the brightness signal is 
exposed. Very little time was devoted 
each day to this observation, but the 
time was sufficient to complement and 
support the other determination of the 
brightness signal with the occulting 
disk. 

Oblateness Data 

The reflection symmetry of the ob- 
servatory, which, as discussed above, 
eliminates several biases of the diag- 
onal component of the oblateness at 
noon, makes it desirable to project 
each day's observations of the diagonal 
component to noon. This projection 
would not be necessary if the observa- 
tional day had equal numbers of ob- 
servations in the morning and after- 
noon, but frequently poor weather 
forced an unbalanced day for which 
the biases would not average to zero. 

Each observation of the solar oblate- 
ness requires approximately 2 minutes, 
and combines the data from two inte- 
grations with telescope positions 90? 
apart. The observations carried out at 

each of the three magnifications are 
averaged in three sets of hourly bins. 
Each of these three sets of hourly 
averages is then fitted by least squares 
by the function at + btt, where t is the 
time in hours past noon. The projec- 
tion of the data to noon is accom- 
plished by adopting the three values of 
the constant at for each day as the 
measures of the diagonal component of 
the oblateness for that day at the three 
magnifications. 

When the hourly averages of the 
diagonal component of Ar, Ard = 

(re-rp)d, are averaged over the ob- 
servational season, the values obtained 
for at and bt for the three magnifica- 
tions are at=0.007 0.001, 0.005 + 

0.001, and 0.005 ? 0.003 arc sec 
and bt = -- 0.003 ? 0.0005, - 0.0006 ? 

0.0006, and -0.0005 -+ 0.001 arc sec 
per hour for magnifications 1, 2, and 3, 
respectively. [See (6) for the details.] 

The daily values of at are plotted in 
Fig. 5 as a function of day number d, 
where d -1 on 1 May 1966. The error 
flags are standard deviations derived 
from the least squares fits. Prior to 
d=43 substantial modifications of the 
apparatus were being made to elimi- 
nate servo difficulties and other prob- 
lems, and a regularized observational 
procedure had not been adopted. These 
days are dropped. Toward the end of 
the season the sun was quite low in the 
sky and there are several indications 
that the data for d> 140 are less re- 
liable than the rest. Dropping these 
data reduces the value of the inferred 
oblateness, but only by 10 percent. 

As noted above, the assumption that 
the minor oblateness axis coincides 
with the solar rotation axis yields the 
time dependences of the diagonal and 
vertical components of the oblateness. 
For example, on 7 July the rotation 
axis is in the north-south direction and 
the diagonal component of the oblate- 
ness should be zero. The theoretical 
curve shown in each part of Fig. 5 is 
derived from the known orientation 
of the polar axis, assuming that the 
equatorial radial excess Ar-re- rp= 
43.5 arc msec=0.0435 arc sec. Here 
the ordinate of this curve is given by 
Ar * f,,, where fd is defined by 

fd 
1 sin 2P(cos 2B + 1) (9) 

and P and B are the standard position 
angles of the sun's rotation axis defined 
in (6). 

The function 

Ard= Ar fda - c (10) 
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Table 1. Oblateness and other constants from Eqs. 10, 11, and 12. In at,, at,, and ats, the 
numbers 1, 2, and 3 stand for magnification numbers. The data in the range 43 id - 140, 
including only days with at least two magnifications, are used. N.D., not determined. 

Data 
Ar 
Ar c D ata msec (arc msecc) 

at, 50.2 7.4 -1.2 2.9 
a,2 42.8? 6.7 -3.1 ?2.7 
at, 39.4 ? 6.5 -2.0 ? 2.6 0.097 ? 0.024 

at, 40.6 ? 6.8 1.1 ? 2.6 .037 ? .025 
a,2 39.3 ?7.1 -2.3 + 2.7 
a,, 38.0 ? 6.9 -2.5 ? 2.7 .017 ? .026 

at, 40.7 + 6.8 0.6 ? 2.6 .083 ? .028 0.032 ? 0.031 
at2 39.3 ? 7.2 -2.1 ? 2.8 .040 ? .030 - .008 ? .030 
ats 38.4 ? 6.9 -3.3 + 2.7 .036 ? .033 - .001 ? .030 

at, 39.5 + 6.8 1.3 ? 2.6 .109 ? .024 
at2 38.9 ? 7.1 N.D. N.D. 
at, 37.8 ? 6.9 N.D. N.D. 

fitted by least squares to the data for 
43 ? d ? 140 gives the results tabulated 
in the first three lines of Table 1 [see 
(6)]; c is a coefficient. 

