Redwoods: A Population Model

Matrix methods may be used to model the growth,

survival, and harvesting of California redwoods.

“If you've seen one redwood tree,
you’ve seen them all,” said the gover-
nor of California. Will the day come
when there will be only one redwood?
Are we logging the magnificent red-
woods of northern California into
extinction? These questions concern
conservationists the world over, for
the redwood exists only in central and
northern California. This article will
examine some of the factors associated
with survival of the redwood, present
a mathematical model of their popu-
lation dynamics, and provide a discus-
sion of the salient data, assumptions,
and conclusions. But let us first con-
sider a brief historical and descriptive
sketch of these fascinating trees.

Background

“Redwood” commonly refers to two
entirely different trees, the Sierra red-
wood and the coast redwood (I, 2).
Until 1939, they were thought to be
two species of a single genus, Sequoia.
But in 1939, Buchholz (I, 2) con-
cluded that the differences between
Sequoia sempervirens (coast redwood)
and the Sequoia gigantea (Sierra red-
wood) were too great for them to
belong to the same genus. So the
Sierra redwood was renamed Sequoia-
dendron giganteum (1).

The Sierra redwood was discovered
in 1833 by the Walker expedition (2).
These trees grow along the west slope
of the Sierra Nevada, between altitudes
of 4500 and 8000 feet, the southern
limit of their growth belt being in
Tulare County. They grow as far
north as Placer County, with several
of the finest groves in Calaveras
County. The Sierra redwood grows
to an average height of 250 to 275
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feet. The oldest authenticated age for
the Sierras is about 3200 years.

Almost all (90 percent) of the Sier-
ra redwoods are in national parks and
forests, principally Kings Canyon, Se-
quoia, and Yosemite (I). The only
groves on state property are in Cala-
veras Big Trees State Park. Interest-
ingly enough, the Sierra redwood is
commercially undesirable since the
wood is too soft and pulpy. Whether
there is a correlation between their in-
feriority commercially and their pres-
ervation in parks since 1890 is worth
speculation.

The Sierra redwoods are very hardy.
Since they are in no immediate danger
of either natural or man-made extinc-
tion, and are -already in parklands, I
will not treat them further in this
article.

The coast redwood was discovered
near San Francisco in 1769 by Gaspar
de Portola’s expedition (I). The trees
were named Palo Colorado (“red
tree”) (2). Several years later, Fray
Pedro Font of de Anza’s expedition
wrote a lengthy description of these
obviously different trees. On 26 March
1776, Fray Font noted that he had
seen “a tree that is certainly beautiful;
and I believe that it is useful for its
timber, for it is very straight and
tall. . . .” Indeed it is! And the place-
ment of coast redwoods in public park
lands has been a tough battle during
this century.

The coast redwoods grow in the

central and northern California fog
belt, from the Big Sur area in Monterey
County to extreme southern Oregon.
The finest stands are in Humboldt and
Del Norte counties in California. To
emphasize, the species Sequoia semper-
virens grows in a belt 450 miles long
and about 35 to 40 miles wide in

. whether

northern California, and no other place
in the world.

The tallest trees in the world are
the coast redwoods in Humboldt Coun-
ty. Their average height is more than
200 feet. The oldest known coast red-
wood is only 2200 years old, compared
to the additional 1000 years of the
Sierra redwood. Coast redwoods are
extremely hardy. They grow not only
from seeds deposited in their cones, but
also sprout from stumps and felled trees.
Sprouting is often very vigorous. In
one location, there were 72 sprouts
per stump on the average, and some
stumps had more than 100 sprouts (3).

Sequoia sempervirens is very valuable
commercially. Even the sawdust is
profitable, for example, in the form of
compressed logs. Some of the old
growth timberlands are held by the
Arcata Redwood Company (ARCO)
(4). At the current rate of logging,
we will run out of old growth, virgin
redwoods in the early 1980’s (4).
ARCO claims they will have old
growth timber left until 2010. But at
the 1965 rate of logging, no old growth
timber (in ARCO lands) will be left
by 1984. Bronson (4) claims that the
real date will probably be 1981 be-
cause of the increased rate of logging
since 1964. ARCO feels that a balance
between harvesting and new growth
can be maintained by the end of the
century, thus assuring a continuing
supply of redwood. But the old growth
will be gone.

