
ff. The growth of the understanding of the 
realm of the explainable, from the end of the 
13th century on, can be traced through almost 
every chapter of this book. 

3. C. F. von Weizsicker, Z. Astrophys. 22, 319 
(1944); S. Chandrasekhar, Rev. Mod. Phys. 
18, 94 (1946). 

4. An interesting and well-understood case is that 
of "focusing collisions" in which neutrons, 
having velocities which are rather high but 
with random orientation, are converted into 
lower-velocity neutrons but with preferential 
directions of motion. See R. H. Silsbee, J. 
Appl. Phys. 28, 1246 (1957); C. Lehmann 
and G. Leibfried, Z. Physik 172, 465 (1963). 

5. See, for instance, the section "What is the 
state vector" in E. Wigner, Am. J. Phys. 31, 
6 (1963). 

6. The possibility of an invariance principle 
in which velocities are replaced by positions, 
and conversely, was studied by M. Born, 
Nature 141, 327 (1938); Proc. Roy. Soc. 
London, Ser. A 165, 291 (1938); ibid. 166, 
552 (1938). 

7. The crossing relations were established by M. 
L. Goldberger, Phys. Rev. 99, 979 (1955); M. 
Gell-Mann and M. L. Goldberger, ibid. 96, 
1433 (1954). For further literature, see, for 
instance, M. L. Goldberger and K. M. Wat- 
son, Collision Theory (Wiley, New York, 
1964), chap. 10. The relations of the various 
types of symmetry principles were considered 
in two recent articles: Nuovo Cimento Suppl., 
in press, and Phys. Today 17, 34 (1964). See 

ff. The growth of the understanding of the 
realm of the explainable, from the end of the 
13th century on, can be traced through almost 
every chapter of this book. 

3. C. F. von Weizsicker, Z. Astrophys. 22, 319 
(1944); S. Chandrasekhar, Rev. Mod. Phys. 
18, 94 (1946). 

4. An interesting and well-understood case is that 
of "focusing collisions" in which neutrons, 
having velocities which are rather high but 
with random orientation, are converted into 
lower-velocity neutrons but with preferential 
directions of motion. See R. H. Silsbee, J. 
Appl. Phys. 28, 1246 (1957); C. Lehmann 
and G. Leibfried, Z. Physik 172, 465 (1963). 

5. See, for instance, the section "What is the 
state vector" in E. Wigner, Am. J. Phys. 31, 
6 (1963). 

6. The possibility of an invariance principle 
in which velocities are replaced by positions, 
and conversely, was studied by M. Born, 
Nature 141, 327 (1938); Proc. Roy. Soc. 
London, Ser. A 165, 291 (1938); ibid. 166, 
552 (1938). 

7. The crossing relations were established by M. 
L. Goldberger, Phys. Rev. 99, 979 (1955); M. 
Gell-Mann and M. L. Goldberger, ibid. 96, 
1433 (1954). For further literature, see, for 
instance, M. L. Goldberger and K. M. Wat- 
son, Collision Theory (Wiley, New York, 
1964), chap. 10. The relations of the various 
types of symmetry principles were considered 
in two recent articles: Nuovo Cimento Suppl., 
in press, and Phys. Today 17, 34 (1964). See 

also E. Wigner, Progr. Theoret. Phys. 11, 437 
(1954). 

8. V. A. Fock, The Theory of Space, Time and 
Gravitation (Pergamon, New York, 1959). 
The character of the postulate of invariance 
with respect to general coordinate transforma- 
tions as a geometrical invariance was ques- 
tioned already by E. Kretschman, Ann. Phys. 
Leipzig 53, 575 (1917). 

