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Fitting Discrete Probabi 
Distributions to Evolutionary Ev{ 

The probability of fixing nucleotide substitt 

varies over codons of a cid 

Thomas Uzzell and Kendall W. ( 

Determination of amino acid se- 

quences of proteins has led several 
authors to reexamine the role of ran- 
dom events in evolution (1, 2), and 
data have been summarized to suggest 
that many changes in DNA and in the 
primary structure of proteins are neu- 
tral with respect to natural selection 
(2). Such possibly neutral changes in- 
clude nucleotide base-pair substitutions 
that result in a change in the amino 
acid encoded (provided that the new 
amino acid is functionally equivalent 
to the former amino acid at that posi- 
tion) as well as nucleotide base-pair 
substitutions that result in synonymous 
amino acid code words and therefore 
do not change the primary structure 
of the polypeptide encoded by the mu- 
tant cistron. The fact that the fre- 
quency distribution of phenetically 
inferred fixations of amino acid sub- 
stitutions at certain amino acid posi- 
tions sampled from a series of homol- 
ogous polypeptides can be described 
by means of a Poisson distribution was 
used to support the assumption that 
changes in protein structure are selec- 
tively neutral (2). We (3) and others 
(4) have, however, presented evidence 
that the majority of nucleotide base- 
pair substitutions, and thus amino 
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currences. For mutations, the probabil- 
ity of a nucleotide base-pair substitu- 
tion is equal over the genome. For 
fixation of synonymous nucleotide 

?^tyf ~ base-pair substitutions and of substitu- 

lity tions that result in amino acid sub- 
stitutions, the probability of fixing any mnts substitution is equal over the genome, 
regardless of the probability of a 
mutation. 

itiOnS 2) There is no form of contagion. 
The occurrence of a mutation does not 

sit~ron. change the probabiliity of an additional 
mutation occurring at that position. 

Corbin The fixation of a nucleotide base-pair 
substitution does not alter the probabil- 
ity of another substitution being fixed 
at that position, regardless of the prob- 
ability of a mutation at that codon. 

hat are not elimi- 3) Events observed are independent 
ire eliminated by of one another. The occurrence of a 
Ideed, we believe nucleotide base-pair substitution does 
f the amino acid not alter the probability of another 
ire selectively ad- substitution occurring elsewhere in 
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inds at their re- fixation of a substitution does not alter 

the probability of an additional fixation 
consider (i) plausi- elsewhere in the cistron or the genome, 
ity distributions of regardless of varying probabilities of 

(nucleotide base- mutations at other codons. 
xe fixation of such As an alternative to the Poisson dis- 
?ulations, and the tribution, the negative binomial distri- 
icid sequence that bution may be used to describe 
,ubstitutions); (ii) molecular evolutionary events. This 
hat the frequency distribution is compatible with varying 
ations of substitu- probabilities of mutations or of fixa- 
I positions are the tions, both between codons of a cistron 
peptides and (iii) and at individual codons over time. 

and meaning of 
ber of fixations of 
tions estimated for Molecular Evolutionary Events 
cid positions by 
)n distribution. We The unitary event in most protein 
icy of inferred fix- evolution is the substitution of one 

base-pair substitu- nucleotide base pair for another (5). 
es c by means of Such substitutions may result from 
al distribution, and mispairing of nucleotide bases during 
ness of fit is better DNA replication and normally require 
oisson distribution. two DNA replications for incorpora- 
the ways in which tion into a genome. Substitutions may 

derlying the use of be either transitions or transversions 
ition either are or and may start from a guanine-cytosine 
pplied to molecular (G- C) or an adenine - thymine (A T) 
Fhe assumptions of pair. The probability of a mutation oc- 
tion are as follows. curring at a particular locus depends 
ity of an event is on several factors. The following may 
entical over all oc- be important: the nature of the original 
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Table 1. Distribution of numbers of inferred nucleotide base-pair substitutions required to 
account for observed changes at amino acid positions of several polypeptides. 

Number of Hemoglobin a 
changes (10, 141) 

Hemoglobin p 
(11, 146) 

Cyto- Insulins A 
chromes c and B 

(11, 104) (11, 51) 

Fibrinopeptides 
A and B 

selected taxat 
(11, 35) 

0 93(1 X9)$ 88(1 X 12) 87 33 6(2) 
1 14 (1) 18 (1, 1) 11 11 4 (2,2) 
2 17 (1, 1)? 13 (1 x 5) 4 3 7 (3,2,2) 
3 9 14(1,1,1,3) 2 5 (5,3,2) 
4 5(1) 6 1 1 2(1) 
5 1 2(1) 1 1 2(1,3) 
6 2 1 4 
7 3 2 
8 2(3) 
9 

10 1 
11 1 

Cumulative evolutionary time (years) 
532 X 10? 589 X 10? 738 X 106 660 X 106 641 X 106 

* Number of taxa, number of positions. t Selected to match as closely as possible the taxa used 
for hemoglobins, cytochromes c, and insulins; including Bos, Ovis, Lamna, Sus, Equus caballus, E. asinus, 
Oryctolagus, Rattus, Macaca, and Homo. $ One taxon missing at nine positions. ? One taxon 
missing at one position, another taxon missing at a second position. 

