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Nuclear Fission Revisited 

Nuclear shells introduce structure into the fission 
barrier and lead to a number of interesting phenomena. 

John R. Huizenga 

Immediately after the discovery of 
nuclear fission by Hahn and Strass- 
mann (1), Bohr and Wheeler (2) pre- 
sented an outstanding paper on the 
theory of fission. In this classic paper 
the authors treated the nucleus in a 
fashion analogous to a charged liquid 
drop with two opposing forces control- 
ing the nuclear stability. Long-range 
Coulomb forces between the protons 
act to disrupt the nucleus, whereas 
short-range nuclear forces, idealized as 
a surface tension, act to stabilize the 
nucleus. The degree of stability of a 
nucleus is the result of a delicate bal- 
ance between the weak electromagnetic 
forces and the strong nuclear forces. 
Although each of these forces is sev- 
eral hundred million electron volts for 
a heavy nucleus, a typical fission bar- 
rier is only 5 million electron volts. 
Investigators have used this charged 
liquid-drop model with great success 
in describing the general features of 
nuclear fission and also in reproducing 
the total nuclear binding energies. Ex- 
tensive studies of the deformation en- 
ergy of such a charged liquid drop 
have been made in recent years (see 3). 

It has been known for some time, 
however, that there are marked devia- 
tions from the predictions of the liquid- 
drop model in the total nuclear binding 
energies in the vicinity of the well- 
known neutron and proton shells (4). 
Recently it has been suggested (5) that 
nuclear shells give rise also to struc- 
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Wheeler (2) first computed fission re- 
action rates by the transition state 
method. 

In this article I shall discuss the ex- 
perimental evidence for a double- 
humped barrier and some of its char- 
acteristic consequences, as well as the 
theoretical basis for this barrier struc- 
ture as first proposed by Strutinsky 
(5). In addition, some features of the 
scission and postscission stages of the 
fission process will be discussed. 

Spontaneously Fissionable Isomers 

The discovery of spontaneously fis- 
sionable isomers (6) initiated a new 
wave of interest in fission. Suitable the- 
oretical explanation for these isomers 
was lacking until Strutinsky (5) sug- 
gested the existence of a second mini- 
mum in the potential energy surface 
as illustrated in Fig. 1. In terms of 
the theoretical explanation for the iso- 
mers the problem demands, on the one 
hand, that one account for the enor- 
mous enhancement in the fission decay 
of the isomers relative to the spon- 
taneous fission decay of the ground 
state (by a factor of approximately 
1020, an indication of an excitation 
energy of some 2 or 3 million 
electron volts) and, on the other 
hand, that one formulate a mech- 
anism that gives sufficient retardation 
to the gamma-ray decay of the isomer. 
Explanation of the initially discov- 
ered americium (odd proton-odd neu- 
tron isotopes) isomers in terms of the 
coupling of specific Nilsson orbitals 
with high angular momentum proved 
to be unacceptable as more informa- 
tion about the yields and energies of 
the isomers became available. In addi- 
tion, as more heavy nuclei were in- 
vestigated, fissionable isomers became 
the rule rather than the exception for 
certain values of atomic number Z and 
mass number. A listing of fissionable 
isomers in the elemental region from 
uranium to curium is given in Table 1. 

The author is professor in the Department of 
Chemistry and in the Department of Physics and 
is a member of the staff of the Nuclear Struc- 
ture Research Laboratory, University of Roches- 
ter, Rochester, New York 14627. 
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ture in the liquid-drop fission barrier 
of some nuclei. Since the typical fission 
barrier is only a few million electron 
volts, the magnitude of the shell cor- 
rections needs only to be small in order 
that irregularities be introduced in the 
barrier. This structure is illustrated by 
the solid line in Fig. 1 for 240Pu where 
the fission barrier has two maxima 
with a rather deep minimum in be- 
tween. For comparison, the liquid-drop 
barrier is schematically illustrated by 
the dashed line in Fig. 1. The two- 
humped barrier will be discussed in 
this article in terms of the inner bar- 
rier A and the outer barrier B. 

Although fission is an exothermic 
process, the lifetime for spontaneous 
fission decay from the ground state is 
very long. This is so because of the 
fission barrier. In the initial stages of 
deformation the potential energy in- 
creases. However, at a particular nu- 
clear shape additional deformation 
leads to an increase in the surface 
energy which exactly balances the de- 
crease in the Coulomb energy. This 
configuration of maximum potential 
energy is referred to as the "saddle 
point" or "transition nucleus." The 
analogous configuration in chemical 
reactions is referred to as a "transition 
state" or an "activated complex." The 
saddle point is a configuration of spe- 
cial importance in fission theory. In a 
manner analogous to the calculation 
of chemical reaction rates, Bohr and 
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Fig 1. Schematic ilof 0.3 yestrations of single- 
humped (dashed line) and double-humped 

(heavy solid line) fission barriers. Intrin- 
sic exitations in te first and second wells 
at deformations P0 and on are designated 
as class I and class II states, respectively. 
Intrinsic channels at the two barriers are 
also illustrated. The transition in the shape 
of the nucleus as a function of deformation 
is schematically represented in the upper 
part of the figure. Spontaneous fission of 
the ground state and isomeric state occur 
from the lowest energy class I and class II 
states, respectively. 

The lifetimes range from nanoseconds 
to several milliseconds, a time range 
quite accessible to experiment. The 
evidence for an isomer (7) of 241Pu 
with a half-life of 0.3 year is tentative. 

Although isomers decaying by spon- 
taneous fission have been reported also 
in other parts (8) of the periodic 
table, some uncertainty remains about 
both their existence and the reason for 
their existence. 