9. M. A. Melvin, Rev. Mod. Phys. 32, 477 
(1960). 

10. A. Einstein, Zur Elektrodynamik bewegter 
Korper, Ann. Phys. Leipzig 17, 891 (1905). 

11. - and S. B. Preuss, Akad. Wiss. pp. 778, 
799, 844 (1915); Ann. Phys. Leipzig 49, 769 
(1916). Similar results were obtained almost 
simultaneously by D. Hilbert, Nachr. Kgl. Ges. 
Wiss. Gottingen, p. 395 (1915). 

12. J. Schwinger, Phys. Rev. 76, 790 (1949). 
See also S. S. Schweber, An Introduction to 
Relativistic Quantum Field Theory (Row, 
Peterson, New York, 1961), sec. 15, where 
further references can also be found. 

13. See A. S. Wightman, "Quelques problemes 
mathematiques de la th6orie quantique relati- 
viste" and numerous other articles in Les 
Problemes Mathematiques de la Thieorie 
Quantique des Champs (Centre National de 
la Recherche Scientifique, Paris, 1959). 

14. G. Hamel, Z. Math. Phys. 50, 1 (1904); G. 
Herglotz, Ann. Physik 36, 493 (1911); F. 
Engel, Nachr. Kgl. Ges. Wiss. G6ttingen, p. 
207 (1916); E. Noether, ibid., p. 235 (1918); 
E. Bessel-Hagen, Math. Ann. 84, 258 (1921). 

also E. Wigner, Progr. Theoret. Phys. 11, 437 
(1954). 

8. V. A. Fock, The Theory of Space, Time and 
Gravitation (Pergamon, New York, 1959). 
The character of the postulate of invariance 
with respect to general coordinate transforma- 
tions as a geometrical invariance was ques- 
tioned already by E. Kretschman, Ann. Phys. 
Leipzig 53, 575 (1917). 

9. M. A. Melvin, Rev. Mod. Phys. 32, 477 
(1960). 

10. A. Einstein, Zur Elektrodynamik bewegter 
Korper, Ann. Phys. Leipzig 17, 891 (1905). 

11. - and S. B. Preuss, Akad. Wiss. pp. 778, 
799, 844 (1915); Ann. Phys. Leipzig 49, 769 
(1916). Similar results were obtained almost 
simultaneously by D. Hilbert, Nachr. Kgl. Ges. 
Wiss. Gottingen, p. 395 (1915). 

12. J. Schwinger, Phys. Rev. 76, 790 (1949). 
See also S. S. Schweber, An Introduction to 
Relativistic Quantum Field Theory (Row, 
Peterson, New York, 1961), sec. 15, where 
further references can also be found. 

13. See A. S. Wightman, "Quelques problemes 
mathematiques de la th6orie quantique relati- 
viste" and numerous other articles in Les 
Problemes Mathematiques de la Thieorie 
Quantique des Champs (Centre National de 
la Recherche Scientifique, Paris, 1959). 

14. G. Hamel, Z. Math. Phys. 50, 1 (1904); G. 
Herglotz, Ann. Physik 36, 493 (1911); F. 
Engel, Nachr. Kgl. Ges. Wiss. G6ttingen, p. 
207 (1916); E. Noether, ibid., p. 235 (1918); 
E. Bessel-Hagen, Math. Ann. 84, 258 (1921). 

The quantum theoretical derivation given by 
E. Wigner, Nachr. Ges. Wiss. Gottingen, p. 
375 (1927), contains also the parity conserva- 
tion law which was shown, in reference 1, 
to be only approximately valid. See also the 
article of reference 16. 

15. I heard this remark, for the first time, from 
C. N. Yang, at the centennial celebration 
of Bryn Mawr College. 

16. See E. P. Wigner, "Unitary representations 
of the inhomogeneous Lorentz group includ- 
ing reflections," in Elementary Particle Phys- 
ics, F. Giirsey, Ed. (Gordon and Breach, 
New York, 1964) for a systematic discussion 
of the reflection operations. 