By intercomparing the values of Ar 
from Table 1, it is seen that the dif- 
ference between the values of Ar for 

magnifications 1 and 3 is only mar- 

ginally significant (1 sigma). Thus, 
there is no clear indication in this dif- 
ference of any equatorial brightening 
of the photosphere (that is, a brightness 
signal). In the next section a more 
sensitive test for a brightness signal is 
discussed. 

The results of the annular ring mea- 
sures of equatorial brightening are 

briefly discussed in the next section. 
Reference should be made to (6) for 
the details. 

The daily values of the vertical com- 

ponent of the oblateness are plotted in 

Fig. 6 for all three magnifications to- 

gether with a curve for the vertical 

component based on Ar= 0.050 arc 
sec (6). The details of the extrapola- 
tion and fitting procedures are dis- 
cussed in (6). The plotted points con- 
tain (small) corrections for the effect 
of faculae. 

Effect of Atmospheric and 

Solar Disturbances 

The possibility that atmospheric or 
solar phenomena might bias the oblate- 
ness data was of considerable concern 
to us from the beginning. While the 
oblateness data were being obtained, 
records of wind velocity, temperature, 
humidity, pressure, and atmospheric 
transparency were also obtained, the 
latter four parameters being measured 
at the observatory. 
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Owing to the sensitivity of the servo 

system to disturbances by wind, an 

attempt was made early to detect a 
wind-induced bias of the data. Such a 
bias was not found. In similar fashion 
a correlation of the oblateness with 
observatory temperature was sought. 
Again a null result. Later, a more 
severe test was provided by the cor- 
relation with atmospheric transmission. 

It has long been known that a slight 
atmospheric haze steadies the solar 

image, and this was certainly our ex- 

perience. Usually the notation in our 

log book that the sky was clear and 
blue with the air cool and dry was ac- 

companied by the note that the seeing 
was poor. 

I was surprised to discover that there 
is no hint of a correlation of the 

atmospheric transparency (haze index) 
with the oblateness (6). Before this 
statistical study it had been assumed 
that the large fluctuation in the solar 
oblateness seen in Fig. 5 in the range 
d - 43 was mainly due to poor seeing, 
but it was then found that a substantial 

part of this fluctuation is solar in origin 
(,25) and periodic. This periodic fluc- 
tuation has not yet been traced to any 
observed feature of the sun's surface. 
(See discussion below.) To summarize, 
none of the five atmospheric param- 
eters examined have shown any sig- 
nificant correlation with the observed 
oblateness signal. 

The role of sunspots and other blem- 
ishes on the sun's surface vis-a-vis the 
solar oblateness signal was an early 
concern of ours (and also of many 
others, if letters and questions from 

colloquium audiences are any indica- 
tion). The possibility that the oblate- 
ness signal might be biased by sunspots, 
faculae, prominences, a latitude varia- 

tion of chromospheric line strengths, 
other chromospheric irregularities, a 

slight variation of the photospheric 
brightness associated with large patches 
of weak magnetic field, and other solar 

phenomena was early considered and 

analyzed (4, 5). To assist with the 

analysis, functional indicators of sun- 
spots, faculae, prominences, and weak 
magnetic fields were constructed from 
the daily solar maps of the Fraunhofer 
Institute, Freiburg, Germany, and from 

daily magnetic maps supplied by 
R. Howard of Mount Wilson Ob- 
servatory, California. The oblateness 
data were tested for contributions 
from these factors by evaluating the 
correlation coefficients of the oblate- 
ness fluctuation with these functional 
indicators. 