There is some interest in determining
redwoods are headed for
extinction. It is clear that cutting down
the 1000-year-old trees loses them to
us forever. Less clear is whether red-
woods can be harvested or whether we
are in danger of exhausting our supply.
The question posed for this article is
“Can the survival of redwood popu-
lations be modeled, and can meaning-
ful conclusions be drawn from this
model?”

The mathematical modeling of bio-
logical phenomena is not new. Volterra
(1931) and Lotka (1936) both for-
mulated equations to study the sta-
bility of populations, the former stress-
ing predator-prey relations. Leslie (5)
and Lewis (6) explored the field
during World War II. Leslie’s original
paper provides an extensive treatise
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on the use of matrices to model the
growth and stability of homogeneous
populations. The theory was extended
by Lefkovitch (7) to include unequal
age groupings. The current state-of-the-
art is summarized in such textbooks as
that by Pielou (8).

The Model

The basic model chosen for this
article is a matrix that relates the re-
productive and survival characteristics
of different age classes of redwoods. In
general, if we form k& age-classes of
redwoods, then

by by, by

Sn Sag Sop
M=

Sr1 Ska Skr

is the matrix of coefficients that relates
the population at one time point to
the population some time later. Thus
the k-dimensional vector N(z) is re-
lated to N(t + At) by

N(t + Af) = MN(1)

In order to make the problem man-
ageable, restrictions have to be placed
on k and M. Without a computer, k
must be small enough to allow hand
calculation. It is generally an excellent
idea for M to have constant elements.
Thus, the model becomes linear. This
is an idealization, since the survival
of an age-class generally depends on
its size and density.

The behavior of the population can
be effectively studied by analyzing the
properties of M, in lieu of simply
propagating N forward in time. The
size of the population at ¢4 pAt can
be related directly to the size at ¢, the
reference time. Thus

N(t ++ pAt) = M? N(1)

It is well known (9, 10) that the
characteristic values of M, which are
unique, establish a set of characteristic
or modal vectors. These modal vectors
form a basis for a vector field which
includes N(¢). Thus N(¢) can be ex-
pressed as a linear combination of the
modal vectors R(i),

k
N(t) = z C(HRG)
t=1

Note that there are k vectors R, one for
each characteristic value of M (as-
suming all characteristic values are dis-
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Table 1. Age distribution of redwoods.

Age (years) Number Percentage
20 or less 1000 43
20 to 200 696 3
200 to 400 197 9
400 to 600 183 8
600 to 800 105 5
800 to 1000 65 3
1000 or more 17 1

Table 2. Age-class structure.

Age-class Number Percentage
1 1696 74
2 485 22
3 82 ’ 4

tinct). Thus, the summation is over
the k characteristic vectors. The char-
acteristic values, called A;, are the roots
of the determinantal equation
M —A\[|=0
Now we can write
%

N(t 4 pAt) = M?
L

COHOREG) =

k

Z NPC(DR(D)

i=1

k
) comra) =

=1

since MR(i) = AR(i) (9, 10).

It can be seen that the future size
of the population classes is determined
by A and R(i), both properties of M.
As a matter of fact, the stability of the
population may be found from the
set of A; alone. If |A;]>1, then the
population grows without bound. If
|Aj) <1, then the population compo-
nent associated with A; tends to extinc-
tion. If |A;| = 1, we have a stable pop-
ulation.

For the problem at hand, the model
chosen is a 3 X 3 matrix:

bll b12 blﬂ
So1 Soz Sa3

M=

Sz1 S32 Sa3

The age-classes chosen are: class 1,

"0- to 200-year-old trees (young); class

2, 200- to 800-year-old trees (mature);
and class 3, > 800-year-old trees (old).
The time increment Af=50 years.
Letting Ny, N5, and N3 correspond to
the number of trees in classes 1, 2,
and 3, we have

Ni(t + 50) l-bu b by -l ’_Nl(t)
Nyt +50) (= su 82 O Ne(2)
Na(t + 50) 0 S Sm .”_Na(t)