The Franck-Condon principle states 
that nuclei excited into the minimum 
between the two barriers are stable 
toward decay by direct radiative tran- 
sitions to the ground state. A change 
in the nuclear shape is required prior 
to gamma-ray decay and, hence, the 
hindrance introduced by the penetration 
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through barrier A is in accord with 
the relative stability of the isomers to- 
ward decay by radiation. On the other 
hand, the large enhancement in the 
decay of the isomer by fission relative 
to the spontaneous fission decay of the 
ground state is accounted for by the 
smaller barrier of the isomer and the 
extreme sensitivity of the penetrability 
of the barrier to its magnitude. The 

spontaneously fissioning isomeric states 
are the ground states in the second 

potential well and represent the zero- 

point vibration coupled to the lowest 
intrinsic state at the deformation of the 
second well. 

Compound Nucleus Resonance States 

Recent measurements of the sub- 
threshold neutron fission cross sections 
of several nuclei have revealed groups 
of fissioning resonance states with wide 

energy intervals between each group 
where no fission occurs. Such a spec- 
trum is illustrated in Fig. 2 where the 
subthreshold fission cross section (9) 
of 240Pu is shown for neutron ener- 

gies between 500 and 3000 electron 
volts. In between the groups of fission- 

ing resonance states, there are many 
other resonance states known from 
data on the total neutron cross sec- 
tions but these have negligible fission 
cross sections. These data can be ex- 

plained in terms of the two-humped 
fission barrier. 

In Fig. 1 the deformation lo repre- 
sents the ground state of a heavy nu- 
cleus that is known to be deformed. 
The deformation r/i represents the 
minimum potential energy between 
barriers A and B. If the relative poten- 
tial energy at deformation /,1 is higher 
than that at o0, the density of excita- 
tion levels at deformation p0 is larger 
than that at i1 for a given excitation 
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Fig. 2. The subthreshold neutron fission cross section (9) of 'Pu between 500 and 
3000 electron volts. 
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energy E. The levels in the second well 
then act as intermediate states as the 
fissioning nucleus goes from the initial 
compound nuclear resonance states in 
the first well to scission. The mecha- 
nism for slow neutron subbarrier fission 
is postulated to proceed in the follow- 
ing way (10, 11). The interaction of a 
slow neutron with the target nucleus 
produces a compound nucleus with de- 
formation pf in one of the class I levels 
with a particular excitation energy E. 
This energy is the sum of the neutron 
binding energy and the neutron kinetic 
energy. By variation of the neutron ki- 
netic energy, different compound reso- 
nance states of deformation Po are 
reached. Each of the compound reso- 
nance states decays by one or more of 
the available exit channels (emission 
of gamma rays, emission of neutrons, 
and fission). However, if and only if 
the energy of the class I state at P,o 
accidentally is almost equal to the en- 

ergy of a class II state at ,I will the 
nucleus undergo a transition from the 
compound nuclear level to the inter- 
mediate state, which, in turn, may fis- 
sion with a high probability. Such a 
mechanism gives rise to groups of fis- 

sioning resonance states, like those 
shown in Fig. 2, where each group cor- 

responds to one of the intermediate 
states at fi which have been designated 
as class II states. 

Vibrational Resonance States 

The excitation function for the fis- 
sion of 230Th induced by neutrons 
(12, 13) has an unusual maximum for 
neutron energies in the vicinity of 700 
kiloelectron volts as illustrated in Fig. 
3. Detailed calculations. (11, 12) have 
shown that no reasonable assumptions 
about competing decay modes, such 
as inelastic neutron scattering, can ex- 

plain satisfactorily the observed maxi- 
mum of the fission cross section which 
is in an energy region where the fission 
cross section is expected to increase 

exponentially. Therefore, it has been 

suggested that the maximum may be 
associated with a vibrational-mode res- 
onance state. If the second well is 

shallow, a well-developed vibrational 
level is expected to exist in this well. 
Additional evidence for such resonance 
states has come from neutron fission 
induced by the deuteron stripping 
(d,pf) reaction (14) at energies below 
the neutron binding energy where the 
maxima cannot be associated with neu- 
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tron evaporation. The fine structure ob- 
served in the fission probability at an 
excitation of 5 million electron volts 
in the 239Pu(d,pf) reaction (15) is 
especially suggestive of some type of 
resonance in the second well. 

The vibrational states in the first 
well are expected to be separated from 
each other by about 1 million electron 
volts. The strength of such a state in 
a nucleus excited to some 5 million 
electron volts (near the top of the fis- 
sion barrier) will spread over the com- 
pound states with a width of the order 
of 1 million electron volts. Hence, in 
the model of fission with one potential 
well, the vibrational-mode resonance 
states are not expected to occur. If the 
minimum in the second well has a 
higher energy than that of the first 
well, this makes it possible for one 
to observe vibrational states in fission 
(11, 16). Now it may happen that a 
collective vibrational level near the top 
of the barrier in the first well is the 
ground state or a low-lying excited 
state in the second well. The fission 
cross section will reflect vibrational 
resonance states whenever there are 
excitations in the nonfission degrees of 
freedom with appropriate spin and 
parity coupled to the vibrational states, 
the only restriction being that the level 
width is smaller than the level spacing. 
The spontaneously fissioning isomers 
are probably the best examples of vi- 
brational states in the second well that 
are essentially unmixed with other 
states in the second well. 