17. See E. P. Wigner, Gruppentheorie und ihre 
Anwendung auf die Quantummechanik der 
Atomspektren (Friedr. Vieweg, Braunschweig, 
1931) or the English translation by J. Griffin 
(Academic Press, New York, 1959). 

18. H. A. Kastrup, Phys. Letters 3, 78 (1962). 
The additional invariance operations prob- 
ably form the conformal group. This was 
discovered by E. Cunningham [Proc. London 
Math. Soc. 8, 77 (1909)] and by H. Bateman 
[ibid. 8, 223 (1910)] to leave Maxwell's equa- 
tions for the vacuum invariant, that is, the 
equations which describe light, always propa- 
gating at light velocity. For more recent con- 
siderations, see T. Fulton, F. Rohrlich, L. 
Witten, Rev. Mod. Phys. 34, 442 (1962), 
and Y. Murai, Progr. Theor. Phys. 11, 441 
(1954); these articles contain also more ex- 
tensive references to the subject. 

The quantum theoretical derivation given by 
E. Wigner, Nachr. Ges. Wiss. Gottingen, p. 
375 (1927), contains also the parity conserva- 
tion law which was shown, in reference 1, 
to be only approximately valid. See also the 
article of reference 16. 

15. I heard this remark, for the first time, from 
C. N. Yang, at the centennial celebration 
of Bryn Mawr College. 

16. See E. P. Wigner, "Unitary representations 
of the inhomogeneous Lorentz group includ- 
ing reflections," in Elementary Particle Phys- 
ics, F. Giirsey, Ed. (Gordon and Breach, 
New York, 1964) for a systematic discussion 
of the reflection operations. 

17. See E. P. Wigner, Gruppentheorie und ihre 
Anwendung auf die Quantummechanik der 
Atomspektren (Friedr. Vieweg, Braunschweig, 
1931) or the English translation by J. Griffin 
(Academic Press, New York, 1959). 

18. H. A. Kastrup, Phys. Letters 3, 78 (1962). 
The additional invariance operations prob- 
ably form the conformal group. This was 
discovered by E. Cunningham [Proc. London 
Math. Soc. 8, 77 (1909)] and by H. Bateman 
[ibid. 8, 223 (1910)] to leave Maxwell's equa- 
tions for the vacuum invariant, that is, the 
equations which describe light, always propa- 
gating at light velocity. For more recent con- 
siderations, see T. Fulton, F. Rohrlich, L. 
Witten, Rev. Mod. Phys. 34, 442 (1962), 
and Y. Murai, Progr. Theor. Phys. 11, 441 
(1954); these articles contain also more ex- 
tensive references to the subject. 

one plots properties against either the 
number of neutrons, or the number of 
protons in the nucleus, rather than 
against the mass number. 

one plots properties against either the 
number of neutrons, or the number of 
protons in the nucleus, rather than 
against the mass number. 

The Shell Model 

Maria Goeppert Mayer 

The Shell Model 

Maria Goeppert Mayer 

There are essentially two ways in 
which physicists at present seek to ob- 
tain a consistent picture of the atomic 
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is to study the elementary particles, 
their properties and mutual interaction. 
Thus one hopes to obtain a knowledge 
of the nuclear forces. 
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The work by Brueckner (1), Bethe 
(2), and others has developed ways of 
handling the many-body problem. But 
our knowledge of the nuclear forces is 
still far from complete. 

The other approach is that of the 
experimentalist and consists in obtain- 
ing by direct experimentation as many 
data as possible for individual nuclei. 
One hopes in this way to find regular- 
ities and correlations which give a clue 
to the structure of the nucleus. There 
are many nuclear models, but I shall 
speak only of one and leave the others 
to the next lecture, by Professor Jensen. 

