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Unconstrained Crystal Growth 

Dendrites 

Understanding of this familiar phenomenon has led 
to the development of useful man-made materials. 

W. A. Tiller 

The name dendrite, which comes 
from the Greek word for tree, has 
been given to a "tree-like" crystal mor- 

phology often observed in nature-in 
the patterns of snow flakes, of geo- 
logical formations, and of ice as it 

develops on ponds. Recent technologi- 
cal research and the furnaces of in- 

dustry have made many new contribu- 
tions to the family of dendrites. 

Dendritic growth is exhibited by a 
wide variety of materials (Figs. 1 and 
2), and the form is natural to all 
of the dominant phase transforma- 
tions-crystallization from the melt or 
from liquid or solid solutions, crystal- 
lization from the vapor, or electrocrys- 
tallization. The growth of understand- 
ing of such crystal forms helps us to 
recognize the place that the dendritic 
morphology of a material occupies 
among the possible morphologies that 
a crystal can develop and to under- 
stand under what environmental con- 
ditions this particular crystal morpholo- 
gy dominates. We also see how a slight 
change in environmental conditions 
may cause a growing crystal to change 
from the dendritic form to an entire- 
ly different morphology and how vast- 
ly different morphologies can be gener- 
ated by only slight differences in some 
of the important parameters that con- 
trol the process of crystal growth. 

A classic experiment illustrating 
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changes in crystal morphology that are 
associated with slight changes in en- 
vironmental conditions is Mason's ex- 

periment on ice crystals grown from 
the vapor (1). He suspended a thin 

nylon or glass fiber vertically in a wa- 
ter-vapor diffusion chamber and allowed 
the temperature in the chamber to vary 
continuously along the length of the 
fiber. At a certain water-vapor pressure 
in the chamber, ice crystals formed on 
the fiber, and the crystals at different 
positions on the fiber developed dif- 
ferent morphologies. These different 
crystal shapes, and the range of tem- 
peratures at which they formed, are 
given in Table 1. The simultaneous 
growth of the many crystal forms on 
the same fiber brought into relief the 
sharpness of the boundaries between 
one morphology and another. For ex- 
ample, the transition between plates and 
needles at -3?C and that between hol- 
low prisms and plates at -8?C occurred 
within temperature intervals of less 
than 1 . 

To fully appreciate the range of 
dendritic forms or filamentary forms 
(forms without side branches) that can 
arise during crystal growth, we must 
consider both isothermal, or uncon- 
strained, crystal growth, where crystals 
grow freely in a large bath of liquid 
of constant temperature which is below 
the melting temperature of the crystal, 
and crystal pulling, or constrained crys- 
tal growth, where crystals grow from 
a bath of liquid held at a temperature 
above the melting temperature of the 
crystal. 

Let us first consider the uncon- 
strained growth of a crystal from a 
supercooled alloy melt (2) (see Fig. 
3). In Fig. 3 (right), TL(C-) is the 

equilibrium freezing temperature of the 
bulk liquid (the liquidus temperature), 
and T, is the actual temperature of 
the liquid far from the growing crystal. 
Due to the presence of solute atoms 
in the melt, a partitioning of solute 
occurs at the moving interface, and, 
because of the slow diffusion of 
these atoms, the solute concentration 
changes at the interface from CS to Ci 
(Ci depends upon freezing velocity, 
particle shape, and other factors). This 
change lowers the liquidus temperature 
of the crystal surface to TL (Ci). Since 
the growing particle is curved, a pres- 
sure due to capillarity is imposed upon 
the solid, lowering the equilibrium tem- 
perature of the solid from Tr.(Ci) to 
TT((Ci), the amount of lowering de- 
pending upon the average curvature of 
the crystal. Further, since the particle 
is growing, a certain departure from 
the equilibrium temperature, AT, must 
exist at the interface, to drive the 
molecular transfer from liquid to solid, 
so the actual interface temperature Ti 
is below TE. Finally, the particle must 
be evolving latent heat as it grows, 
and Ti must be enough above the bath 
temperature to allow dissipation of heat 
to the bath. 