Fission Fragment Angular 

Distributions 

Bohr (17) suggested that the angular 
distributions of the fission fragments 
are explainable in terms of the transi- 
tion state theory. The theory predicts 
that the cross section will have a step- 
like behavior for energies near the, 
fission barrier, and that the angular 
distribution will be determined by the 

quantum numbers associated with each 
of the specific fission channels. The 

relationship between the quantum num- 
bers J, M, and K is illustrated in 

Fig. 4. The parity vr is conserved 

throughout the fission process. 
The theoretical angular distribution 

of the fission fragments is based on 
two assumptions (17). First, the two 
fission fragments are assumed to sep- 
arate along the direction of the nu- 
clear symmetry axis so that the angle 0 
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represents the angle between the body- 
fixed axis and the space-fixed axis. 
Second, it is assumed that the tran- 
sition from the saddle point to scission 
is so fast that the Coriolis forces do 
not change the values of K established 
at the saddle point. One of the simplest 
tests of this model has been a study 
of the photofission (fission induced by 
gamma rays) of even-even targets. Di- 

pole absorption predominates so that 
the spin and parity of the compound 

states are 1-, and with the space-fixed 
axis along the photon direction, M 
=- ? 1. The theoretical angular distri- 
bution for transition states K = 0 and 
K = 1 is given by 

W(0) = a + b sin2o (1) 
where the coefficients a and b are re- 
lated to the relative contributions of 
K = 0 and K = 1 states. Experimental 
results from the photofission of even- 
even targets near the fission barrier 

Table 1. Spontaneously fissionable isomers. 

Half-life Isomeric 
Mass (nano- 

Method of Reference energy number seconds) production (Mev) 

Uranium 
234 33 ? 5 
234 <4 
234 <2 
235 20 ? 5 
236 110 ? 50 
236 67 ? 9 
236 105 ? 20 
236 70 ? 20 
238 300 ? 100 
238 195 ? 30 
238 110 ? 30 
239 <3 

(n,y) 
(d,p) 
(a,2n) 
(n,y) 
(d,p) 
(n,y) 
(d,pn) 
(d,p), (d,pn) 
(d,pn) 
(d,pn) 
(d,pn) 
(n,y) 

(44) 
(45) 
(46) 
(44) 
(47) 
(44) 
(46) 
(48) 
(45) 
(46) 
(48) 
(44) 

2.7 (11) 

Neptunium 
No isomers observed with half-lives from 1 nanosecond to several hours and formation cross 
sections greater than 10-7 barn in 12-Mev proton and deuteron bombardments of 233U, '34U, 
235U, 236U, 28U [(45) and other references] 

Plutonium 
235 20 
235 30 ? 5 
236 34 ? 8 
237 120 
237 100 ? 30 
237 120 ? 50 
237 900 
238 < 2 
238 6.5 ? 1.5 
239 > 400 
239 > 100 
239 8000 
240 4.4 ? 0.8 
240 4.7 ? 0.6 
240 3.8 ? 0.3 
240 29 ? 4 
241 30 ? 5 
241 27,000 
241 106(?) 
242 50 ? 30 
243 60 15 

5 
60,000 

160 
900,000 

237 
238 
239 
240 

241 
242 
243 
244 

? 40 

1500 ? 600 
14,000,000 

6500 
1,100,000 

240 <2 
241 19 
241 20 
242 <2 
243 38 
243 45 

(c,2n) 
(a,2n) 
(p,2n) 
(a,2n) 
(d,2n) 
(a,2n) 
(d,2n) 
(a,4n) 
(a,2n) 
(a,3n) 
(a,3n), (a,n) 
(d,p), (d,pn) 
(a,2n) 
(n,7) 
(a,2n) 
(n,y) 
(d,p) 
(d,p), (d,pn) 
(n,y) 
(d,p) 
(d,p) 

Americium 
(p,2n) 
P(p,2n) 
(p,2n) 
(p,2n) 

(p,2n) 
Several 
(d,pn) 
Several 

(p,2n) 
(d,2n) 
(a,2n) 
(p,2n) 
(d,2n) 
(3He,p) 

Curium 

(49) 
(50) 
(47) 
(52) 
(47) 
(50) 
(45) 
(52) 
(50) 
(52) 
(50) 
(45) 
(52) 
(44) 
(50) 
(44) 
(47) 
(45) 

(7) 
(47) 
(47) 

(45) 
(53) 
(47) 
(6, 26) 

(47) 
(6) 
(45) 
(6) 

3.0 ? 0.2 (50) 
3.7 (47, 51) 

3.4 0.2 (50) 

4.4 - 0.4 (50) 

3.0 ? 0.2 (50) 
2.1 (11) 
2.4 (11) 

3.0 ? 0.2 (50) 

2.1 ? 0.2 (see text) 

(3.3 (11) 

2.6 ? 0.3 (45, 51) 
3 to 4 
2.5 (47, 51) 
3.15 ? 0.25 (26); 

2.7 (51) 
2.1 (47, 51) 
2.5 (6, 51) 

(45) 
(45) 
(49) 
(45) 
(45) 
(49) 

1407 



103 

c 

:> 
.E 

a 

V0 o '3 

= 10 

- 

i 4 

+ 

4 t+ t t +4 

0.65 0.70 0.75 0.80 

Neutron energy (Mev) 

Fig. 3. The 2'3Th(n,f) cross sec 
function of neutron energy (11, 

confirm this simple model 
K - 0 state at the lowest ener 

It has been known for some 
there is structure in the ang 
tributions of the fission frag 
the neutron fission (18) of e 
targets at energies near the 
This structure changes for sc 
rium and uranium isotopes ov( 
intervals of the order of 100 
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several neutron energies (19); the 

angular distributions are shown in 

Fig. 5. 
In the case of two barriers, the ques- 

tion arises as to which of the two bar- 
riers A or B is responsible for the 
structure. For the thorium and uranium 

isotopes the indication is that barrier 
B is higher and is associated with the 
structure. Near-barrier neutron-induced 
fission of heavier elements gives rather 
smooth angular distributions with weak 
forward peaking. If this difference in 
the character of the angular distribu- 