The shell model, although proposed 
by theoreticians, really corresponds to 
the experimentalist's approach. It was 
born from a thorough study of the ex- 
perimental data, plotting them in differ- 
ent ways and looking for interconnec- 
tions. This was done on both sides of 
the Atlantic Ocean, and on both sides 
one found that the data show a remark- 
able pattern. This pattern emerges if 
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Magic Numbers 

One of the main nuclear features 
which led to the development of the 
shell structure is the existence of what 
are usually called the magic numbers. 
That such numbers exist was first re- 
marked by Elsasser in 1933 (3). What 
makes a number magic is that a con- 
figuration of a magic number of neu- 
trons, or of protons, is unusually stable 
whatever the associated number of the 
other nucleons. When Teller and I 
worked on a papei' on the origin of 
elements, we stumbled over the magic 
numbers. We found that there were a 
few nuclei which had a greater isotopic 
as well as cosmic abundance than our 
theory or any other reasonable contin- 
uum theory could possibly explain. 
Then we found that those nuclei had 
something in common: they had either 
82 neutrons, whatever the associated 
proton numbers, or 50 neutrons. Eighty- 
two and fifty are "magic" numbers. 
That nuclei of this type are unusually 
abundant indicates that the excess sta- 
bility must have played a part in the 
process of the creation of elements. 

We then read Elsasser's papers writ- 
ten in 1933. In the year 1948 much 
more was known about properties of 
nuclei than was available to Elsasser. 
The magic numbers not only stood up 
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Fig. 1. Beta decay energies in the neighbor- 
hood of N = 20. 

in the new data but they appeared more 
clearly than before, in all kinds of nu- 
clear processes. It was no longer possi- 
ble to consider them as due to purely 
accidental coincidences. 

The magic numbers, as we know 
them now, are: 

2, 8, 20, 28, 50, 82, 126 

and, most importantly, they are the 
same for neutrons and protons. Table 
1 shows the magic numbers and, be- 
low them, the stable nuclei containing 
magic numbers of protons or of neu- 
trons. 

Tin (Z = 50) is the element with 
the largest number of stable isotopes, 
namely 11. There are six stable nuclei 

with 50 neutrons, and seven with 82 
neutrons, whereas normally there are 
only two or three nuclei with the same 
number of neutrons. 

It has long been known that helium, 
with two neutrons and two protons, is 
very tightly bound. An extra nucleon 
cannot be attached to the helium core 
-that is, Li5 and He5 do not exist. The 
number 8 is encountered at sOsd6. It 
takes an unusual amount of energy to 
remove a neutron from this nucleus. 
On the other hand, the ninth, the extra 
neutron beyond the 8-8 shell, in s0o1, is 
very weakly bound. 

For nuclei heavier than Ca40 the num- 
ber of protons is less than that of neu- 
trons, and only then does it become 
clear that the stability is connected with 
the neutron number or the proton num- 
ber, and not with the total number of 
both. 

Let me give just two examples. The 
first one is taken from the work of 
Jensen and Suess (4) and is derived 
from the energy changes in fl-decay. 
Figure I shows the energy difference 
between pairs of isobaric nuclides with 
neutron excess 3 and 1, with the com- 
mon mass number as abscissa. The 
light nuclei, for which the energy differ- 
ence is positive decay by fG- emission to 
the nuclei with N - Z = 1. For the 
heavier nuclei, the neutron excess of 3 
is the stable isobar, the energy is nega- 
tive. 

One would expect to find a smooth 
curve, sloping downward. Except for 
one point, it is indeed so. This point is 

Ar 9, with 21 neutrons and 18 protons. 
From a smooth interpretation of the 
curve one would predict that Ar" is 
stable, and that its isobar K39 is unstable 
against + emission. However, Ar39 is 
unstable against ./9 emission by about 
0.5 Mev. The explanation of this anom- 
aly is the low binding energy of the 
21st neutron in Ar"3, while the 19th 
proton, into which it is transformed, 
has the higher binding energy of the 
proton shell which closes at 20. That 
the energies drop again sharply is due 
to the fact that now Z = 20 is involved. 