nucleotide base pair (A T or G C), 
the type of substitution (transition or 
transversion), the nature of adjacent 
nucleotide base pairs (because of the 
triple hydrogen bond uniting G C 
base pairs, long adjacent stretches of 
such pairs may stabilize DNA), and 
the efficacy of DNA polymerases. 
Since most mutations are deleterious 
(3), it seems likely that natural selec- 
tion will adapt the DNA polymerase 
of each species to its ratio of A T to 
G C so that species having a high 
G C content will have DNA polymer- 
ases that replicate G C bonds more 
faithfully than A *T bonds and vice 
versa. Although there are some data 
bearing on the extent to which these 
various factors influence mutation 
rates, one could conclude, as a first 
approximation, that the mutation rate 
in terms of nucleotide base-pair sub- 
stitutions is constant throughout the 
genome except for individuals with 
poorly adapted DNA polymerases. If 
this were true, mutation would be the 
most likely of the three classes of 
molecular evolutionary events (muta- 
tion, fixation of all mutations, and 
fixation of mutations that result in 
amino acid substitutions) to form a 
Poisson distribution; the probability of 
a mutation would be small but essen- 
tially uniform over all nucleotide base 
pairs, the occurrence of a nucleotide 
base-pair substitution would not alter 
the probability of another substitution 
at either the same or another nucleo- 
tide, and the number of substitutions 
expected in a given-sized sample of 
nucleotide base pairs would be a small 
but finite number. 

Some loci, however, may be more 
mutable than others (6, 7). Hot spots 
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may, in certain cases, represent short 
sequences of nucleotide base pairs 
being scored as though only a single 
nucleotide base pair were involved, but 
there is evidence that the phenomenon 
as originally conceived by Benzer (6) 
does involve only single nucleotide 
base pairs that are more mutable than 
others (7, 8). Mutator genes have been 
reported (9) and do not necessarily 
affect loci equally. Such mutator genes 
may be mutant DNA polymerase cis- 
trons which specify DNA polymerases 
that are not optimally functional for 
the ratio of A *T to G C of the 
species (10); their differential effect on 
loci may be a reflection of varying 
ratios of A * T to G C among cistrons. 
Provided that the reconstructed phy- 
logenies of cytochromes c and fibrino- 
peptides A and B are correct, there is 
a significant excess of guanine to 
adenine transitions without a corre- 
sponding increase in the complemen- 
tary replacements of cytosines by 
uracils (11). If all or a majority of 
these amino acid substitutions were 
fixed as though they were selectively 
neutral, then this is additional evi- 
dence suggesting that mutations are 
not all equally likely. If some nucleo- 
tide base-pair substitutions are indeed 
more likely than others, then at least 
one of the assumptions underlying the 
use of the Poisson distribution to de- 
scribe the frequency distribution of 
mutations is not met. 

A discrete probability distribution 
might be used to describe the fixation 
of nucleotide base-pair substitutions. 
Kimura (1) showed that the prob- 
ability of fixing selectively neutral 
(Nes < 1) substitutions in populations 
is a function of the mutation rate. If 

all nucleotide base-pair substitutions 
are equally likely, if all nucleotide 
base-pair substitutions are selectively 
neutral, and if there are a fixed num- 
ber of cell divisions per year along the 
germ lines of the species sampled, then 
the assumptions underlying the Poisson 
distribution are met and the distribu- 
tion of fixations of such substitutions 
may be appropriately described by this 
function. 

Evidence cited above suggests that 
nucleotide base-pair substitutions are 
not equally likely. Similarly, nucleo- 
tide base-pair substitutions apparently 
are not equally likely to be fixed. The 
different efficacy (in vitro) of codons 
at incorporating amino acids into 
polypeptides of various organisms (12) 
may be due to an adjustment by nat- 
ural selection of the frequency with 
which codons are used and with which 
different transfer RNA's are produced. 
Such differentials might, for instance, 
help regulate protein synthesis in dif- 
ferent cells (13), but certainly must 
be adjusted closely to allow protein 
synthesis to proceed at all. Thus even 
synonymous codons may not be equiv- 
alent in terms of selection. The majority 
of mutations are deleterious; of those 
that reach high enough frequencies in 
populations for selection to affect them, 
about 79 percent are eliminated by 
natural selection (3). The probability 
of fixing nucleotide base-pair substitu- 
tions, even those resulting in synony- 
mous codons, apparently is not constant 
either throughout a single genome or 
among the genomes of different taxa. 

The probability of substituting any 
amino acid for any other cannot be 
uniform over all amino acid positions. 
Of the 190 possible amino acid pairs, 
only 75 are such that a codon of one 
member of a pair differs by a single 
nucleotide base-pair substitution from a 
codon of the other, whereas 101 re- 
quire at least two base-pair substitu- 
tions, and 14 require three. Alterna- 
tively, there are four to seven (mean, 
5.8) other amino acids that can re- 
place a given ancestral amino acid and 
its codon due to the fixation of single 
nucleotide substitutions (14). Also, 
about 24 percent of all mutations are 
synonymous (15) since the number of 
codons per amino acid varies from one 
to six. Clearly, the probability of cer- 
tain amino acids replacing others is 
not a constant. 

There is evidence of contagion of 
amino acid substitutions fixed during 
evolution. Within the ribonucleases of 
pig and cow, several substitutions form 
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Table 2. Comparison of inferred number of nucleotide base-pair substitutions fixed with minimum replacement distances (MRD, range and 
mean) for variable positions of several polypeptides of mammalian species. Inferred fixations based on phylogeny of species compared. To 
correct for undetected synonymous fixations, both numbers of fixations and minimum replacement distances should be multiplied by 1.3 (15). 