These correlation coefficients provide 
more sensitive tests for these specific 
sources of brightness signal than does 
the variation of the oblateness signal 
with the amount of exposed photo- 
sphere. For example, the arrival of a 
sunspot at the solar limb occurs at a 
specific time and its influence at that 
time could be great, whereas averaged 
over the season it might be unimpor- 
tant. 

The correlation analysis and other 
analyses carried out before 1970 indi- 
cated that none of these solar phenom- 
ena were important (4, 5). Only the 
sunspot and facular functions showed 
significant correlation coefficients, and 
the indicated effects on the solar oblate- 
ness were substantially less than 10 

percent. 
Chapman and Ingersoll (3) have 

independently constructed a facular 
function that appears to be better than 
ours. It is derived directly from the 
solar photographs rather than from 
maps and yields a stronger correlation. 
Using their function, I found that ap- 
proximately 10 percent of the oblate- 
ness signal is due to faculae (26, 27). 

The solar oblateness Ar derived from 
the diagonal oblateness component and 
corrected for the effect of faculae can 
be obtained by fitting (by least squares) 
the function 

Ar ' fi + cfFe +c =-- Ard (11) 

to the daily values of Ar( for 43 
d 140, where F( is the Chapman- 
Ingersoll facular function (6). The re- 
sults are given in Table 1, rows 4 to 6. 

The sunspot function S is included 
by fitting the function 

Ar * fd + cfF, + c,S + c = Ard (12) 
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to the data. The results are given in 
rows 7 to 9 of Table 1. It should be 
noted that the effect of adding the sun- 

spot function is minor and that the 
coefficient cs is not statistically signifi- 
cant. 

It has been suggested that, owing to 
error in the facular function F., the 
corrections to Ar listed in Table 1 are 
lower bounds and that these corrections 
could be very much larger (28). By 
combining analyses based on F, with 
those based on our facular function it 
has been shown that the correction due 
to error in F. is minor (27), 2 to 3 

percent. The results including this cor- 
rection are given in rows 10 to 12 of 
Table 1. The average of Ar in these 
rows is 12 percent less than that in the 
first three rows. 

It should be noted from Table 1 
that after the effect of solar faculae is 
subtracted the marginally significant 
variation of Ar with magnification 
number disappears. Thus, there is no 
indication of an additional source of 
brightness signal. This interpretation is 
supported by the data obtained with 
the annular aperture. It is found that 
after the facular-correlated signal is 
subtracted from these data only noise 
fluctuations remain (6). 

The values of Ar given in the last 
three lines of Table 1 are plotted as the 

upper points in Fig. 7. The error flags 
are discussed below. Curve A repre- 
sents the constant value expected if 
these plotted points represent an oblate- 
ness signal. Curve B represents the 
curve expected if these plotted points 

do not represent an oblateness but 
rather a residual facular signal. The 
lower points on which B is based are 
facular signals obtained from cf (lines 
4 to 6) of Table 1. These points are 
normalized to permit B to cross A at 
magnification 1. Curve C represents 
the effect of a brightness signal due to 
a temperature excess in the equatorial 
regions. Curve D represents a bright- 
ness signal due to an equatorial tem- 
perature excess confined to the top 1 
percent of the photosphere [(29); also 
see Durney and Roxburgh, Ingersoll 
and Spiegel, Durney and Werner, and 
Durney in (3)]. Clearly the oblateness 
data fit curve A best and are incom- 
patible with curve B. 