These types of discontinuity occur at 
all magic numbers. Figure 2 shows it 
at the magic number N = 50, where it 
occurs for various numbers of the neu- 
tron excess. 

The other example is that of the 
highest magic number, 126, which oc- 
curs only for neutrons, and which was 
noticed long ago. Again, the prediction 
is that it would be easy to remove the 
127th or 128th neutron, but that it 
takes a considerable amount of energy 
to remove the 126th or 125th neutron, 
whatever the associated proton number. 
Fortunately, this is the region in which 
a-decay occurs-in which two neutrons 
are lost by the nucleus, along with two 
protons. And the prediction is simply 
borne out by the facts. 

Figure 3 shows the experimental 
data of the kinetic energy of the emerg- 
ing a-particle, with the number of neu- 
trons as the abscissa. Isotopes of the 
same elements are connected by lines. 
The trend of the curves for the neutron- 
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Fig. 2. Beta decay energies in the neighborhood of N = 50. 

0 

0 

2 

i- Mo?10 
- 

"Ru"Ru105 

' 

'"'~ ~ pd107 

-1 /- 

I I I I I I I _____ ______ ____ ._____ I I.. I 

I 

I I 1 . I L _L I t I 

SCIENCE, VOL. 145 1000 



rich nuclei is easy to understand. But 
for all elements the energy reaches its 
peak at 128 neutrons and then drops 
sharply when the 126th, and then the 
125th, neutron is removed from the 
nucleus. 

From these and similar data one can 
estimate that the discontinuity of the 
binding energy at the magic numbers is 
about 1.5 to 2 Mev. 

The Atomic Analogue 

The strong binding of a magic num- 
ber of nucleons and the weak binding 
for one more immediately brings to 
mind a similar, but relatively much 
stronger, effect which occurs in the elec- 
tronic structure of atoms. The energy 
required to remove an electron from an 
atom is measured by the ionization po- 
tential. The closed electron shells occur 
in the noble gas atoms, which have a 
very high ionization potential. The 
atoms with atomic number larger by 
one unit, the alkali, have a very low 
ionization potential. For instance, for 
argon, with atomic number 18 and 18 
electrons, the energy needed to remove 
one electron is 15.69 ev, whereas the 
energy needed to remove the 19th elec- 
tron from potassium is only 4.32 ev. 
That is, the binding energy of the last 
electron in argon is about 3? times 
that in potassium. In the case of the 
nucleons, the change in binding energy 
across a magic number is only 2 Mev 
out of an average value of about 6, 
which is only about 30 to 40 percent. 
Yet the experimental facts leading to 
the detection of magic numbers were 
quite marked, and the numbers could 
hardly arise from accident. It seemed 
to be worth while to attempt to explain 
them in the same way that the noble 
gases are explained. Indeed, one might 
try to copy the essential features of the 
atomic structure for nuclear structure. 

The simplest atom is hydrogen, in 
which one electron is subjected to the 
spherically symmetrical attraction of 
one proton. The quantum mechanical 
levels are characterized by two num- 
bers, of which one, n, is called the prin- 
cipal quantum number. The other one, 
I determines the angular momentum. 
By accident, due to the fact that the 
potential is proportional to the recipro- 
cal of the distance, the energy depends 
only, or almost only, on the principal 
quantum number n. 

Classically, in a field of spherical 
symmetry the angular momentum is a 
constant of the motion. In quantum me- 
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Table 1. Magic number nuclides. 