Hemoglobins Fibrinopeptides 
Number Insulins A and B Cytochromes c ins F ino ds Totals 

Numberf~ ~a-chains 3-chains A and B 

fixations Codon s odons Codons Codons Codons Codons MRD MRD M ~LZRD MRD MRD MRD (No.) (No.) (No.) (No.) (No.) (No.) 

1 11 1(1.0) 11 1(1.0) 15 1(1.0) 18 1(1.0) 3 1 (1.0) 58 1(1.00) 
2 3 2 (2.0) 4 1-2 (1.5) 16 1-2 (1.6) 12 1-2 (1.7) 7 1-2 (1.7) 42 1-2 (1.66) 
3 2 1-2 (1.5) 0 9 1-3 (2.1) 15 1-3 (1.9) 6 1-3 (2.3) 32 1-3 (2.03) 
4 1 1 (1.0) 1 2 (2.0) 5 2-3 (2.4) 6 1-4 (2.5) 2 3 (3.0) 15 1-4 (2.40) 
5 1 3 (3.0) 1 4 (4.0) 1 3 (3.0) 2 3-5 (4.0) 2 3-4 (3.5) 7 3-5 (3.57) 
6 2 3 (3.0) 1 5 (5.0) 4 3-6 (4.2) 7 3-6 (4.00) 
7 3 3-5 (4.0) 3 4-7 (5.3) 6 3-7 (4.66) 
8 0 1 4 (4.0) 1 4 (4.00) 
9 0 0 0 

10 1 6 (6.0) 0 1 6 (6.00) 
11 1 7 (7.0) 1 7 (7.00) 

* Selected taxa, see footnote ?, Table 1. 

pairs, with one substitution within each 
pair probably being a compensatory 
change for the other (16). Fitch and 
Markowitz provided theoretical sup- 
port for the contagious distribution of 
amino acid substitutions in their discus- 
sion of concomitantly variable amino 
acid positions (17). Yanofsky, Ito, and 
Horn provided evidence of contagion 
related to the function of mutant forms 
of the A protein of tryptophan synthe- 
tase (18). A loss of activity due to a 
specific substitution in tryptic peptide 3 
can be regained by specifically altering 
the amino acid sequence in tryptic 
peptide 8. 

Finally, the number of cell divisions 
per year along the germ line varies 
significantly among taxa (19). For 
taxa that differ in this respect, the 
probability of a substitution being fixed 
within a certain period of time within 
one population will not be the same 
as that within another population. 

For each of the above reasons, the 
Poisson distribution is inappropriate 
for describing nucleotide base-pair fix- 
ation data, whether or not the sub- 
stitutions are synonymous. 

Number of Fixations Inferred 

Recently we constructed phylogen- 
ies for several mammalian proteins 
(3). The taxa included are those for 
which complete amino acid sequences 
were available for hemoglobin a- and 
a/-chains, cytochromes c, insulins A 
and B, and fibrinopeptides A and B 
(20). The phylogeny is based on the 
classification of the mammals and on 
the paleontological record (21). Times 
were obtained from the Geological 
Society Phanerozoic time-scale (22). 

On the basis of this phylogeny, it is 
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possible to determine the minimal 
number of fixations required at each 
amino acid position to account for the 
distribution of amino acids observed. 
A revised frequency distribution of 
inferred fixations per position is tabu- 
lated for the hemoglobins, cytochromes 
c, insulins A and B, and a selected 
sample of fibrinopeptides (Table 1). 
The fibrinopeptide sequences chosen 
include taxa that match as nearly as 
possible the taxa represented by the 
other polypeptide chains. The number 
of fixations shown in Table 1 includes 
synonymous mutations (required six 
times), parallel fixations of identical or 
synonymous codons (required 90 
times), fixations of reverse mutations 
(required 11 times), and alternative 
routes (23) for fixing amino acids in 
different parts of the phylogeny. The 
number of fixations that we infer is 
conservative, since, on the average, at 
least 1.3 nucleotide base-pair substitu- 
tions are fixed per fixation of an amino 
acid substitution (15). 

The number of mutations fixed dur- 
ing the evolution of a series of poly- 
peptides was estimated by others (2, 
24) as the minimum number of nu- 
cleotide base-pair substitutions required 
at each amino acid position to account 
for the different amino acids observed. 
This approach is phenetic, rather than 
phyletic, and fails to detect numerous 
parallel fixations of amino acid substi- 
tutions. Such phenetic data can be de- 
scribed adequately by a single Poisson 
model with an optimum number of in- 
variable sites (2). In contrast, our 
phyletic data cannot be described ade- 
quately by such a model. 

In Table 2 we compare the range 
and mean of the minimum replacement 
distance with the number of fixations 
inferred by us. These data show that 

if we use the minimum replacement 
distance we consistently underestimate 
the total number of fixations inferred 
except when only one fixation is in- 
ferred; the underestimate increases 
slowly as the number of fixations in- 
ferred increases. This striking discrep- 
ancy is primarily due to parallel fixa- 
tions of identical substitutions and, to 
a much lesser extent, to fixations of 
reverse substitutions, to fixations of 
synonymous substitutions, and to alter- 
native fixation of identical substitu- 
tions. No theoretical model exists by 
which the number of parallel fixations 
at an amino acid position can be deter- 
mined in the absence of a phylogeny 
although the data in Table 2 provide 
an empirical conversion. For these rea- 
sons the minimum replacement distance 
cannot accurately reflect the evolution- 
ary history at amino acid positions. 