The foregoing paragraph describes 
the subdivision of the total amount of 
supercooling, AT, into its component 
parts, ATs, ATi,, ST, and AT-i, in a crys- 
tal growth situation in which no electric 
fields are applied to the system. All 
four components are involved in every 
such growth problem; however, certain 
ones dominate in different materials. 
In the growth of crystals from a rela- 
tively pure metal melt, AT,I is approxi- 
mately equal to AT, so this growth is 
largely controlled by heat flow. During 
the growth of an oxide crystal from a 
melt of steel, for example, ATs is ap- 
proximately equal to AT, so the growth 
is largely diffusion-controlled. Finally, 
during the growth of a polymer crys- 
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Fig. 1. Various crystal growth forms. (a) Chromium dendrite grown from the vapor; 
(h) bismuth hopper crystal grown from the melt (11); (c) gallium phosphide crystal 
grown from an alloy melt (12); (d) silver dendrite grown by electrodeposition (12); 
and (e) spherulite grown from a blend of 40 percent isotactic polypropylene and 
60 percent atactic polypropylene (13). 
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Fig. 2. Eight common snow crystal types. 
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Fig. 3. (Left) A crystal growing from a supercooled liquid; (right) the 
temperatures in the growth process. The magnitudes of the temperature d 
indicate the degree of solute diffusion, capillarity, and kinetic or heat-transpor 
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tal from a polymeric melt, 8T is ap- 
proximately equal to AT, and growth is 
largely controlled by the kinetics of in- 
terface attachment. 

Now that we have considered the 
major factors that control the growth 
of any crystal from a melt, let us see 
what it is that determines which crys- 
tal morphology will dominate and, in 
particular, when the dendritic morphol- 
ogy will dominate. 

An observer can test to find whether 
a particular crystal morphology is 
stable by applying perturbations of 

shape to the particle and observing 
whether the perturbations increase or 
decrease in amplitude with time. If 

they increase, the shape is unstable; if 

they decrease, it is stable. Let us con- 
sider the transition from a somewhat 

spherical particle shape to a spiked or 

predendrite shape, illustrated schemati- 

cally in Fig. 4 and recorded for a 

polymeric system in Fig. 5. Growth of 
the amplitude of the perturbations rel- 
ative to the main particle surface re- 
quires the creation of surface (increase 
in local curvature), so both AzTi and 
8T must increase in magnitude. Since 
AT is fixed, ATs+AT, must decrease if 
the perturbations are to grow. It can 
be shown that the magnitudes of ATs 
and ATIT are controlled by the same 

type of transport laws and that ATs 
varies in the same fashion as AT,r in a 

particular case. Thus, a necessary con- 
dition for dendritic growth is that 

transport of heat or matter play an 

important role in the overall growth 
process and be more efficient for the 
dendritic shape than for other particle 
shapes. A sufficient condition for the 
existence of dendritic growth would be 
that the dendritic morphology allows 

crystal growth to proceed at a faster 
rate than any other crystal morphology 
does. 

It may be quantitatively shown that 
a spherical particle undergoing trans- 
port-controlled growth into a super- 

TL (C@) cooled bath will be unstable, when sub- 

jected to perturbations, when the radius 

T (C.) of the sphere is greater than just 7 
L i times the critical radius, Re, predicted 

.T (C.) by homogeneous nucleation theory (3). 
E I It may be shown, further, that the 

T. (C.) rate of growth of a sphere of radius 

greater than about 100 Re will be less 
than that of a well-developed dendrite- 

-T like particle having the shape of a 

paraboloid of revolution. The rate of 

growth for a particle of the latter shape 

important depends much more upon the particu- 
lifferences lar system under consideration than the 
t control. rate for the sphere does. In general, 
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spheres of diameter greater than 
10-3 to 10-' centimeter develop the 
dendritic form. 

Experimental evidence shows that 
dendrites generally grow with a con- 
stant axial velocity in certain specific 
crystallographic directions and develop 
side branches periodically at a particu- 
lar distance back from the tip. These 
branches also grow axially in specific 
crystallographic directions. In order for 
freezing to occur at a constant axial 
rate V(O), and for the dendrite to 
exhibit essentially constant form, the 
growth velocity normal to the surface 
at any point of the surface must be 
equal to the axial velocity V(O) times 
the cosine of the angle ? between the 
two normals (see Fig. 6). Some dis- 
tance back from the tip the dendrite 
begins to have approximately the shape 
of a cylinder, and, since AT, and XT 
(Fig. 3, right) decrease here, by com- 
parison with values for the tip, condi- 
tions develop which lead to the estab- 
lishment of stable perturbations of 
shape in a lateral direction. These 
shape distortions eventually become 
side branches which, in turn, branch 
again when the appropriate conditions 
develop, and so on (4). 