It has been suggested (28) that the 
strong increase in the facular signal 
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Fig. 5 (left). The diagonal component of the solar oblateness 
as a function of day number (D = 1 on 1 May 1966). Approxi- - , 
mately 19.0, 12.7, and 6.4 arc sec of the photosphere are ex- - 

posed beyond the occulting disk at magnifications 1, 2, and 3, 
respectively. For the theoretical curve an excess equatorial radius EXPOSED PHHTDSPHERE/ RRC SEC. 
of AR = 43.5 arc msec is assumed. Fig. 6 (top right). The .. 
vertical component of the oblateness as a function of day l0 ? 
number. Results at all three magnification numbers are plotted. 
Fig. 7 (bottom right). The upper points (small error flags) represent the excess equatorial radius, Ar, in milliseconds of arc de- 
rived from least squares fits to the data of Fig. 5 after correction for facular signal. The points should fall on curve A if the 
residual is due to oblateness, B if it is due to uncorrected faculae, C if it is due to equatorial excess temperature, and D if it is 
due to excess temperature in the upper atmosphere (r < 0.01). Curve B is obtained from a quadratic fit to the three facular signal 
points Cf of lines 4 to 6 (Table 1) renormalized. These are the points with large error flags. 
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(measured by Cf, Table 1 and Fig. 7) 
with increasing exposure of the photo- 
sphere is due to an improved match of 
the strip of the photograph read to 
obtain F. with the strip sampled by 
the rotating wheel of the telescope. 
However, it has been shown that the 
match is actually best for the least 
exposure (magnification 3) and is 
poorest for magnification 1 [see (27)]. 
The observed variation of the strength 
of the facular signal with the amount 
of exposed photosphere is consistent 
with what is known about the facular 
brightness near the limb (30). 

I conclude from Fig. 7 that after the 
oblateness signal is corrected for con- 
tamination by the brightness signal 
from faculae the variation of the signal 
with limb exposure is consistent with 
the assumption that the residual signal 
represents pure oblateness. The as- 

sumption that the residual signal is due 
to faculae (curve B) seems to be con- 

trary to the facts. The assumption that 
the residual signal is due to an equa- 

torial excess temperature in the upper 
photosphere (curve D) is in fair accord 
with the plotted oblateness points, but 
the required variation of temperature 
with latitude is much greater than the 
variations observed even higher in the 
atmosphere (at optical depth -r 

0.001) (31). Also, the energy required 
to maintain this temperature difference 
is excessive and there is no presently 
known stress to support the resulting 
pressure gradient [(29), but see Durney 
(3)]. 

As mentioned above, the large day- 
to-day fluctuation of the diagonal com- 
ponent of the oblateness has not been 
traced to either atmospheric fluctuation 
or observable solar features. In partic- 
ular, only 17 percent of the mean 
square fluctuation seems to be due to 
the presence of faculae at the limb. 

One striking feature of the remainder 
of the fluctuation (the contribution of 
faculae having been subtracted as dis- 
cussed above) is the strong correlation 
between the fluctuations of the oblate- 

ness at different magnifications (6). 
Even more striking is the fact that 
much of this correlation is due to a 
strongly peaked function that is peri- 
odic with a 252/3-day period (6, 25). 
It must be emphasized that the peri- 
odicity found is not simple; that is, it 
is not a simple sinusoidal oscillation 
with time. Instead, the periodic func- 
tion is a highly irregular function 
which is repeated every 252/3 days. 

This periodic function is exhibited 
by "folding" the oblateness fluctuation 
at this period (that is, by averaging 
day-by-day the data that occur on each 
day with data 25%, 511/3, . . . days 
earlier or later). Such a folded func- 
tion is exhibited in Fig. 8. For frac- 
tional days the nearest integer is 
adopted as the (integral) day number 
d (32). 

To exhibit the periodicity the "peri- 
odic autocorrelation" function is eval- 
uated (33) (see Fig. 9). The probability 
of the occurrence of a 4-sigma peak 
at P = 252/3 days with "data" drawn 
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Fig. 8 (left). The periodic component of the fluctuation of 
the diagonal oblateness component at a period of 252/3 days. 
Fig. 9 (top right). Periodic autocorrelation of the fluctuation in 
the diagonal component of the oblateness (after subtracting the 
contribution due to faculae). The 252/3-day period is significant 
at the 4-sigma level. Fig. 10 (bottom right). The diagonal 
component of the oblateness (the average of the values at all 
three magnifications) with the facular signal and the periodic 
fluctuation subtracted. The defective data with D < 43 have 
been omitted; AR is the excess equatorial radius. 
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from a normal distribution is less than 
3.6 X 10-4 and greater than 3 X 10-5 

(33). 
One surprising feature of Fig. 8 is 

the strong subperiodicity at 125/6 days. 
Another surprising feature is the fact 
that a 252/3-day period is shorter than 
the rotational period of the sun at any 
latitude, although the equatorial period 
is close (26.9 days). The subperiodicity 
seems to be due to the double-peaked 
structure of the periodic function (Fig. 
8). 