Frequency Distributions of 

Fixations in Polypeptides 

Frequency distributions of phenetic- 
ally inferred fixations for several poly- 
peptides have been constructed (2, 24); 
the differences between these have in 
some cases (2) been discounted as the 
effect of chance. Nevertheless, such 
phenetically based frequency distribu- 
tions are irrelevant to the evolutionary 
history of these polypeptides in that they 
do not provide an adequate estimate 
of the number of fixations that must 
have occurred in the phylogeny of the 
taxa considered. The distributions of 
the number of fixations phyletically in- 
ferred per amino acid position are 
similar for equivalent samples of ho- 
mologous polypeptides, with the excep- 
tion of the fibrinopeptides (Table 3). 
To demonstrate the improbability that 
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the fibrinopeptide data were drawr 
from the same population of aminc 
acid positions from which the othei 
sets of data were drawn, we computed 
X2 values for each of the four pairs of 
comparisons involving the fibrinopep- 
tide data (Table 3). To avoid small 
expected values, we used three cate- 
gories for the number of fixations: no 
fixation, one or two fixations, and three 
or more fixations. For each polypep- 
tide, a certain number of residues were 
considered to be invariable (positions 
that cannot vary); these are omitted 
from the comparisons, and include six 
residues for the globins (2), 32 for the 
cytochromes c (17), five for insulins 
A and B (25), and two for fibrino- 
peptides A and B (26). With two de- 
grees of freedom, it is highly improb- 
able that the frequency distribution of 
the number of fixations inferred per 
amino acid position among the fibrino- 
peptides is the same as the distributions 
for the other four polypeptides. 

The differences between these vari- 
ous frequency distributions may be eex- 
plained by one or more of the follow- 
ing considerations. (i) The phylogeny 
used in the determination of the mini- 
mum number of fixations is incorrect 
and produces erroneous estimates of 
the number of fixations at each amino 
acid position. (ii) Differences in the 
cumulative evolutionary time, the num- 
ber of taxa sampled, or the number 
of unknown amino acids bias the re- 
sults. (iii) The mutation rates vary 
significantly between the genes con- 
trolling the synthesis of the fibrinopep- 
tides as compared to those encoding 
the other peptides. (iv) The fibrino- 
peptides are the most highly adaptive 
molecules represented in the compari- 
sons, and the other polypeptides are 
evolving by random fixation of neutral 
amino acid substitutions. (v) Selection 
limits the amino acid types tolerated at 
most variable amino acid positions. 

It is difficult to demonstrate which 
of the above explanations is correct. 
We believe, however, that selection 
strongly limits the variety of amino 
acids at most, if not all, amino acid 
positions. 

Differences Due to Sampling Error 

The first explanation is unlikely 
for several reasons. The same phylog- 
eny (3) is used for each polypeptide 
compared. Errors introduced for one 
polypeptide should be balanced by er- 
rors introduced for each other polypep- 
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Table 3. Comparison of number of inferred 
fixations at "variable" amino acid positions 
for several polypeptides*. Values of x2 (d.f. = 
2) for the comparison of each polypeptide 
with fibrinopeptides are given; all have P 
<.001. 

Number of fixations inferred 

0t 1 3 or 
2 

or 2 more X 

Fibrinopeptides 
A and Bt 4 10 19 

Hemoglobin 
a-chains 87 31 17 39.0 
- f-chains 82 31 27 27.1 

Cytochromes c 55 15 2 51.5 
Insulins A and B 12 14 4 14.3 

* Only data pertaining to mammalian species 
used. t Excluding "invariable" sites; two for 
fibrinopeptides, six each for a- and ,8-chains of 
hemoglobin, 32 for cytochromes c, and 25 for 
insulins. : Selected taxa, positions A-i, A-2, 
A-3, A-8, B-i, B-2, B-8, are omitted. 

tide. Such errors, however, cannot con- 
tribute significantly to the X2 values 
obtained in comparing the fibrinopep- 
tide data with the frequency distribu- 
tion of the other polypeptides because 
most amino acid positions sampled are 
unvaried, except within insulins A and 
B and the fibrinopeptides. The major 
contribution to x2 comes from ,this un- 
varied category, and no change in the 
phylogeny used would alter this cate- 
gory. 

Although differences in the cumula- 
tive evolutionary time, the number of 
taxa sampled, or the number of un- 
known amino acids could bias some 
of the results in Table 3, we do not 
believe this to be the case. In some 
instances (cytochromes c and insulins 
A and B) the cumulative evolutionary 
time is longer than it is for the selected 
sample of fibrinopeptide sequences 
(Table 1). The number of missing 
amino acids in the cytochromes c and 
in insulins A and B is so small that 
this absence cannot account for the 
discrepancy observed. We submit that 
all of the polypeptides listed in Table 
3 have been adequately sampled with 
respect to the selected fibrinopeptides. 
Since more amino acids are missing in 
the fibrinopeptides (often a result of 
deletion, Table 1), the comparison is 
conservative in this respect. For these 
reasons we reject the second explana- 
tion. 