The zeros in the matrix arise from the
fact that class 3 trees cannot graduate
to class 2, and class 1 trees cannot
graduate to class 3 directly. The sig-
nificance of the by; is that they repre-
sent “birth” rates. The s; represent
survival rates. We can now obtain the
characteristic values A:

by — N\ bis bys
0=|M—)\I!:Sz1 Soa — N 0

0 Sa2 Sz — N

Expanding the determinant, we obtain

0= (b —A)(S22— A) (S —N) —
Soa[b1o(S38 — N) — Saebia]

which, upon rearrangement, becomes

0 = A\ — N (byy + S22 + 83:3) +
)\(bllszz + bi18ss + S20853 — S21b12) +
(S21D19558 — S21S33D18 — D118205s3)

This cubic is solved for specific values
in a later section. The next task is to
determine the values of the coefficients.
Before going on, one should note that
the model gives the correct results for
at least one degenerate case, namely
when there is no reproduction. This
means byy = by = by3 = 0. Thus, the
equation becomes

N8 — A2($22 4 S30) + ASusS33 = 0

The characteristic values are 0, Sy,
and s33. Clearly, the population dies
out at a rate associated with the sur-
vival rate.

The underlying assumptions should
also be noted. The model is linear,
that is, the coefficients are assumed
to be constant. Further, the three age
classes are assumed to represent inter-
nally homogeneous groups. Better
realization might be obtained by making
more age-classes and, if necessary, al-
lowing the coefficients to vary with the
size of the age-class. There is a trade
off between a model so complex as
to defy analysis and one so simple
that no real conclusions can be drawn
from it.

The model could be refined consid-
erably. For one thing, more and small-
er age-classes could be used. For ex-
ample, trees less than 20 years in age
produce practically no seeds. That
should be a separate class. Sprouting
should be included. The possibility of
using variable elements in the matrix
should be considered. A computer
could be used to find the characteristic
values of the large matrix. The modal
vectors could be determined and ana-
lyzed. This, in conjunction with a
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smaller time interval, would allow more
extensive studies of the stability of the
individual age-classes. In addition, it
would be interesting to attempt an
optimization of the harvesting policy.

The Data

Before proceeding, we must obtain
reasonable values for by, by, bys,
So1s 820, S32, and s33. We start by
explicitly defining each coefficient: b,
is the fraction of class 1 trees pro-
duced by current class 1 trees; by,
is the fraction of class 1 trees produced
by current class 2 trees; byg is the
fraction of class 1 trees produced by
current class 3 trees; s,y is the fraction
of class 1 trees that graduate to class
2; 89 is the fraction of class 2 trees
that remain in class 2; s3, is the frac-
tion of class 2 trees that graduate to
class 3; and s35 is the fraction of class
3 trees that survive. In each of the
above, the time interval is At.

The finest redwoods are in Humboldt
County. A typical virgin stand there
had the age distribution of trees shown
in Table 1 (3).

This should be a good source of data
for determining the s;;, since all ages
are represented and unnatural interfer-
ence has been minimal. Table 2 shows
the regrouping of data to conform with
the three age-classes.

Using a simple approach, one can
infer that 22 out of 74 of class 1 trees
graduate to class 2. Similarly, 4 out of
22 of class 2 trees reach class 3. Thus
So1 = .30; 550 =".18.

Based on the age-class sizes and the
50-year interval (A7), one can deduce
the diagonal elements. Since class 1 is
a 200-year period, in 50 years three-
fourths of the class 1 trees are still
in class 1. For class 2, 600 years in
duration, the fraction is 550/600.
Therefore $,,=.92 and by;=.75, in
the absence of new trees (this will be
dealt with below).

For class 3, a slightly more involved
technique is used. Class 3 is about 1400
years long (assuming that the oldest
possible redwood age is 2200 years,
the current record). According to the
above data, 65 of the 82 trees in this
age-class survive the first 200 years,
and hence only 17 trees are greater
than 1000 years old. We can then as-
sume an exponential decay in the num-
ber of trees in this group. Letting n be
the number of trees at any time,

n= ae—k(f—sl)l))
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Fitting the data to this model readily
yields «=282 and £=.00787. So n is
given by

n—= 823— 00787 (¢ ~ 800)

- The number of trees left in 50 years

is then

n(50) = 82(.675) = 55.3

Thus s33=.675, because that is the
fraction of class 3 trees that survive.