-o 85 tions of fragments is interpreted as a 0.85 
drastic change in the barrier shape with 
atomic weight, one would postulate that 

tion as a barrier A is higher for the heavier nu- 
clei. If the second well is deep, the nu- 
cleus will pass through this region 

with the slowly enough so that the K value with 
rgy. which it passed over the first barrier is 

time that altered. The angular distribution may 
,ular dis- then reflect the K distribution at bar- 

ments in rier B. If barrier B is sufficiently lower 

yven-even than barrier A, many channels may be 

barrier, open, thus resulting in a statistical dis- 

)me tho- tribution of K. Although the experi- 
er energy mental data are consistent with this 

kiloelec- picture (16, 20), such evidence for the 

preted in double-humped barrier is rather in- 

17) with direct. 

ic fission If one examines fission at energies 
barrier, in excess of the barrier, one expects 
234U at angular distributions given by statisti- 

cal theory with a Gaussian K distribu- 
tion (21). The standard deviation of 
the Gaussian K distribution is directly 
related to the deformation of the tran- 
sition nucleus. Measurements of the 
angular distributions of fragments over 
a large range of nuclei has demon- 

7/ strated that the shape of the saddle 

point changes (22) in the direction 

predicted according to the liquid-drop 
model. However, these data indicate 
that the highest barrier may be chang- 
ing from barrier B to barrier A some- 

- 1. where in the vicinity of uranium. 

Theoretical Basis for 

coupling Double-Humped Barriers 

Tomevum- There are marked deviations from omentum. 
nt of the the predictions of the liquid-drop model 
he space- in the total nuclear binding energies 
on as the in the vicinity of the well-known neu- 
the com- 

lomentum tron and proton shells. Although the 

tetry. The importance of shells for spherical nu- 
entum, R, clei has been recognized for some 
symmetry time, Strutinsky (5) has shown that 
rty of the the shell nonuniformities in the energy angle be- 
ry axis of distribution of the nucleons are also 
-asured. important for deformed nuclei, as is 

evidenced by the fact that certain nu- 
clei have deformed ground states. In 
his shell correction method Strutinsky 
ascribes equivalent effects to variations 
in the particle number and deforma- 
tion. One is familiar with the variation 
of nuclear binding energies with par- 
ticle number but much less familiar 
with the variation in energy with de- 
formation. The density of single par- 
ticle levels near the Fermi energy 
oscillates as a function of deformation, 
and this leads to modulations in the 

liquid-drop energy of a nucleus. When 
the density of single particle levels 
thins out near the Fermi energy, a 
typical shell is defined. Hence, the 
ground state of uranium is deformed 
because the nucleons in this nucleus 
arrange themselves most favorably in 
a deformed potential well to give the 
most stable deformation. The location 
of shells in the potential well is a 
function of both the single particle en- 

ergy and the deformation P. 
The total nuclear binding energy 

may be written as 

E(Z,N,f) = ELD(Z,N) + AE(Z,N,13) (2) 

where ELD(Z,N) is the binding energy 
given by the liquid-drop model, 
AE(Z,N,fl) is a correction term due to 
nuclear shells which is dependent on 
deformation 8, and N represents neu- 
tron number. Strutinsky has developed 
a sensitive procedure for calculating 
the deformation-dependent correction 
term AE(Z,N,f). His method is based 
on an evaluation of the fluctuation of 
the density of the levels relative to the 

average density from the shell model 
with nonspherical potentials included. 
The final energy corrections also in- 
clude pairing. In this pioneer work Stru- 

tinsky has checked his formalism by 
calculating the total nuclear binding 
energies of nuclear ground states. The 
shell correction method was used to 
evaluate the energy corrections of the 

ground state which include the effects 
due to the proton and neutron shells 
and to pairing for the equilibrium de- 
formations. The success of these cal- 
culations in permitting one to predict 
the fluctuations of the nuclear binding 
energies of the ground state around the 

liquid-drop average values gives one 
confidence that the procedure is correct. 

The magnitude of the shell correc- 
tion is only a few million electron 
volts relative to a nuclear binding en- 

ergy of the order of 1000 million 
electron volts. Such small energy cor- 
rections are important, however, be- 
cause the fission barrier itself is only 

SCIENCE, VOL. 168 

? 

J j 



some 5 million electron volts. Calcula- 
tion of the potential energy surface in 
the vicinity of the fission barrier re- 

quires that one use the shell correction 
method to determine the change in 

energy with the variation in nuclear 
deformation. On the basis of such a 
calculation, the first minimum in the 
potential energy is located at the known 
deformation of the nuclear ground 
state. Of particular interest for an un- 
derstanding of nuclear fission is the 
fact that the second minimum is in the 

vicinity of the saddle point deforma- 
tion. The minima at these deforma- 
tions are associated with a lower den- 
sity of levels near the Fermi energy. 
The first minimum arises from cross- 

ings of single particle levels from major 
oscillator shells N and N - 1, whereas 
the second minimum arises from simi- 
lar crossings of the N and N -+ 2 os- 
cillator levels. The usefulness of the 

Strutinsky method for computing the 
structure in the fission barrier rests on 
the renormalization procedure at each 
deformation with a liquid-drop energy 
that is very large relative to the shell 
correction energy. Attempts to calculate 
the barrier energy as a function of de- 
formation with sophisticated shell mod- 
els alone have thus far been unsuccess- 
ful. 

The predicted existence of the sec- 
ond minimum according to the Stru- 
tinsky method is a regular feature 
independent of the choice of single 
particle model. Even when one uses 
rather different single particle models, 
including the finite-depth Woods-Saxon 
model (23), with the shell correction 
method, the results are similar. The 

presence of the second well is also un- 

changed by the inclusion of deforma- 
tions of higher order such as P4 defor- 
mations (24), nonaxially symmetric 
deformations (gamma-deformations), 
and octupole deformations (P3) (25). 