As we mentioned above, it is con- 
ceivable that there are differences in 
the mutability of the two kinds of 
nucleotide base pairs, but regardless of 
the mechanism that results in this dif- 1 
ferential it is unlikely that nucleotide s 
base pairs would be grouped in such a 'a 

way that all or most codons of one 

cistron are made more mutable than 
those of another. (For models of pro- 
tein evolution requiring neutral muta- 
tions, nucleotide pairs of different 
mutability would be randomly distrib- 
uted over cistrons.) The third explana- 
tion is rejected for this reason. 

Selection versus Chance 

During evolution, more amino acid 
substitutions have been fixed in fibrino- 
peptides A and B (27) than in the 
hemoglobins, cytochromes c, or insulins 
A and B. At the 13 fibrinopeptide 
positions that have changed most often, 
there is a tendency for the amino acid 
substitutions to be nonconservative 
(28, 29). We argued (3) that this 
indicates these positions to be selec- 
tively neutral (those positions at which 
all 20 protein amino acids function 
equally well), although some might 
argue that this is a reflection of the 
highly adaptive nature of these fibrino- 
peptides. We believe, however, that 
stringent selection associated with 
adaptiveness limits the kinds of amino 
acids observed at most positions, even 
of fibrinopeptides A and B. The gen- 
erally acidic nature of these small pep- 
tides probably functions to prevent 
polymerization by keeping fibrinogen 
molecules separate (30). Furthermore, 
the sequence of fibrinopeptide A ap- 
pears to, be related to species-specific 
enzymes that cleave the peptides from 
fibrinogen (30). Fibrinopeptide B has 
a marked effect on the contractility of 
smooth and cardiac muscle (31), a 
phenotypic expression that should be 
affected by natural selection, even 
though the tyrosyl-aspartyl dipeptide 
that produces this effect appears not to 
occupy an identical position in all of 
the fibrinopeptides B that have it (20). 

In addition, the organization of the 
genetic code is such that most muta- 
tions result in either a synonymous 
code word or in a code word for a 
chemically similar amino acid (32). 
Of the changes that have occurred in 
polypeptides, most are more conserva- 
tive with respect to the variety of 
chemical structures observed than ex- 
pected on the basis of chance alone 
(29). Epstein showed that his indices 
of difference for amino acid substitu- 
tions changed less than expected by 
chance for a variety of proteins and 
that the index of difference increased 
significantly among amino acid types 
when they are external on globins (29). 
Substitutions involving internally placed 
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residues tend to be more conservative. 
This agrees with the observation that 
most internal globin residues are non- 
polar (33). Sneath (34) examined a 
series of analogs of oligopeptidic hor- 
mones and demonstrated that the ef- 
fectiveness of the analogs as hormones 
fell as more groups were changed, or 
with greater change at any position. 
These considerations suggest that few, 
if any, variable amino acid positions 
are neutral in the sense that all 20 of 
the protein amino acids function equal- 
ly well at them. It is much more likely 
that, for most amino acid positions, 
only one or a small number of amino 
acid types are functional. 

In summary, various lines of evi- 
dence indicate (i) that because the 
number of amino acid types tolerated 
by natural selection appears to vary 
from one position to another, the prob- 
ability of fixing nucleotide base-pair 
substitutions is not equivalent over all 
codons of a cistron; (ii) that the dis- 
tribution of fixations of nucleotide 
base-pair substitutions inferred per 
amino acid position is significantly dif- 
ferent for the various kinds of poly- 
peptides sampled; and (iii) that there 
is contagion at least at the amino acid 
level in the form of compensatory sub- 
stitutions. Clearly, therefore, the Pois- 
son is an inappropriate distribution for 
describing the frequency distribution of 
fixations of nucleotide base-pair sub- 
stitutions. As has been indicated in the 
discussion, data that fit a single Pois- 
son distribution, even with an optimum 
number of invariable codons, are mis- 
leading. 

Negative Binomial Distribution 

We have no a priori conviction as 
to the actual distribution of the fixa- 
tions of nucleotide base-pair substitu- 
tions at codon positions. However, 
each of the arguments given above for 
rejecting the use of the Poisson dis- 
tribution suggests that the distribution 
of fixations of nucleotide base-pair sub- 
stitutions may be described by the 
negative binomial distribution. This 
distribution is based on the assumption 
that the probability of fixing an addi- 
tional nucleotide base-pair substitution 
at any given codon of a cistron is not 
equivalent for all codons, but that it 
is drawn at random from a gamma- 
distributed universe of probabilities 
with a mean probability equal to the 
constant, fixed probability of the Pois- 
son distribution that best describes the 
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data. Thus, the negative binomial dis- 
tribution assumes that the probability 
of fixing nucleotide base-pair substitu- 
tions varies over codons of a cistron 
and at individual codons; contagion 
and interaction could produce such 
effects. As a result, the majority of 
codons sustain few fixations while the 
tail of the distribution is long with a 
few codons sustaining many fixations. 

The negative binomial distribution 
can be specified in terms of the param- 
eters x and k (35). As k increases 
from one to infinity, the negative bi- 
nomial distribution converges to a 
Poisson distribution; small values of k 
necessarily indicate that a distribution 
follows the negative binomial rather 
than the Poisson (36). 