2 8 20 28 50 82 126 

Protons 
He4 016 Ca40 Ni5s Sn"12 Pb204 

0"7 Ca42 Ni6? Sn114 Pb206 
O18 Ca43 Ni61 Sn115 Pb207 

Ca44 Ni62 Sn116 Pb208 
Ca46 Ni64 Sn11 
Ca48 Sn118 

Sn119 

Sn120 
Sn122 

Sn124 
Neutrons 

He4 N15 S36 Ca48 KrS6 Xel36 Pb2OS 
O0T C137 Ti5f Rbs7 BaS38 Bi209 

A38 Vn1 Srs8 La139 
K39 Cr52 Y89 Ce140 
Ca40 Fe54 Zr90 Pr141 

Mo92 Nd42 
SmT44 

chanics, the orbital angular momentum 
is quantized, so that its magnitude in 
units of Planck's constant h is an inte- 
gral value 1. A level of given I contains 
21 + 1 discrete states of different ori- 
entation in space, characterized by an in- 
teger mi with -l < m < 1l. These num- 
bers give the projection of the angular 
momentum on some axis in space. The 
states of given I and different values of 
mi always have the same energy in any 
potential of spherical symmetry, even 
with potentials other than r-'. 

It is customary to designate the levels 
of different I by letters, in the following 
way: 

1=0 1 2 3 4 5 
s p d f g h 

Finally, the electrons have an intrin- 
sic spin of ?2 about their own axes 
which can only have two directions in 
space. The direction of the spin can be 

described by a quantum number ms, 
with mS = 

?2 for spin "up" and ms = 
- 2 for spin "down." Thus every one 
of the 21 + 1 states of given I is now 
double. 

The basic assumption for the expla- 
nation of the periodic table is the fol- 
lowing: In considering one particular 
electron, arbitrarily chosen, we shall 
assume that the action on it of all other 
electrons, as well as of the nucleus, can 
be approximated by a spherically sym- 
metrical potential V (r). Since this po- 
tential is no longer proportional to the 
reciprocal distance, the levels in it will 
be shifted, compared to hydrogen, and 
in such a way that the energy now de- 
pends on the angular momentum, meas- 
ured by 1, which is still quantized. The 
structure of the periodic system then 
follows from the Pauli principle: A 
quantum state of given n, 1, mi, ms, 
can be occupied by only one electron. 
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in energy, we speak of closing an atomic 
shell at the element for which the lower 
of these is filled. At the next element 
the next electron can only be brought 
into the atom at a much higher level, 
with much less binding energy. 

This description of atomic structure 
may be termed the individual orbit 
model. 

Individual Orbits in the Nucleus 

11--- -2 In analogy with atomic structure one 
may postulate that in the nucleus the 
nucleons move fairly independently in 
individual orbits in an average potential 
which we assume to have spherical 

tare well. symmetry. The value of the angular 
momentum, 1, is quantized and contains 
(21 + 1) states, -1 mi < 1. 

level char- The occurrence of clear individual 
pied by no orbits of neutrons and protons in the 
trons. One nucleus is open to grave doubts. In the 
by increas- atom, there is firstly the dominant at- 
, and with traction of the nucleus. The Coulomb 
ns, Z. To repulsion between the electrons is of 
e atom we long range, so that the potential acting 
vidual elec- on one electron does not depend sensi- 
h as many tively on the precise position of the 
)le permits. others. In the nucleus, on the other 
re far apart hand, the forces are of short range, so 

that the potential on one nucleon should 
depend strongly on the position of the 

nber Total others. In other words, one would ex- 
totes urnber pect that a nucleon would collide with 

2 __2 another one long before it had tra- 
versed its orbit even once. 

Actually, perturbation by collisions 
8 is not as severe as one would at first 

expect, since the Pauli principle forbids 
collisions that deflect nucleons into al- 

20 ready filled orbits, and therefore most 
23 2 of the intuitively expected collisions do 

QD )not occur. We shall pursue the de- 
scription of the nucleus by the inde- 
pendent orbit model. It still remains 

d) 50 surpising that the model works so well. 
There are several differences between 

the nucleus and the electrons in the 

i 0 atom. Firstly, the average potentials in 
the two cases are quite different. Cou- 
lomb forces have a long range, in con- 

- 82 trast to the nuclear forces. Thus, the 
atomic-shells numbers and the nuclear 
magic numbers will be entirely different 
from each other. One expects to find I | that the average nuclear potential has 
the form of a trough in three dimen- 

4 126 sions, where the potential is negative 
and rather constant inside the nucleus, 
rising abruptly to zero at the edge. 