Semiquantitative Features of a 

Double-Humped Fission Barrier 

In Fig. 1 a schematic representation 
is given of the intrinsic excitations at 
the two barriers and in the two poten- 
tial wells. There are two different sets 
of equilibrium states in the compound 
nucleus, each with its own spectrum 
and properties. If a nucleus is excited 
by some reaction, its collective motion 
is quickly damped over the other de- 
grees of freedom and the nucleus falls 
into one or the other of the two 
minima. 
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Fig. 5. Angular distributions of the fission 
fragments for the 4U(n,f) reaction at the 
following incident neutron energies (in 
kiloelectron volts): (a) 200; (b) 300; (c) 
400; (d) 500; (e) 600; (f) 700; (g) 843; 
(h) 998; (i) 1184 (19). The ordinate is pro- 
portional to the number of tracks or fis- 
sion events observed at laboratory angle 0. 

Fission induced with subbarrier 
monoenergetic neutrons gives direct in- 
formation about the states in the sec- 
ond well. The structure in the cross 
section of 240Pu (see Fig. 2) is sche- 
matically illustrated in Fig. 6. In Fig. 6 
the total width y2t of the states in the 
second well is larger than the total 
width of the compound nucleus Pt but 
smaller than the spacing DI, between 
levels in the second well. The spacing 
between the class II states, DII, is much 
larger than the spacing between class I 
states, DI. The area of each resonance 
state determines the fission width Ff. 
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Fig. 6. Schematic illustration of the quanti- 
ties that are important in the determination 
of the resonance cross section for the fis- 
sion of 24Pu with subbarrier neutrons (16). 
The quantities Di and DII are the spac- 
ings between class I and class II states re- 
spectively, rt is the total width of the 
compound nucleus formed in neutron cap- 
ture, and Y2t is the total width of the class 
II state. 
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For the case where the density of 
the levels in each well is large and the 
statistical model is valid, Bj0rnholm 
and Strutinsky (16) derived the aver- 

age fission width in the region of the 
resonance state of the second well 

(D0) NAND 
(rf) (2 ) NA+NB (3) 

where NA and NB are the effective 
numbers of channels at barriers A and 
B, respectively. The spreading width 

72t of the states in the second well is 
given approximately by 

72t --(D) (NA + NB) 2wT (4) 

In the case of the subbarrier neutron 
fission resonance states observed with 
a 240Pu target, the experimental values 
of (DI), (DIn), (rf), and y2t are 
15, 650, 0.040, and 50 electron 
volts (9, 16), respectively. The solu- 
tion of Eqs. 3 and 4 gives values for 
NA (or NB) of 0.47 and for NB (or 
NA) of 0.02. These results show that 
the energy is near the top of the barrier 
for either barrier A or barrier B. If 
barrier B is the higher barrier (NA- 
0.47 and N = 0.02), there is a rela- 
tively strong mixing of each intermedi- 
ate state with the compound nuclear 
states and, as a result, each intermedi- 
ate state is distributed among the ob- 
served resonance states in each group. 
On the other hand, if barrier A is 

higher (NA = 0.02 and NB= 0.47), 
then there is only weak coupling be- 
tween the compound and intermediate 
states. In this case all the observed 
resonance states in the fission cross sec- 
tion are almost pure compound states 
and the intermediate state does not 
show up in other reaction channels be- 
cause of its large fission width. From 
the neutron fission resonance data 
alone it is not possible to choose be- 
tween these two possibilities and to 
conclude which of the two barriers is 
the higher barrier. 

One may estimate the depth of the 
second potential well by comparing the 

density of class I and class II states. 
If the energy dependence of the density 
of the levels in each well is assumed 
to be the same, the ratio of level spac- 
ings in the two wells is given by the 
Fermi gas formula for the level density 
to be 

(DII)/(DI) = 
(U,I/U,)3' exp [2a"X"(VUI - V/UI)] 

(5) 

where UI and Ull are the excitation 

energies in the potential wells I and II, 
respectively, and a is the Fermi gas 
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level density parameter. In the case of 
the subbarrier neutron resonances of 
240Pu, (DII) = 650 ? 200 electron 
volts, (DI) = 15 electron volts, UI = 
5.4 million electron volts (binding en- 
ergy of a neutron fired at a 240Pu atom, 
thus forming excited 241Pu) and a= 
20 reciprocal million electron volts. 
From Eq. 5 one determines that the en- 
ergy of the second potential minimum 
at deformation f1 is (Ui--UII)= 
2.1 + 0.2 million electron volts. Values 
of the second potential minimum have 
been determined also for isomers of 
americium from excitation functions 
of the isomeric states. An example of 
such an excitation function (26) is 
given in Fig. 7 for the reaction 
241Pu(p,2n)240mAm. The difference 
between the thresholds for the ground 
state and for the isomeric state is a 
measure of the excitation energy of the 
minimum in the second potential well 
at deformation At. On the basis of such 
a threshold measurement the value of 
(Ul -Uln) for the isomer of 240Am 
is 3.15 million electron volts. The value 
of the energy minimum in the second 
well for 242Am has been evaluated both 
by the threshold method and by the 
level spacing method of Eq. 5, and the 
agreement in the results is very good 
(11). 

The ground and first excited class II 
vibrational states are essentially un- 
mixed with more complex class II states 
and, may be treated as one-dimensional 
states bounded by potential barriers A 
and B (Fig. 1). If the states in the 
first well are regarded as a continuum, 
the penetration for energies near the 
resonance energy can be computed as 
that of a free wave through a two- 

humped barrier. The penetration factor 
P(E) for such a barrier is given by 
(11) 

P(E) - 
PAPR 

(27r/D,)2(E- Ev)2 + 1/4(PA +p1,)2 (6) 

where Ev and Dv are the vibrational 
state energy and spacing in the second 
well, respectively. The quantities PA 
and PB are the penetrabilities through 
parabolic (27) barriers A and B de- 
fined by 

Pi = {1 + exp[27r(V -- Ep)/hwo}]-1 (7) 

where V? is the height of the barrier, 
hti is an energy defining the barrier 
curvature, and i refers to either barrier 
A or barrier B. 