The reproductive factors b4, byo, and
b,3 remain to be determined. A special
note about by; is necessary. It is the
product of the factor determined above
(.75) and whatever the reproductive
capacity of class 1 trees is. In other
words, by; is a combined reproductive
and survival factor.

Sequoia sempervirens reproduces in
two ways—by seed and by sprouting
(1). Sprouting seems to be significant
primarily in cutover areas. Typically,
8 percent of new trees are sprouts.
Sprouts grow out of the root crowns
of stumps or felled trees. Their growth
and number is sometimes dramatic
(3). Because of the large variability
in the sprouting phenomenon, and be-
cause it is not as significant as seed
growth in mature stands, I have chosen
to ignore sprouting.

Coast redwood seeds are carried in
cones, which mature in 1 year. The
average cone yields 60 seeds. The ca-
pacity of seeds to germinate varies
from 1 to 36 percent, depending
on many factors, including the age
of the parent tree. Temperature and
humidity at the time of flowering as
well as germination are extremely im-

portant. The minimum seed-bearing
age for redwoods is about 20 years.
The maximum is attained at about 250
years age. Trees are considered mature
at 400 to 500 years (I, 3).

The number of seeds produced by a
tree varies greatly, as might be ex-
pected. However, we have to find some
average to fit into our model. In one
stand, 12 trees produced 2 million
seeds; in another, 20 trees produced 3
million seeds. We can calculate an
average of 170,000 per tree in the first
case and 150,000 in the second (3).
Thus, 160,000 seeds per tree is not an
unreasonable average. About 8 percent
of the seeds are sound. An average 10
percent of these are viable (3). How-
ever, the viability factor varies with
age so that we should determine a fac-
tor for each age-class.

We know that at 20 years of age,
seed viability is about 1 percent. At
1200 years, it is about 3 percent. The
maximum 36 percent occurs at 250
years (3). Plotting this as in Fig. 1 allows
us to select an average for each age-
class. The age-classes are indicated and
a reasonable average is shown. For
class 1, seed viability is about 17 per-
cent, for class 2 it is 20 percent, and
it drops to 5 percent for class 3.

We can assume that 160,000 seeds
per tree is a good average for all ages
except in class 1. Although 74 percent
of the trees are contained in this class,
only 55 percent are more than 12
inches (1 inch = 2.54 cm) in diameter
and bear seeds. Translating this to age
means that the only significant repro-
duction in class 1 comes from trees in

Table 3. The reproductive characteristics of Sequoia sempervirens.

Seeds Sound- s Seedlings New trees
Class per tree ness Viability per tree per tree
1 120,000 08 17 1632 16
2 160,000 .08 20 2560 26
3 160,000 .08 .05 640 6
5 401
2
= 304
o
S
> 20
o
[y
3 )
S TT—e—
0 T T T T T T T T T T
0 100 200 300 400 500 600 700 800 900 1000 1100 1200

Parent age (years)

Fig. 1. Seed viability varies with the ages of parent trees.

347



the 60- to 200-year age subclass. Thus,
for class 1, about 120,000 seeds per
tree are chosen, representing three-
fourths of the total trees.

The survival percentage of seedlings
is another variable which is difficult to
obtain. Hartesveldt told me that the
survival factor for Sierra redwood is
about 3.5 percent (7). He feels that
the factor would be lower for coast
redwoods since they sprout (the Sierra
redwood does not sprout) as well as
seed. He agreed that 1 percent would
be a representative number.

These reproductive characteristics are
summarized in Table 3. The last
column represents the b;;. Only the
first number needs to be corrected to
account for class 1 survival. Thus
by =1(.75)(16) = 12. The matrix now
looks as follows:

"]2 26 6
M = 30 92 0
67

I_ 0 .18

There is no question that a great
deal of averaging was done to arrive
at this matrix. The reproduction of
redwoods varies enormously with the
mineral content and looseness of soil,
with variations in rainfall and tempera-
ture, and many other factors. It is the
essence of modeling to idealize and
simplify, to extract unity, and to reject
excessive variability.