The periodicity seems to be due to 
shallow hills and valleys arriving at 
the solar limb at a latitude of roughly 
? 45?, where the rotational period is 

approximately 30 days. This periodic 
fluctuation is apparently missing from 
the vertical oblateness component. 

It has been suggested that this peri- 
odicity is due to faculae (28), but the 
solar rotational period at the active 
solar latitudes is ~27.8 days instead 
of 25.7 days. Also the periodic correla- 
tion function computed from the fluc- 
tuation of Fc does not correlate sig- 
nificantly with the curve in Fig. 9. Fur- 
thermore, the folded function derived 
from the fluctuation of Fc does not 
correlate significantly with the folded 
function of Fig. 8 (34). 

By correlating the periodic (that is, 
folded) function (Fig. 8) with the fluc- 
tuations in the diagonal oblateness 
component at each of the three mag- 
nifications it is shown that the periodic 
components at all three magnifications 
are equal to the statistical accuracy of 
the data. This indicates that the fluctu- 
tions are probably due to changes in 
shape, not to bright or dark spots ap- 
pearing at the solar limb. Such spots 
would affect the data most strongly at 
magnification 1. (The facular signal at 
magnification 3 seems to be only 0 to 
30 percent of that at magnification 1.) 

The periodic fluctuation is strong, 
with a variance in the mean three times 
as great as the fluctuation due to 
faculae. If the periodic part of the fluc- 
tuation in the diagonal component of 
the solar oblateness is subtracted, the 
residual fluctuation seems to show no 
more interesting statistical properties 
and may be presumed to be random 
noise. 

The average of the diagonal compo- 
nent of the oblateness over all three 
magnifications, with both the facular 
signal and the periodic fluctuation sub- 
tracted, is plotted in Fig. 10. The fluc- 

tuation of these data is much less than 
that seen in Fig. 5. The standard devi- 
ations shown as error flags in Fig. 7 

represent errors after the correlated 
fluctuations are removed (6). 

The value of the equatorial excess 
Ar determined by least squares by fit- 
ting Eq. 10 to these data for the range 
43 d 140 is Ar= 40.2 ? 3.5 arc 
msec. For the range 43 ? d - 156 it is 
Ar = 44.1 - 4.2 arc msec. The latter 
value is regarded as somewhat unre- 
liable. 

Combining the results from the diag- 
onal oblateness component given in 
(6) with those from the vertical com- 
ponent gives the mean Ar = 43.3 ? 3.3 
arc msec and the oblateness Ar/r= 
4.51 + 0.34 X 10-5 discussed above. 

A great deal hangs on this result, no 
less than the validity of Einstein's gen- 
eral relativity! But the web of inter- 
pretation of this observation is so com- 
plex and the solar skin that we can 
see is so thin and so complex that no 
one will want to accept the above inter- 
pretation without supporting evidence. 
This is as it should be, but I take a 
measure of comfort from the large 
number of suggestions and criticisms 
that have been successfully disposed 
of. It seems quite unlikely that some 
new and revolutionary explanation will 
be found for the solar oblateness signal 
after such a long time during which so 

many have attempted without any par- 
ticular success to find alternative ex- 
planations for it. But the key element 
is still missing-support from other 
accurate tests of relativity capable of 
distinguishing between Einstein's theory 
of gravitation and the scalar-tensor 
theory. Sufficiently accurate comple- 
mentary tests should be available in a 
few years. 
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