Equation 6 makes it clear that the 
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penetration function for a two-humped 
barrier may no longer be thought of as 
a smooth function of E; rather the pen- 
etration function must be thought of 
as a function with sharp maxima at the 
energies corresponding to the energies 
of the vibrational states in the second 
well. The half-width of each maximum 
is determined by the lifetime of the cor- 
responding level in the second well, 
which, in turn, is determined by the 
penetrabilities of barriers A and B. In 
order that one understand the conse- 
quences of a two-humped barrier, it is 
useful to examine the results obtained 
with Eq. 6. At the resonance energy 
E = Ev, Eq. 6 reduces to 

Pmax = 4PAPB/(PA + PB)2 (8) 

If the two barriers A and B are sym- 
metrical and PA equals PB, then the 
penetrability tends toward unity even 
though the energy of the vibrational 
state is well below that of the barriers. 
In the general case of unsymmetrical 
barriers the penetrability of one barrier 
will be small relative to that of the 
other such that Pmax = 4PB/PA (for 
case PB < PA). At energies far from 
the resonance energy, the penetration is 
given approximately by the product of 

7 8 9 10 11 12 13 14 

Proton bombarding energy (Mev) 

Fig. 7. Plot (26) of the ratio of the cross 
section o(p,2n) for production of the iso- 
mer 240?"Am by the 24'Pu(p,2n)24'Am re- 
action to the total reaction cross section 
crT (open circles and solid line) as a func- 
tion of proton bombarding energy. The 
dashed line gives the ratio of the cross 
section cr(p,2n) for production of the 
ground state 240Am by the 21Pu(p,2n) 
2"4Am reaction to the total reaction cross 
section OT. 

the two penetrabilities, P(E) - PPB. 
A qualitative comparison of the pen- 

etrabilities of one- and two-humped fis- 
sion barriers is illustrated in Fig. 8. 
Whereas the penetrability for a single- 
humped parabolic barrier increases 
smoothly with energy from a value 
near zero to a value near unity with a 
value of /2 at the barrier energy, the 
two-humped barrier has built on this 
smooth trend a strong resonance struc- 
ture corresponding to the energies of 
the vibrational levels in the second 
well. The resonances observed in the 
230Th(n,f) reaction at 700 kiloelectron 
volts and in the (d,pf) reactions may 
be due to this unusual feature of max- 
ima in the penetration of a two-humped 
barrier. 

Direct information about the two 
barriers may be deduced from the half- 
lives for spontaneous fission decay of 
the ground and isomeric states. Whereas 
the isomeric lifetime is a measure of 
the penetration through the second bar- 
rier B, the fission lifetime of the ground 
state is a measure of the penetration of 
both barriers A and B (at a different 
energy). If one assumes a parabolic 
barrier and a mean lifetime related to 
the barrier penetrability by 

Ts.f.( C P)- 

where C/2w is the frequency of assaults 
on the barrier of 4 X 1020 per second, 
the value of [Ef(B) - EIi]nh may be 
calculated from Eq. 7 if the isomeric fis- 
sion lifetime is known. The quantities 
Ef(B) and EII are the height of barrier 
B and the energy of the isomeric state, 
respectively. The energy of the isomeric 
state is known for some nuclei from 
measurements of the kind discussed 
earlier in this section. However, the 
lifetime alone does not allow one to 
determine Ef(B) and hcf separately. In 
practice, an estimate of the value of 
one or the other quantity is made from 
other information and then the remain- 
ing parameter is determined. Although 
the indices for the quantum numbers 
are omitted for simplicity, the penetra- 
tion for each channel, which is charac- 
terized by its own quantum numbers 
and energies, must be determined in- 
dividually. 

Bj0rnholm and Strutinsky (16) have 
discussed the relation between the half- 
lives for spontaneous fission decay of 
the ground and isomeric states in terms 
of two models with parabolic barriers. 
In the first model a double-humped 
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barrier is constructed with parabolic 
segments joined at an energy equal to 
the isomer energy, EII. The heights of 
barriers A and B are assumed to be 
equal and are given the value of the 
experimental barrier. From the two ex- 
perimental values of the half-lives the 
quantities hwA and hwB are determined. 
In the second model it is assumed that 
htOA is equal to hwB and that Ef(B) is 
equal to the experimental barrier; then 
the values of hoB and Ef(A) are deter- 
mined from the lifetime data. Results 
of calculations based on the first model 
require ho to be of the order of 0.6 to 
0.8 million electron volts and hwA to 
be slightly larger than heoB, whereas the 
results of calculations based on the sec- 
ond model with barrier A lower than 
barrier B are in conflict with other data 
for these nuclei. 

Scission 

Heavy nuclei near uranium in the 
periodic table fission asymmetrically to 
give light and heavy fragments with the 
most probable masses in the vicinity 
of mass numbers 96 and 140, respec- 

tively. This early experimental result 
has been one of the more difficult puz- 
zles for fission theorists to explain. Al- 
though various explanations based on 
the effects of nuclear shells either in 
the transition-state nucleus or in the 
primary fragments have been proposed, 
no satisfactory theory has been devel- 
oped to date. 

With the availability of large com- 
puters, extensive calculations based on 
the liquid-drop model have been per- 
formed over the last few years in order 
to map out the potential energy surface 
of heavy nuclei as a function of their 
deformation. The saddle point or transi- 
tion-state deformation (3) has been 
located for different nuclei and its prop- 
erties have been studied thoroughly. 
However, these early calculations gave 
symmetric shapes for the saddle point. 
Recently, more realistic theoretical cal- 
culations incorporating the Strutinsky 
shell correction along with the inclu- 
sion of P3 (pear-shaped deformation) 
and higher order asymmetric deforma- 
tion (P5) indicate that the saddle con- 
figuration is asymmetric (28). If these 
results are confirmed and the nucleus 
in its transition state is asymmetrically 

deformed, this will truly be an exciting 
development in fission and an important 
contribution to the explanation of asym- 
metric fission. 