Results

The characteristic equation of the
foregoing matrix is

FOA) =N — 13590 4 11.90A — 2,49 =0

The form of this was derived earlier.
We can make some observations about
the roots of this equation. Since f(0) =
—2.49, and negative A yields negative
f(\), there are no negative roots.

By means of the Newton-Raphson
iterative method, we can find any one
of the roots. This root is then used to
find the corresponding quadratic which
can be solved with ease. Suppose the
first root to be found is Ay. Then

A =R —=—n)00R)=0
where Q(MA) is a quadratic in (A).
Q(A) can be determined by straight-
forward long division.
One of the real roots of f(A) above is
A = 12.67. The corresponding quadratic
is

O(\) =A% — 923\ + .198 =0
348

The two roots of this equation are A=
.58 and A=.34. The three character-
istic values of M thus are .34, .58, and
12.67. Since one of the \’s is greater
than 1, the redwood population will
grow indefinitely.

This represents one of the shortcom-
ings of the model. We are clearly not
going to be overgrown by redwoods.
But the model does not account for
the damping factor caused by increased
competition among the redwoods. What
the result does mean, however, is that,
in the absence of harvesting, redwoods
will grow in healthy numbers. This is
borne out by the qualitative descrip-
tions (/-3).

It seems interesting now to construct
a new matrix M’. This matrix differs
from M in that the survival of seed-
lings is reduced to 0.1 percent. Thus

M is
1.2 2.6 .6
M = 3 92 0
0 18 .67

Its characteristic equation is

FON) = AP — 2,79\ 4 1.742\ — 251 =0

Again we note that there are no nega-
tive roots. Using the same technique
as before, one root is A=1.973. The
quadratic is

Q) =22 — 818\ 4 .1271 =0

Its roots are A=.611 and A=.206.
Thus, the characteristic values of M’
are .206, .611, and 1.973.

This looks more stable but there is
still healthy growth projected, as evi-
denced by A=1.973. This reinforces
the qualitative statements made by
many authors that you just cannot keep
redwoods down. Redwoods are amaz-
ingly hardy and adaptive trees. One of
the principal functions of a follow-up
study should be the verification of the
survival and reproductive data used in
this article.

The propagation of a typical popu-
lation distribution is indicated next. Us-
ing the Humboldt stand cited earlier,

we have
1696
N(t) = 485
82
Thus
N(t 4+ 50) =

12 26 6 1,696 33,491
300 .92 0 485 (= 956
0 18 .67 82 142

using M. To compare, using M’ gives
N(t 4 50) =
1.2 2.6 .6 'H’1696
30 92 0 485 =1 956
|,0' .18 .67_”. 82 l_ 142_|

We next consider harvesting. Sup-
pose that half of all the trees are har-
vested except for trees more than 800
years old. Then M takes the form M,:

6 26 6
My = 15 46 0
0 .09 .67

The characteristic equation is

|_3349

FO) = A* — 7.133% 4 3.18 -+ .68 = 0

This has one negative root, A = —.1574,
The corresponding quadratic is

OM) =2 — 7.29\ 4+ 4.33 =0

Its roots are A=.655 and A=6.63.
Thus the characteristic values of M,
are —.1574, .655, 6.63.

Even if survival rates were cut in
half, redwoods would still survive and
flourish. However, once the majestic
old trees are cut down, hundreds of
years must elapse before we can marvel
at them again. If the lumber compa-
nies will content themselves with
younger trees, however, there would
seem to be hope that everyone may
benefit.

Summary

The chief conclusion to be drawn
from the results of this study is that
redwoods are amazingly vigorous. The
results support both the lumber com-
panies and the conservationists. There
is no question that old growth giant
redwoods must be preserved. Only
commercial greed could be a basis for
refuting that stand. On the other hand,
the lumber companies seem to be sup-
ported in their contention that red-
woods can be farmed without driving
them to extinction. The central issue
revolves around the old trees. And
here profit is the big factor.