The thickness of the original dendrite 
stalk is largely determined by the con- 

Table 1. Variation of 
with temperature. 

ice crystal morphology 

Temperature (?C) Morphology 

0?C to - 30C Thin hexagonal plates 
- 3?C to - 5?C Needles 
- 5?C to - 8?C Hollow prisms 
- 8 C to -12?C Hexagonal plates 
--12?C to -16?C Dendritic crystals 
--16cC to -25C Plates 
-25?C to -50?C Hollow prisms 

ditions prevailing at the tip, and, in 
many cases, the tip dimensions change 
freely and thus produce a change in 
the velocity of the dendrite. It has 
been shown quantitatively that bluntly 
tipped filaments freeze slowly and that 
sharply tipped filaments freeze rapidly. 
Given this freedom to change its tip 
dimensions, the most stable body shape 
should be that which has the maxi- 
mum axial freezing velocity (4). From 
this postulate, the velocity V and the 
radius of curvature of the dendrite 
tips, p, as a function of bath super- 
cooling AT, are given in Fig. 7 for ice, 
tin, nickel, and germanium dendrites. 
Because of the small radii of curva- 
ture, p, at the tip of the dendrites con- 
sidered in Fig. 7, solute partitioning 
at the tip interface is very effective, 
and only a small solute buildup (ko 

< 1) or depletion (ko > 1) occurs at 
the tip. Here, ko is the phase-diagram 
partition coefficient of the solute. The 
solute distribution ahead of such an 
interface can be readily calculated for 
simple filament shapes like paraboloids 
of revolution or parabolic cylinders. In 
both these cases the surfaces are of 
constant concentration, and the ratio of 
Ci to Co depends upon the shape, the 
dimensionless parameter Vp/D (D is 
the diffusion coefficient of the solute 
in the liquid), and the partition co- 
efficient of the solute, ko. In Fig. 8, 
k/ko(=Ci/C-) is plotted against Vp/2D 
for a paraboloid of revolution with sev- 
eral values of k,,; a parabolic cylinder 
would yield a value of Ci/C, greater 
than the values given in Fig. 8 for 
the same value of Vp/2D. The dendrite 
of maximum freezing velocity has a 
value for Vp/2D of approximately 1 
to 2, so the solute concentration in the 
filament Cs, is generally much smaller 
than C, for k,, < 1 and much greater 
than Cx for ko > 1 (Cs = kC.). Besides 
predicting the dendrite's dimensions, 
freezing velocity, and solute content as 
a function of the supercooling, one 
may also predict the crystallographic 

Liquid 

(a) (b) (c) (d) 

Fig. 4. The growth of shape perturbations on the sphere a as it transforms to the 
filamentary morphology d. 

Fig. 5. Perturbation development on a hexagonal crystal of isotactic polystyrene (14). 
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V () = V (o) Cos (D 
Fig. 6. Normal freezing-velocity variation 
with angle 0p required for the "constancy 
of shape" condition. 
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orientation of the dendrites (that orien- 
tation which gives a maximum freezing 
velocity), provided one knows the 
molecular kinetics of interface attach- 
ment as a function of the crystallo- 
graphic orientation. In general, we do 
not possess this information; however, 
by making certain reasonable assump- 
tions concerning the kinetic anisotropy, 
we can deduce the directions of den- 

drite growth for the metallic systems 
(4). 

In diamond-cubic materials-ger- 
manium and silicon, for example- 
one would expect the dendrite to be 
of square cross section and to grow 
most readily in the <100> direction. 
However, the molecular attachment 
kinetics are exceedingly slow on the 
{11 1 } faces comprising the tip of this 

dendrite, and the growth of such a 
crystal form, as illustrated in Fig. 9a, 
is controlled by the attachment kinetics. 
In these materials, twin planes parallel 
to the {111 } planes form with low 

energy, so there is a finite probability 
that nucleation of such a twin will oc- 
cur at the tip of the <100> dendrite. 
This would lead to the situation illus- 
trated in Fig. 9b, where a reentrant 
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Fig. 7 (above). Plot of experimental data for freezing velocity 
of nickel, tin, water, and germanium (three-twin) dendrites 
and the radius of curvature at the tip, calculated from applica- 
tion of the maximum velocity condition. 