If, however, the results of more ac- 
curate calculations of the potential en- 
ergy show that the saddle configuration 
is stable to asymmetric deformations, 
one may still postulate that asymmetric 
instabilities develop on the path from 
the saddle to the scission configuration. 
To theoretically test this possibility, ac- 
curate shell corrections for very large 
deformations must be added to the 
liquid-drop energies. The use of statics 
in tracing out the lowest potential en- 
ergy surface as a function of deforma- 
tion all the way to the scission shape is 
of extreme importance. However, pre- 
cise results depend on new experimental 
data and computational techniques, 
such as the Strutinsky method for shell 
correction. 

Theoretical attempts to understand 
asymmetric fission, with the inclusion 
of the dynamics also, have developed 
on the basis of two different funda- 
mental assumptions. In the "statistical 
theories" it is assumed that there is a 
viscous liquid drop with a strong cou- 
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Fig. 8 (left). Schematic comparison of the penetrability func- 
tions for vibrational states in (a) a single-well and (b) a double- 
well model (16). The heavy lines represent vibrational states 
that are approximately 1 million electron volts apart in the ab- 
sence of damping. Damping is indicated by the hatched lines 
where in the first well at the higher energies the vibrational 
states form a continuum. Note the spikes in the penetrability 
function for the two-well model when the excitation energy cor- 
responds to the energy of a vibrational state in the second well. 
Fig. 9 (upper right). Average total kinetic energy as a function 
of heavy fragment mass (34). The dip in the kinetic energy near 
symmetry is slightly exaggerated because the data have not been 
corrected for fission fragment scattering. (Open circles) Experi- 
mental; (filled circles) calculated. Fig. 10 (lower right). Neu- 
tron yields (35) vL and vP as a function of the mass of the light 
and heavy fission fragment, respectively. Also shown are the ap- 
proximate initial fragment masses corresponding to various neu- 
tron and proton "magic numbers." 

19 JUNE 1970 

'Z 148 o 
2 

0 140 

C 180 . 

64 

156 

148 

140 

cI 

3 

2 
L 

o I 
as 
2o, Z n 

168 2 

00 

184 c 

.- 
176 I ._ 

Mass number 

Initial fragment mass 

1411 



pling between the collective and inter- 
nal degrees of freedom, thus ensuring 
statistical equilibrium during the mo- 
tion from the saddle point to scission. 
In this model (29) the probability dis- 
tributions of all the various properties 
of the fragments, such as the fragment 
masses, excitation energies, and angular 
distributions, are a direct result of the 
equilibrium at scission. The other ex- 
treme assumption is that the coupling 
between the collective and internal mo- 
tions is weak, and this model is some- 
times referred to as the adiabatic model 
(30). In the first model the properties 
of the saddle point are not allowed to 
influence the results at scission. Hence, 
on the basis of this model, it is difficult 
to understand the angular distributions 
of the fission fragments which are 
known to reflect the K distribution of 
the transition-state nucleus. On the 
other hand, in a simplified version of 
the second model based on the non- 
viscous irrotational liquid drop it is as- 
sumed that the model possesses "mem- 
ory" of the transition-state properties 
although in this model there is no capa- 
bility to reproduce the observed mass 
asymmetry. 

Beginning with the assumption that 
the shape of the saddle point and the 
lowest potential energy surface to scis- 
sion are symmetric, various authors 

(31), in searching for an explanation 
of asymmetric fission, have suggested 
that the final mass ratio is a result of 
reflection symmetry. In this model the 
collective motion between saddle point 
and scission is so rapid that equilibrium 
is not attained. As the nuclear shape 
changes through the value where a 
filled independent particle level is 
crossed by an unfilled level, the prob- 
ability that the nucleons will remain in 
the lower energy orbit is small. This is 
in contrast to the result for slow col- 
lective motion where the probability 
that the nucleons will remain in the 
lowest energy orbital is large. Hence, 
in this model with slow collective mo- 
tion the nuclear deformation follows 
the lowest valley of potential energy 
and leads to symmetric fission. On the 
other hand, with fast collective motion 
the nuclear deformation follows a po- 
tential surface generated when particle 
transfer is forbidden at level crossings 
and leads to asymmetric fission. In the 

development of this model Griffin (32) 
has proposed the principle of "kinetic 
dominance" as the basis for predicting 
the rapid collective motion, namely, 
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"in the limit of high collective velocity, 
nuclear shape changes are described by 
a potential energy surface defined by 
the energies of nuclear configurations 
which are deformed into one another 
with a minimal collective inertia." Mo- 
tion along the lowest potential energy 
surface involves a continual readjust- 
ment of nucleons so that the lowest 
energy orbitals are always occupied, 
thus giving a substantial contribution 
to the collective inertia. In contrast, 
motion along a potential energy sur- 
face at which the nucleons do not re- 
adjust their orbitals gives a smaller 
inertial parameter comparable to the 
irrotational value. On this basis asym- 
metric mass division is predicted. Al- 
though this model has appealing fea- 
tures, its need at this time is not estab- 
lished since it is still unknown whether 
the lowest potential energy surface 
from the saddle point to scission de- 
formation is symmetric or asymmetric. 
More realistic and accurate shell cor- 
rections are needed to settle this ques- 
tion. 