To estimate the number of fixations 
of nucleotide base-pair substitutions 
that have occurred during the evolu- 
tion of 33 cytochromes c from 32 taxa, 
we have constructed a phylogeny of 
these taxa (Fig. 1). This phylogeny 
is based on the paleontological record 
(21), on morphological studies of ex- 
tant species, and on an educated guess. 
For the purposes of this discussion 
the times of branching of the different 

phyletic lines are irrelevant, whereas 
the sequence of the branch points is 
important. This phylogeny differs in 
several respects from the phenogram 
used either by Fitch and Margoliash 
(37), Fitch and Markowitz (17), or 
Dayhoff (14). On the basis of this 
phylogeny, we inferred fixations for 
104 positions of these polypeptides 
(those that are present in the amniotes 
sampled). We thus have omitted up 
to eight amino acid positions at the 
amino-terminal end of the cytochromes 
c of nine species. These terminal 
sequences cannot be compared in a 
meaningful way since positions homol- 
ogous to them are not present in the 
cytochromes c of the other species ex- 
amined (38). Of the 104 positions that 
are homologous, 70 vary. The distribu- 
tion of fixations inferred is given in 
Table 4, along with three negative 
binomial distributions fitted to these 
data (35). 

Figure 2 is based on the distribution 
of fixations inferred. The number in- 
ferred per position varies from 0 to 
17, giving 18 categories (Table 4). 
We partitioned the positions not ob- 
served to vary into those that belong 

- Triticum 
-Neurospora 
Candida 

* Saccharomyces I so- I 
* Saccharomyces Iso-2 
* Debaryomyces 
* Manduca 

Bombyx, Sam/a 
, Coch/iomya 

Drosophila 
Thunnus 
Squalus 

Entosphenus 
Rana 
Anas 
Columba 
Gallus, Meleagris 
Aptenodytes 
Crofalus 

Chelydra 
Macropus 
Rhachinecfes 
Oryctolagus 
Bos, Sus, Ovis 
Equus caballus 
E asinus 
Canis 

Macaca 
Homo 

Fig. 1. Phylogeny for 32 taxa for which cytochrome c sequences are considered. The 
branching sequence, based on a variety of evidence, is plausible, but the lengths of the 
branches are arbitrary. The number of fixations inferred for 104 amino acid positions 
is indicated above each branch. 
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to the negative binomial distribution 
and those that do not by finding the 
minimum value of x2. The minimum 

x2 value is obtained by assigning all 

possible numbers (0 to 34) to the zero- 
fixation category (Fig. 2). For the un- 

grouped data a minimum x2 value 

(21.06) occurs when 11 of the 34 

positions not observed to vary in this 

sample of data are assigned to the 

negative binomial distribution (k = 
1.65), and the remaining 23 are ex- 
cluded from it (upper curve, open 
squares). For the middle curve (open 
circles) categories 9 to 11 (8 to 10 fix- 
ations per codon) and 12 to 18 (11 to 
17 fixations per codon) were grouped, 
giving a minimum X2 of 9.74. For the 
lower curve (closed circles) categories 
9 and 10 (8 or 9 fixations per codon) 
and 11 to 18 (10 to 17 fixations per 
codon) were grouped giving a mini- 
mum X2 of 6.73. These groupings were 
made to avoid expected values of less 
than 5. The contribution of each fixa- 
tion category to the overall x2 value 
at the inflection point of each curve 
is indicated in Table 4. 

The best-fit negative binomial dis- 
tribution (k = 2.05) is associated with 
a X2 of either 6.62 or 9.75, depending 
on the grouping used. With six degrees 
of freedom (ten comparisons, three de- 

grees of freedom lost for fitting x, k, 
and the zero category, one lost for X2) 
these x2 values are associated, respec- 
tively, with probabilities between .5 and 
.3 or between .2 and .1. These proba- 
bilities compare favorably with a prob- 
ability of less than .2 for Fitch and 
Markowitz' (17) optimum two-Poisson 
fit. 

Discussion 

The fit of a Poisson distribution to 
phenetically inferred fixations has been 
used as an argument that many acid 
substitutions fixed are selectively equiv- 
alent to the amino acids they replace 
(2). Other authors (39) have argued, 
as we do in this paper and elsewhere 
(3), that most evolutionary events are 
controlled by natural selection, and 
that the fit of fixation data to a Pois- 
son distribution does not necessarily 
mean that the substitutions are a re- 
sult of neutral mutations. In fact, how- 
ever, the phyletically inferred fixation 
data for cytochromes c (40) show that 
substitutions have not occurred uni- 
formly over the variable codons of the 
cytochrome c cistron. The likelihood 
of fixing such substitutions cannot be 
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uniform unless the probability of mu- 
tations varies essentially according to 
a gamma distribution (41). 

Nevertheless, Poisson distributions 
have been used several times to de- 
scribe the frequency of inferred fixa- 
tions of nucleotide base-pair substitu- 
tions that occurred during the evolu- 
tion of various polypeptides. Fitch and 

Margoliash (42) used this technique 
to estimate the number of invariable 
codons in cytochromes c. They rea- 
soned that amino acid positions of 
cytochrome c fall into either an in- 
variable group or a variable group 
with nearly equal probability of vary- 
ing. The positions that were not ob- 
served to vary were partitioned into 
these groups by allowing the zero- 
change category to vary from 0 to 35, 
calculating the best-fit Poisson distribu- 
tion for all 36 combinations, and deter- 
mining which zero-change value was 

Table 4. Best-fit negative binomial distribu- 
tions of inferred fixation data for cyto- 
chromes c. 

Fixa- Codons Codons 
tions ob- ex- (o - e) (o - e) 
per served pected 

codon (o) (e) e e 
(No.) (No.) (No.) 