Fig. 8 (top right). Relative partition coefficient of the solute, 
k/k/o(--Ci/Cx), for a filament having the shape of a parab- 
oloid of revolution, freezing at constant axial velocity V, as a 
function of Vp/2D for several values of ko(p is the radius of 
curvature of the tip of the filament). 

Fig. 9 (bottom right). Schematic drawing of some growth forms 
developed by diamond cubic materials as a function of their 
twin content: (a) no twins; (b) one twin; (c) two twins. 
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Fig. 10 (top right). Some twinned growth 
forms: (a) solution-grown, five-twinned, 
star-shaped, silicon growth form (5); (b) 
melt-grown germanium dendrite tip; (c) 
melt-grown germanium dendrite; (d) solu- 
tion-grown indium arsenide (5); (e) 
vapor-grown twinned germanium plate (5); 
(f) melt-grown germanium dendrite body. 

Fig. 11 (center right). Representation of 
the temperature distribution in the vicinity 
of the solid-liquid interface for the case 
of constrained crystal growth. 

Fig. 12 (bottom right). Filament and 
dendrite formation during constrained 
crystal growth: (a) filament growth at an 
ice interface (potassium chromate solu- 
tion); (b) photomicrograph of a de- 
canted interface of ua lead crystal solidify- 
ing from a melt of lead and a small 
amount of silver (5 X 10-I weight per- 
cent); (c) ice bicrystal grown from very 
dilute hydrogen chloride solution, photo- 
graphed with polarized light; (d) onset 
of side-branched development on ice fila- 
ments (2 atomic percent sodium chloride 
solution); (e) direct observation of den- 
drite formation in ice. 

corner is created by the twin, allowing 
faster nucleation of crystal layers in 
this reentrancy. However, a single twin 
does not provide continuous propaga- 
tion but, rather, leads to an end form, 
and it is only when two or more 
parallel twins form, as illustrated in 
Fig. 9c, that continuous propagation 
is possible. This multi-twinned filament 
(Fig. 9c) has a higher free energy per 
unit volume than the <100> filament; 
however, because the kinetics are more 
advantageous, this filament can propa- 
gate much faster than the <100> fila- 
ment and is the one generally observed. 
In Fig. 1 a twinned silver dendrite 
grown by electrodeposition is shown. 
Figure 10 shows several twinned den- 
drites and other growth forms solidified 
from pure melts and alloy melts. 

A great many crystal systems develop 
a twinned character when the molecu- 
lar-attachment aspect of particle 
growth begins to dominate. For the 
growth of long dendritic ribbons, such 
as the ribbon of germanium in Fig. 
10, it is necessary that a twin plane in 
the crystallographic system be parallel 
to a face of the equilibrium form. For 
systems exhibiting equilibrium forms 
completely closed by one set of facet 
planes, at least two parallel twin 
planes are required for continuous 
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growth; for systems where stable equi- 
librium facets do not form a closed 
body, only one twin plane may be 
needed for continuous growth. In Table 
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Table 2. Conditions for continuous dendrite growth. 

Crystal Equilibrium Twin Minimum No. 
structure face planeSystemof twins 

Diamond cubic and {110} {111} Closed 2 
zinc blende {111}, {113} {111} Open 1 

Face-centered cubic { 111} {11} Closed 2 
Body-centered cubic {101} {112} Closed 
Hexagonal close-packed {0001} {1012} Open 
Hexagonal close-packed {0001} {0001} Open 1 
Orthorhombic {1110} {110} Open 1 
Rhombohedral {110} {110} Open 1 

Distance - 

TL(Ci 
a, 

Fig 

Fig. 13. (Top) Plot of the solute distribu- 
tion in the liquid ahead of an advancing 
interface; (bottom) plot of the liquidus 
temperature TL, and of several possible 
-actual temperatures TA, in the liquid ahead 
of the advancing interface. 

2 is given the minimum number of 
twin planes needed for continuous or 
ribbon growth in various crystallo- 
graphic systems (5). 