In order to explain the kinetic en- 
ergy and neutron emission as a func- 
tion of fragment mass, Vandenbosch 
(33) proposed that the most probable 
scission configuration has a minimum 
potential energy. With the further as- 
sumption that the scission configura- 
tion is represented by two uniformly 
charged tangent spheroids, the potential 
energy is given by a sum of the de- 
formation energies of each fragment 
and the Coulomb energy between the 
two fragments. The deformation energy 
of each fragment is represented by the 
deformation energy of a charged liquid 
drop and a correction term dependent 
upon the nuclear structure of the frag- 
ment. The influence of nuclear shells 
introduces structure into the kinetic en- 

ergy (34) and neutron emission yield 
(35) as a function of fragment mass. 
The experimental kinetic energies for 
the neutron-induced fission of 233U, 

235U, and 239Pu have a pronounced dip 
as symmetry is approached. These re- 
sults are shown in Fig. 9. The variation 
in the neutron yield as a function of 

fragment mass for these same nuclei 

(Fig. 10) has a "saw-toothed" shape 
which is asymmetric about the sym- 
metric fission fragment mass. Both of 
these phenomena are reasonably well 
accounted for by the inclusion of 
closed-shell structure (33) into the 
scission configuration. 

A number of light charged particles 

have been observed to occur in fission 
with low probability (36, 37). These 
particles are believed to be emitted very 
near the time of scission and hence 
are of extreme interest. The evidence 
for these particles being emitted near 
the scission stage comes mainly from 
detailed studies of the alpha particles 
accompanying fission (38). Available 
evidence also indicates that neutrons 
are emitted at or near scission with 
considerable frequency (39). 

Experimental studies have been made 
of the kinetic energy and angular dis- 
tributions of the light charged particles. 
In addition, studies have been made of 
the correlations between the energy and 
emission angle of the light particle, be- 
tween the fragment and particle en- 

ergies, and between the angle of parti- 
cle emission and the fragment mass 
ratio (40). Calculations (37, 38, 41) 
aimed at reproducing the experimental 
observations indicate that the equilib- 
rium model giving an essentially static 

picture of scission is incorrect. Instead 
the calculations support a dynamic pic- 
ture of scission in which the fragments 
are moving apart at scission with an 

appreciable fraction (-1/4) of their 
final kinetic energy. 

The most probable kinetic energy 
calculated for an idealized nonviscous 
irrotational liquid drop is considerably 
less (42) than the experimentally de- 
termined most probable kinetic energy 
of the fission fragments. The difference 
is well represented by the kinetic en- 

ergy that the fragments have acquired 
at scission as determined by the alpha 
particles accompanying fission. These 
results are of significance in the evalu- 
ation of the viscosity of nuclear matter. 

Postscission Phenomena 

Many experiments have been de- 
signed to investigate postscission phe- 
nomena. After the fragments are sep- 
arated at scission, they are further 
accelerated as a result of the large 
Coulomb repulsion. The fragments 
reach 90 percent of their final kinetic 
energies in approximately 10-20 sec- 
ond. The initially deformed primary 
fragment probably collapses to its equi- 
librium shape in a time period shorter 
than this. The time for neutron evap- 
oration is long relative to the time for 
fragment acceleration, and the evap- 
orated neutrons are emitted from the 
fully accelerated fragments. The evap- 
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orated neutrons comprise most of the 
neutron yield in fission. (The scission 
neutrons are estimated to comprise as 
much as 30 percent of the neutron 
yield (39), whereas the delayed neu- 
trons produced after beta decay com- 
prise only about 0.2 to 0.6 percent of 
the neutron yield. Isomeric fission offers 
a new source of delayed neutrons of 
very low intensity.) The fragments, 
after neutron emission, lose the re- 
mainder of their energy by gamma 
radiation with a lifetime of about 10-11 
second. 

The neutron yield as a function of 
mass number is illustrated in Fig. 10. 
This variation of neutron number N 
with fragment mass (35) has been 
studied rather extensively because of 
its relation to the fragment excitation 
energy. The resulting functions are 
"saw-toothed" and asymmetric about 
the symmetric fragment mass. Mini- 
mum neutron yields are observed for 
nuclei near closed shells because of the 
resistance of nuclei with closed shells 
to deformation. Maximum neutron 
yields occur for fragments that are 
"soft" toward nuclear deformation. 
Hence, at the scission configuration the 
fraction of the deformation energy 
stored in each fragment depends on 
the shell structure of the individual 
fragments. After scission this deforma- 
tion energy is converted to excitation 
energy and, hence, the neutron yield is 
directly correlated with the fragment 
shell structure. This conclusion is fur- 
ther supported by the correlation be- 
tween the neutron yield and the final 
kinetic energy. Closed shells result in 
a larger Coulomb energy at scission 
for fragments that have a smaller de- 
formation energy and a smaller number 
of evaporated neutrons. 

The relative yield (43) of prompt 
gamma rays as a function of fragment 
mass is very similar to the relative yield 
of neutrons. The high multiplicity of 
gamma rays from one fragment is con- 
nected with a low multiplicity in the 
complimentary fragment. This result 
implies a large difference in spin angu- 
lar momentum in the two fragments 
and is consistent with the presence of 
shell structure in one fragment. 

Conclusion 

Nuclear shells play a significant role 
in nuclear fission. Although the impor- 
tance of nuclear shells in the scission 
and postscission stages of fission has 
been known for some time, recent work 
has shown that nuclear shells introduce 
structure into the fission barrier also, 
thus causing a second minimum in the 
potential energy at the saddle point de- 
formation. This two-humped fission 
barrier is essential for the explanation 
of the fission isomers, subbarrier fission 
resonances, and other anomalies ob- 
served in fission. Nuclear fission is a 
complex and basic nuclear reaction, 
and clarification of its nature is essen- 
tial to our understanding of the dy- 
namics of heavy nuclei. The study of 
fission gives one the unique opportunity 
to probe the properties of nuclear struc- 
ture as a function of deformation out 
to very large deformations and to learn 
about the shape dependence of the nu- 
clear potential energy. 
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