Ungrouped data 
0 10 9.21 0.07 
1 8 11.29 0.96 
2 14 10.97 0.84 
3 7 9.74 0.77 
4 11 8.23 0.93 
5 10 6.75 1.56 
6 4 5.42 0.37 
7 5 4.28 0.12 
8 1 3.35 1.65 
9 2 2.59 0.13 

10 0 1.99 1.99 
11 0 1.52 1.52 
12 2 1.16 0.61 
13 1 0.88 0.02 
14 2 0.66 2.72 
15 2 0.50 4.50 
16 0 0.37 0.37 
17 1 0.28 1.85 

2 = 21.06 
.2>P> .1 

14 d.f. 
Grouped data 

0 7 7.22 0.01 0.01 
1 8 10.04 0.41 0.41 
2 14 10.45 1.21 1.21 
3 7 9.66 0.74 0.74 
4 11 8.38 0.82 0.82 
5 10 6.97 1.32 1.32 
6 4 5.64 0.48 0.48 
7 5 4.46 0.07 0.07 
8 1 3.481 1 1.62 9 2 2.68 3.30 _ 

10 0 2.04 
11 0 1.54- 
12 2 1.16 
13 1 0.86 0 
14 2 0.64 1.40 
15 2 0.47 
16 0 0.35 
17 1 0.26 _ J 

x2 
- 9.74 X2 = 6.73 

.2>P>.1 .5>P>.3 
6 d.f. 6 d.f. 

associated with a minimum X2 value. 

They estimated that 27 to 29 of 
the amino acid positions that had 
not been observed to vary were in- 
variable because of functional require- 
ments of the molecule, whereas the 
other six to eight were variable, but, 
because of sampling error, had not 

yet been observed to vary. Fitch and 

Margoliash found an appreciable num- 
ber of hypervariable positions, those 
that had sustained more changes than 

expected by chance, given the best- 
fit Poisson distribution. They con- 
cluded that codons were of three sorts 
with respect to the probability of fix- 

ing an amino acid substitution: those 
with zero probability, the majority with 

nearly equal probability, and a small 

minority with high probability. It is 
these last that make a single Poisson 
distribution with an optimum number 
of invariable codons a poor model for 

describing the phyletically inferred 
fixations in cytochromes c. 

Later, Jukes and co-workers (2, 24) 
also described the estimated number 
of changes by means of a Poisson dis- 
tribution. They adjusted the zero cate- 

gory to give a minimum X2 value, and 
extended the technique to other poly- 
peptides (globins and immunoglobulins 
G). King and Jukes (2) found no hy- 
pervariable category; they used the ab- 
sence of a hypervariable category of 
codons and the excellent fit of their 
calculated Poisson distributions to the 
number of fixations inferred to argue 
(i) that the likelihood of fixing an 
amino acid substitution is essentially 
uniform over all variable amino acid 

positions, and (ii) that this is most con- 
sistent with the proposition that pro- 
tein evolution is largely a result of fix- 

ing selectively neutral mutations. How- 
ever, the method that Jukes and col- 
leagues used to estimate the number of 
fixations is phenetic rather than phy- 
letic. Fitch and Markowitz (17) pointed 
out that this procedure does not de- 
tect parallelisms [or, for that matter, 
back mutations or alternative routes 
(23) for fixing synonymous base-pair 
substitutions in different parts of a 

phylogeny]. Parallelisms as well as back 
mutations and alternative fixations of 
synonymous substitutions account for 
the hypervariable positions; as was 
noted above, we find that parallelisms 
are numerous in our phylogenies for 
several mammalian polypeptides (Ta- 
bles 1 and 4). For the cytochromes c 
data upon which this article is based, 
parallelisms amount to 25 percent of 
all phyletically inferred fixations. 
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Fitch and Markowitz (17) further 
explored the possibility of describing 
codon variability by means of the Pois- 
son distribution. They estimated that 
the best-fit single Poisson distribution 
is associated with a probability of 
< 10-26, and that a single Poisson 
with an optimum number of invariable 
positions is associated with a proba- 
bility of < 10-15. They therefore used 
two Poisson distributions as well as an 
optimum- number of invariable posi- 
tions. One Poisson distribution de- 
scribes the majority of variable amino 
acid positions, which have a relatively 
low probability of sustaining fixations, 
and the other describes the hypervari- 
able positions. This model describes 
the distribution of inferred fixations 
rather well (P < .2). 

There is little mathematical basis 
for choosing between the two-Poisson 
plus invariable amino acid positions 
model use'd by Fitch and Markowitz 
and the negative binomial plus invaria- 
ble amino acid positions model that 
we use. In each case, three parameters 
are fitted: the number of invariable 
positions and two means for the Fitch 
and Markowitz two-Poisson model 
(16); the number of invariable posi- 
tions, x, and k for our model. The 
probability associated with the nega- 
tive binomial model (.5 > P> .3) is 
greater as discussed above. We argue 
throughout our article that it is unlike- 
ly that molecular evolutionary events 
have uniform probabilities over either 
all variable codons of cistrons or all 
variable amino acid positions of poly- 
peptides. Fitch and Markowitz (17) 
come to the same conclusion although 
they prefer the two-Poisson model. 
We believe, however, that the argu- 
ments we and others have given against 
uniform probabilities of fixing amino 
acid substitutions provide a very credi- 
ble biological basis for utilizing the 
negative binomial distribution to de- 
scribe evolutionary events. 