Constrained Crystal Growth 

Now let us consider dendrite forma- 
tion and the dendrite morphology de- 

veloped during constrained crystal 
growth. During constrained crystal 
growth from the melt the temperature 
in the liquid ahead of the solid-liquid 
interface increases with distance, and 

freezing is caused by producing 
the proper relative motion between 
a point in the solid and the freezing- 
point isotherm Ti(Ci). The tempera- 
ture distribution for this case is given 
in Fig. 11. Under certain freezing con- 
ditions the interface separating solid and 

liquid is macroscopically smooth, 
whereas under other conditions it ex- 
hibits the filamentary character seen in 

Distance 

...TA - 2 > 1I 
= Ks/KL 

Fig. 14. Qualitative representation of sufficient conditions for stable filament growth 
in systems with interfacial energy 7 :- 0 and thermal conductivity ratio ,3 = 1. 
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Fig. 12 (as determined by direct ob- 
servation of ice freezing), or the cellu- 
lar character detected indirectly by de- 
canting the liquid from the solid dur- 
ing the freezing of a metal (2). In the 
latter method only a small part of the 

liquid is decanted from the interfilament 
space, hence the filament development 
is less clearly detected than in transpar- 
ent media. This morphological transi- 
tion has been detected in metal, semi- 
conductor, oxide, and polymer crystals 
grown in this fashion, and it is as- 
sociated with the development of an 

instability condition termed "constitu- 
tional supercooling." 

Because of the partitioning of solute 
at the interface during freezing, the 
solute content of the liquid at the in- 
terface, Ci, is different from that in 
the bulk, C., and the liquidus tempera- 
ture for the interface, TL(Ci), is lower 
than that for the bulk, TL(Cr). This 
is illustrated in Fig. 13. Superimposed 
upon the plot of TI.(C) in Fig. 13 

(bottom) are several possible actual 
temperature distributions, TA; here, AT,. 
and AT have been set at zero for sim- 
plicity. If TI is greater than TA, the 

liquid ahead of the interface is at a 
temperature below the liquidus temper- 
ature and is said to be constitutionally 
supercooled. 

In order for shape perturbations to 
increase and transform the interface to 
a filamentary morphology, portions of 
the interface must be capable of mov- 

ing ahead of the main interface. Since 
the curvature of such protrusions lowers 
the equilibrium temperature of the 

leading edges below that of a planar 
surface, the protrusions can only be 
stable if a sufficient lateral diffusion of 
solute occurs to raise the liquidus tem- 

perature by an amount greater than the 
incremental decrease due to curvature. 
Thus, a necessary condition for den- 
drite formation in this constrained- 

growth situation is that transport of 
solute play an important role in the 
overall growth process. A sufficient con- 
dition for the existence of a filamentary 
interface is that this morphology will 
allow the solid to intrude a greater 
distance into the liquid than any other 
interface morphology will. 

It has been postulated that the onset 
of "constitutional supercooling" is a suf- 
ficient condition for filamentary inter- 
face formation. However, careful theo- 
retical analyses have shown that this 
is only approximately true and that 
the transition from a smooth interface 
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to a filamentary interface depends upon 
the ratio of thermal conductivities of 
the solid and liquid, Ks and Ki., and 
the solid-liquid interfacial energy, y 
(2, 6). Figure 14 shows qualitatively 
the sufficient conditions for stable in- 
crease in the perturbation amplitude 
for systems with Ks/KL > 1, Ks/Ki. = 
1, and Ks/KL < 1. If Ks/K.L - 1 and 
, = 0, the instability is described by the 
onset of constitutional supercooling and 
is given quantitively by 

G -mCi(1 -ko) 
- C -----.--- (1) 
V D 

where G is the temperature gradient 
in the liquid at the interface, V is the 
macroscopic freezing velocity, m is the 
phase-diagram liquidus slope, ko is the 
phase-diagram partition coefficient of 
the solute, and D is the diffusion co- 
efficient of the solute in the liquid (2). 

For the general range of values for 
Ks/K.L and y that one observes, Eq. 1 
is in error by a factor of about 1/2 to 
2. Equation 1 has been tested experi- 
mentally on several systems, and a plot 
of G/V against Ci is indeed linear, de- 
viating from the expected slope by no 
more than a factor of 2 (2). The 
transition from a smooth interface to a 
filamentary interface has been observed 
on gradually decreasing G and using 
the decanting technique. First, small 
protrusions form on the interface; next, 
irregular cell boundary grooves de- 
velop; then two-dimensional filaments 
are formed which change to a cellular 
array of filaments, and these eventually 
develop side branches as the degree of 
constitutional supercooling is increased. 