Lumbering is an important industry
in California, and redwood lumbering
represents about 20 percent of the in-
dustry (/). Most of the big names in
timber, such as Weyerhaeuser and Geor-
gia-Pacific, are involved in logging the
California redwood. At the current rate
of logging, particularly of old growth
stands, the Bank of America estimates
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that employment in Humboldt County
will be down significantly by 1975 (4).
It has been argued that tourism would
more than compensate for the lower
employment in logging. But not if the
trees that the tourists come to see are
gone. Why can’t young and mature
trees be harvested at a reasonable rate,
the old trees saved, and both tourism
and logging flourish?

The question posed earlier has been
answered. Redwood growth and sur-
vival can be modeled, using matrix

methods in a new context. Meaningful
conclusions may be drawn. And the re-
sults are sufficiently tantalizing to in-
spire further research.
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The General Scientific Association:
A Bridge to Society at Large

A major concern of this meeting, as
with many gatherings of scientists these
days, is the apparent disaffection of so-
ciety in its several segments from the
scientific enterprise. Federal expendi-
tures for scientific education and re-
search have leveled off. The scientific
community’s influence in Washington
has declined. Science graduates are ex-
periencing difficulties in finding jobs for
which they have been trained. Student
interest has swung toward the humanities
and toward the traditions of intuition
and mysticism. The general public is
apprehensive that science is responsible
for many of our current environmental
problems and fears that even greater un-
toward effects will follow in the wake of
future scientific advances. Newspapers
and magazines are replete with observa-
tions that some food additives appear to
be toxic, that plastics have become hard-
to-eliminate mountains of refuse, and

that psychological principles are poten-*

tial means of thought control.

Why the Problem?

There is a complex of reasons for this
current state of affairs. First of all, it has
resulted, in part, from certain long-in-
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grained attitudes in the practice of sci-
ence. Our emphasis on excellence in
individual performance has fostered a
psychology of elitism that has made
both our enterprise and our body of
knowledge esoteric and increasingly in-
accessible to the layman at all levels of
society. Where the artist has chosen to
illuminate commonly shared truths, the
scientist has chosen to become the mas-
ter of the highly specialized fact and to
proclaim its overriding importance. But
the line between high priest and villain is
often a fine one, and the public’s defer-
ence has been tempered by distrust. The
comic-strip stereotype of the mad (that
is, evil) scientist still emerges from time
to time in the layman’s thinking about
us.

Furthermore, we have persisted in the
view that science is value-free, and we
have displayed only minimal interest in
the several uses of scientific knowledge
and their consequences. But one need
only observe the keen competition that
exists among one’s colleagues in the pur-
suit of discovery, or hear their anguished
cries as the shifting of research funding
follows the waxing and waning of par-
ticular fields, to hold suspect the widely
proclaimed neutrality of science. In-
deed, one need only compare the dis-
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tribution of funds within the scientific
community at any particular time to
recognize that values influence the be-
havior of scientists.

Finally, the preoccupation with the
primacy of creativity in individual in-
vestigations has prompted a circum-
scribed perception of the implications of
one’s scientific work and a tendency to
ignore opportunities for research that
bridges the free-ranging interests of
basic science, on the one hand, and the
practical requirements of technology, on
the other. Just as we are inclined to
denigrate the task of applying science,
so we tend not to seek out fundamental
problems in applied settings.

In addition, we scientists have failed
to comprehend the significance of cer-
tain basic characteristics of individual
and collective human behavior. People
are apprehensive about things they don’t
understand, for they rightly perceive
that they cannot control what they do
not understand. Examples abound. One
from a less emotionally charged era of
several years back is the controversy
over fluoridation. Just as the layman
will fear things he does not understand,
so will he be impatient with things he
considers to be irrelevant. We may con-
jecture about the current diminution of
public interest in space science. There
is, of course, the tedium of essentially
perfect precision. I suspect, however,
that the real reason is reflected 'in the
remark of a television personality who
recently wondered aloud whether or not
those moon rocks were all that im-
portant. But if the man in the street has
been faced with an increasingly esoteric
science, the lay leadership, particularly
that at the federal level, has become
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tive Officer of the AAAS. This article is adapted
from a speech given on 22 March 1971 at the
annual meeting of the National Research Council,
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