The second difference is that the 
nucleus contains two kinds of particles, 

iagram. neutrons and protons, each with intrin- 

sic spin ?/2. We shall assume that the 
nuclear potential is the same for pro- 
tons and neutrons. This assumption is 
now known to be in agreement with 
the evidence of many high-energy exper- 
iments, but at the time of the nuclear- 
shell-model development it was sup- 
ported most strongly by the fact that 
the magic numbers were the same for 
neutrons and protons. The Pauli prin- 
ciple requires that, just as in the case of 
electrons, a level of given 1, mi, and ms 
can be occupied by no more than 
2(21 + 1) nucleons of one kind. 

In a potential trough the lowest level 
is Is, I = 0, with room for two neu- 
trons and two protons of one kind. Two 
protons and two neutrons in this level 
make He4. The next level is lp, I = 1, 
which has six states, so that the Is and 
lp levels together have room for eight 
nucleons of one kind. Since there are 
two kinds, neutrons and protons, alto- 
gether 16 nucleons can be accommo- 
dated, leading to O0". Thus, the uniquely 
stable numbers are easily explained for 
the light nuclei. 

This is by no means new, but is based 
on Wigner's (5) pioneering work on 
the light nuclei. Wigner's theory is able 
to explain with good approximation all 
the properties of light nuclei, spins, 
magnetic moments, transition probabil- 
ities, and so on. 

Its natural extension, however, failed 
in predicting the properties of heavy 
nuclei, and somehow the theory of in- 
dividual orbits in the nucleus went out 
of fashion. But nobody who has read 
Wigner's articles will ever forget them. 

Figure 4 shows some types of average 
potentials, a square well in three dimen- 
sions, a well with rounded edges, and 
a three-dimensional harmonic oscillator. 
The three-dimensional oscillator has 
equally spaced levels, which are highly 
degenerate, but which split up into sev- 
eral levels of different angular momen- 
tum I in the square well. I shall fre- 
quently use the term oscillator shell by 
which I mean the group of levels which 
for the harmonic oscillator would have 
the same energy. All levels of one oscil- 
lator shell have the same parity-that 
is, they contain either only odd or only 
even values of 1. 

The right-hand side of Fig. 4 shows 
the order of the levels with different 
values of 1, and the number of nucleons 
of each kind which fill these levels, in 
agreement with the Pauli principle. 

The magic number 8 corresponds to 
filling all levels up to the oscillator shell 
n - 1. The magic number 20 is still 
explained as filling the oscillator shells 
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up to n = 2. But beyond that the sys- 
tem breaks down. There is no trace of 
a gap in the level system at 28, 50, or 
82. 

The oscillator shells correspond to 
different numbers-namely, to 40, 70, 
and 112, which are not magic. Actu- 
ally, for a potential which has not the 
oscillator shape but is a "square well" 
in character, the gap in energy at the 
oscillator shells is no longer marked. 

Nuclear Shells 

Elsasser had tried to explain the 
magic numbers by assuming that the 
nuclear potential in heavier nuclei is 
quite different from a square well. Sub- 
sequent work showed quite conclusively 
that a change in the shape of the poten- 
tial, even a change which was quite un- 
realistic, could not explain the magic 
numbers. It was a kind of jigsaw puz- 
zle. One had many of the pieces (not 
only the magic numbers), so that one 
saw a picture emerging. It seemed that 
if we had just one more piece every- 
thing would fit. The piece was found, 
and everything fell together. 