In Eq. 1, Ci is approximately equal 
to Cx/ko for the case of steady-state 
growth with a smooth interface, with 

no fluid convection, and with ko small; 
it is possible to obtain this filamentary 
interface formation with Co approxi- 
mately 0.1 to 1 part of solute per million 
parts of solvent. When such an interface 
forms, the filaments incorporate solute 
in a concentration Cs greater than 
koCr (slightly greater than that given 
by Fig. 8), and the average boundary 
concentration CB is approximately 10 
C( (1 - ko). The maximum concentra- 
tion at the boundary is usually the 
eutectic concentration, so it is not un- 
reasonable to expect concentration ra- 
tios CB/Cs of approximately 105 be- 
tween the filament body and the inter- 
filament space. Such high concentra- 
tion ratios have a greater bearing on 
the electrical, optical, thermal, mechan- 
ical, and corrosion properties of the 
material. 

"Colony formation" in a two-phase 

Fig. 15 (left). (a) Filamentary pattern of spherulite in malonamide containing 10 percent of d-tartaric acid (5); (b) photomicro- graph of polished section for a lead-tin eutectic alloy solidified in a dendritic pattern. The white particles are tin, the black are lead (about X 78). Fig. 16 (right). Photograph of the pulling of a germanium dendrite. 
13 NOVEMBER 1964 
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eutectic system and spherulite forma- 
tion in polymeric systems are further 

examples of the constitutional super- 
cooling instability resulting from the 

presence of alloying constituents. In 

Fig. 15, filament patterns for such sys- 
tems are shown. For the broad range 
of materials studied, the filaments may 
be of circular, elliptical, or polyhedral 
cross section, depending upon the vari- 
ous anisotropies of the particular ma- 
terial under consideration. The arrays 
that the filaments generate are hexag- 
onal, pentagonal, square, rectangular, 
or trigonal. Thus, the filament geometry 
seems to reflect the basic crystallog- 
raphy and the anisotropies of the crys- 
tal lattice, whereas, the array geometry 
seems to reflect some efficient packing 
criterion for such filaments. 

Technological Applications 

We might now ask, "How can this 

knowledge of dendritic growth be uti- 
lized to help build a greater materials 

technology than we have today?" 
First, we can see that many desir- 

able properties of a material will 
deteriorate if we allow a filamentary in- 
terface to form; thus, the environmen- 
tal conditions that stabilize the filamen- 

tary interface morphology should be 
eliminated. This is true regardless of 
whether we are considering semicon- 
ductor or laser crystal formation, chem- 
ical crystallizers, or apparatus for con- 

verting saline water to pure water. Very 
recently industry has taken a more posi- 
tive approach to this phenomenon and 
has considered how it might be utilized 
to produce materials of more desirable 
form than was hitherto possible. One 

great stride in this direction has been 
utilization of the technique of uncon- 
strained crystal growth to produce long 
filaments of semiconductor crystals. A 

significant contribution to controlled 
dendritic growth was made by Ben- 
nett (7), who showed that a properly 
oriented, twinned seed crystal is nec- 

essary for well-controlled dendritic 

growth of germanium and silicon. 
In the experimental set-up illustrated 

in Fig. 16 a graphite container filled 
with germanium is heated by means of 
an induction coil until the germanium 
melts; the power input is then con- 
trolled until the liquid is supercooled 
by an amount AT. If we allowed a seed 

crystal of dendritic orientation to be 

aligned perpendicular to the upper sur- 
face and then to be brought into con- 
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Fig. 17. Segregation traces in an idealized 
tip of a three-twin platelet. 

tact with this surface, a dendrite would 

grow into this bath, colinearly with the 
seed crystal, at a velocity V. If the 
seed crystal were withdrawn from the 
bath at a velocity V, a long continu- 
ous filament of the material, of predict- 
able thickness, could be pulled from 
the bath (8). Such a filament of 

germanium is being pulled from the 
melt in Fig. 16. For a bath super- 
cooled by an amount AT = 10?C, fila- 
ments of metals, semiconductors, 
oxides, and polymers must be with- 
drawn at velocities, respectively, of ap- 
proximately 10 cm/sec, 1 to 10-~ cm/ 

sec, 10-~ to 10- cm/sec, and 10-2 to 

10-4 cm/sec. The most convenient pull- 
ing velocity, in present practice, is 
about 10-~ to 1 cm/sec; the degree of 

supercooling of the bath, AT, must be 

adjusted accordingly in order that stable 
filaments of the various materials may 
be pulled from the melt at velocities 
in this range. 