Why some unvaried amino acid 
positions should be excluded from 
either the two-Poisson model or the 
negative binomial model is not clear. 
The invariable category is subject to 
sampling effects since the percentage 
of the gene that appears invariable 
increases markedly as the average min- 
imum replacement distance between 
sequences decreases [figure 2 in (17)]. 
This may either be due to chang- 
ing numbers of taxa considered or to 
restrictions imposed by the genetic affin- 
ities of the taxa examined. 

The most plausible interpretation 
11 JUNE 1971 

for the exclusion of certain unvaried 
amino acid positions from either the 
two-Poisson model or the negative bi- 
nomial model is that, although the 
number of sequences of cytochromes 
c presently known may be sufficient, 
the genetic diversity of the species, 
represented is inadequate to detect 
variation at all of the variable sites. 
For example, the 29 cytochrome c se- 
quences used by Fitch and Markowitz 
represent only two animal phyla; 19 
sequences are from vertebrates. On 
the basis of comparisons of procary- 
otic and eucaryotic cytochromes c, 
Fitch and Markowitz (17) suggested 
that the number of invariable residues 
may be as few as seven out of the 75 
amino acid positions available for 
comparison between pro- and eucary- 

2 

0 
cn 
,) 
a) C' 

nr 

0 5 10 15 
Number of 

otes. Thus, roughly ten of the eu- 
caryote amino acid positions may be 
invariable, rather than the 32 (Poisson) 
or 27 (negative binomial) that are 
excluded on the basis of probability 
distributions. Whether examination of 
amino acid sequences from a greater 
diversity of species of eucaryotes will 
be sufficient to reveal variation at these 
excluded but presumably variable posi- 
tions remains to be discovered. Varia- 
tion at some of these positions among 
eucaryotes may be highly improbable 
if numerous amino acid substitutions 
in other parts of the molecule are re- 
quired to convert these excluded posi- 
tions to positions at which alternative 
amino acid types are selectively accept- 
able [concomitantly variable positions 
(17)]. 

20 
unvaried 

25 

positions 
30 35 

3 

2 
4- 
0 
Vl) 
a> 
- 

0 

Fig. 2. Relation of x" values of k values to the number of unvaried positions included 
in the zero-fixation category of 34 negative binomial distributions. Chi-squared values 
measure how well the calculated negative binomial distributions fit the frequency 
distribution of fixations inferred to account for the amino acid substitutions in 
cytochromes c. 
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Summary and Conclusions 

The assumptions underlying the use 
of the Poisson distribution are essen- 
tially that the probability of an event 
is small but nearly identical for all 
occurrences and that the occurrence 
of an event does not alter the prob- 
ability of recurrence of such events. 
These assumptions do not seem to be 
met for evolutionary events since (i) 
the probability of fixing nucleotide 
codon substitutions is not equal for all 
substitutions at a codon, and probably 
varies for the same substitution in 
different lineages; (ii) the probability 
of fixing codon substitutions varies 
among positions of a cistron; and (iii) 
the fixation of a nucleotide codon sub- 
stitution at one position in a cistron 
modifies, and may even promote, the 
fixation of a codon substitution else- 
where along the cistron. Natural selec- 
tion presumably is the causative factor 
that acts to modify the probability of 
a nucleotide codon substitution's being 
fixed in a population. 

The use of the negative binomial 
distribution is consistent with the evi- 
dence that selective pressure on amino 
acid or nucleotide codon positions 
varies both among codon positions of 
a cistron and at a particular position 
during evolutionary time. 

If the number of fixations of nu- 
cleotide codon substitutions per posi- 
tion of cistrons encoding cytochromes 
c are phyletically inferred (phylogeny 
based on a paleontological record) 
rather than phenetically inferred (based 
on paired comparisons of extant 
species' differences in the absence of 
a phylogeny) the distribution of these 
fixation data cannot be described 
adequately by a single Poisson distribu- 
tion. The fit of these same data to a 
negative binomial distribution is very 
satisfactory. 

It has been argued that the fit of 
phenetically inferred fixation data, 
which do not take account of parallel 
or reverse fixations, to the Poisson 
distribution was supportive evidence 
for the hypothesis that protein evolution 
results from the fixation of selectively 
neutral codon substitutions. This argu- 
ment now appears to be undercut by 
the evidence that data on nucleotide 
codon fixation are more probably dis- 
tributed according to the negative 
binomial distribution. 

The fact that fixation data can be 
described by a particular discrete prob- 
ability distribution does not of itself 
provide insight into the mechanisms of 
the evolutionary process. However, the 
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facts-(i) that the assumptions under- 
lying the use of the negative binomial 
distribution adequately deal with the 
varying probability of fixing amino 
acid or nucleotide codon substitutions 
at and among the positions of a cistron 
and (ii) that the negative binomial 
distribution provides an excellent fit 
for the phyletically inferred fixation 
data-suggest that the negative bino- 
mial is a very appropriate discrete 
probability distribution for describing 
evolutionary events. 

Amino acids or their nucleotide 
codon substitutions may be fixed at a 
position of a cistron as though selec- 
tively neutral relative to the codon 
being replaced, even though the codon 
position will not be selectively neutral, 
since many amino acids cannot func- 
tion there. The negative binomial dis- 
tribution treats this situation well 
whereas a single Poisson distribution 
could only be satisfactory if all codon 
positions that could vary were selec- 
tively neutral. 
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