Dendritic ribbons of germanium, sili- 
con, and several of the III-V com- 
pounds have been pulled from the melt, 
and some of them have been wound 
on large reels to lengths of a hundred 
meters or so. These dendritic ribbons 
exhibit some chemical segregation in a 
rather intricate and consistent pattern, 
as illustrated in Fig. 17, and they can 
be so controlled as to yield relatively 
low dislocation densities. In Fig. 17 
traces A and B represent an excess and 
a depletion, respectively, in solute con- 
centration; such traces are not observed 
in undoped materials (9). The surfaces 
of the filaments appear to be perfect 
and to make ideal surfaces for fabrica- 
tion of semiconductor devices. Elec- 
tronic devices made upon such den- 
tritic ribbons exhibit very satisfactory 
electrical characteristics. 

Often during the pulling of semi- 
conductor dendritic ribbons it was ob- 
served that two ribbons would grow 
side by side. At the lower pulling 
velocities a sheet of liquid was pulled 
from the melt and held between the 
dendrites by surface-tension forces. In 
the beginning, workers studying ribbon 
formation found this a nuisance; soon, 

Pull Rate V 

1 
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(: d- Solid Web 

Gasj Gas 

.....v 
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Fig. 18. Schematic representation of the dendrite and web configuration utilized in the 
continuous pulling of web material at velocity V. 
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however, some workers with an eye to 

possible applications recognized that 
the dendritic ribbons might be used as 

guiding edges for the formation of a 
sheet of semiconductor. It seemed pos- 
sible that sheets of semiconductor of 
controlled thickness might be pulled, 
1 to 2 centimeters wide rather than 0.1 

centimeter, the width of the dendritic 
ribbons. 

In Fig. 18 it may be seen that the 
dendrites at the edge grow below the 
surface of the supercooled melt and 
that the sheet grows above the normal 
surface of the melt. As the dendrites 
are pulled upward, molten material is 
drawn up by surface tension, the height 
of the freezing interface depending 
upon the furnace parameters (AT and 
the pull rate). The surface features and 
the internal structure of the sheets sug- 
gest that freezing at the interface takes 

place through a process similar to nor- 
mal crystal growth. The dendrites at 
the edge, besides being necessary for 
growth of sheets of constant thickness, 
give stability to very thin sheets. Flat 
sheets can be pulled much thinner than 
dendrites; as the pull rate decreases, 
the thickness of the sheet increases, ap- 
proaching the thickness of the den- 
drites. Sheets with more rounded sur- 
faces can be grown even thicker than 
the dendrites (10). 

After a period of developmental 
study, extremely long continuous sheets 
of germanium and silicon, up to 2 
centimeters wide at thicknesses of 10 
to 750 microns, were grown. A short 
length of such a web is shown in Fig. 
19. This material was single-crystal in 
structure; the dislocation content was 
extremely low, and the surfaces were 
so perfect that they could be used 
without further treatment for fabrica- 
tion of electronic devices. Diodes, tran- 
sistors, and PNPN devices have been 
fabricated on germanium and silicon, 
and large-area solar cells have been 
constructed on silicon. All such de- 
vices made on good webs and ribbons 

Fig. 19. Photograph of a short length of 
silicon ribbon about 2 centimeters wide. 

were found to be as good as, or better 
than, the best devices made on con- 
ventional material. It thus seems that 
such processes possess considerable po- 
tential for the preparation of silicon 
and germanium and that efforts direct- 
ed toward more complete utilization of 
the web-growing process, as opposed 
to the conventional crystal-growing 
process, are likely to be rewarding. 

It is very likely that, in the future, 
more attention will be paid to the 
process of dendritic growth for the prep- 
aration of long sheets of a particular 
material. Undoubtedly we will also 
eventually be able to utilize dendrite 
formation in the constrained-growth 
situation to produce large crystals con- 
taining a polygonal array of filaments, 
all with the same physical characteris- 
tics, which are separated from, and 

cemented to, each other by a matrix 

having a different set of physical char- 
acteristics. 

Summary 

I have touched upon the great varie- 

ty of crystal forms and dendritic forms 
in nature, have discussed the essential 

physics involved in the generation of 
these forms during either constrained 
or unconstrained crystal growth, and 
have shown how this knowledge helps 
in the classification of this seemingly 
infinite variety of forms. Man has built 

upon this understanding to control the 
form and dimensions of certain ma- 
terials to his technological advantage. 
We may hope that, in the future, we 
will have greater understanding of these 

phenomena of natural crystal growth 
and the ability to use this knowledge 
for technological ends. 
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