At that time Enrico Fermi had be- 
come interested in the magic numbers. 
I had the great privilege of working 
with him, not only at the beginning, 
but also later. One day as Fermi was 
leaving my office he asked: "Is there 
any indication of spin-orbit coupling?" 
Only if one had lived with the data as 
long as I could one immediately an- 
swer: "Yes, and that will explain every- 
thing." Fermi was skeptical, and left 
me with my numerology. 

I do not know how many false starts 
my German colleagues made, but I had 
certainly made many. This was not one 
of them. The magic numbers from 28 
on can definitely not be obtained by 
any reasonable extrapolation from the 
lower numbers, 2, 8, 20, but form a 
different sequence. There are two dif- 
ferent series of numbers, 2, 8, 20, 40, 
. . ., of which 40 is no longer notice- 
able, and another, 6, 14, 28, 50, 82, 
126, of which the first two, 6 and 14, 
are hardly noticeable. The second series 
is due to spin-orbit coupling. In 10 
minutes the magic numbers were ex- 
plained, and after a week, when I had 
written up the other consequences care- 
fully, Fermi was no longer skeptical. 
He even taught it in his class in nuclear 
physics. 

At about the same time Haxel, Jen- 
sen, and Suess had the same idea. 

Let me explain what spin-orbit cou- 
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pling-or, more correctly, coupling of 
spin and orbital angular momentum- 
means. Earlier I have spoken somewhat 
vaguely about the quantum number 
of the intrinsic spin, ms, which is 12 

for "spin up" and -/2 for "spin down." 
Up and down with respect to what? If 
one has just one nucleon in a shell, the 
only preferred direction is that of the 
orbital angular momentum. So spin, 
which is an angular momentum, can be 
parallel or antiparallel to the orbital 
angular momentum. The total angular 
momentum has then the magnitude j = 
I + /2 or j = I - 2. The number of 
states in each of two levels is 2j + 1, 
due to differing orientation of the total 
angular momentum. There is no longer 
a factor 2, since the spin is now fixed. 
Notice that [2 (I + 1/2) + 1] + 2 (I - 
12 ) + 1-2 (21 + 1), so that there are 

still the same total number of states. I 
shall refer to the half integer j of a 
nucleon in a given state as its spin in 
this state. 

The basic assumption of the shell 
model is that there is a strong interac- 
tion between spin and orbital angular 
momentum, giving the level j -= + 1/ 
a considerably lower energy. Since the 
splitting is proportional to 1, and presum- 
ably goes down somewhat with nuclear 
size, prominent gaps in the level spectra 
will always occur when a high orbital 
angular momentum occurs for the first 
time. This explains the magic numbers. 
Let me show how this works for the 
number 28. The oscillator shell closes 
at 20. The next levels are f1/ (I = 3) 
and 2p (I = 1), in that order. The If 
level splits into j = 7/2 and j = 5/2, 
with 7/2 lower. Since the energy dif- 
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ference is large, and the 7/2 level con- 
tains eight states, we find the gap at 
20 + 8 = 28 nucleons. All the magic 
numbers are explained in the same way. 
And since they are explained and no 
longer magic, I shall from here on call 
them shell numbers. 

The assumption of a strong spin- 
orbit coupling contradicted the earlier 
tradition, which assumed that spin-orbit 
coupling was very weak. Our attitude 
was, "We know so little about nuclear 
forces." By now, there is ample evi- 
dence for the fact that spin-orbit inter- 
action in nuclei is indeed an important 
effect. Figure 5 shows a very schematic 
level scheme. At the left are the num- 
bers and levels of the oscillator shell. 
At the right is the level scheme with 
strong spin-orbit coupling. A magic 
number of neutrons or protons is ob- 
tained when the states of all oscillator 
shells up to a given one are filled with 
one each, and in addition the level of 
highest spin of the next oscillator is 
also filled with its complement of 2j + 
1 nucleons. 

Figure 6 shows a fairly realistic level 
scheme for protons. It shows the fairly 
small splitting of the lp or I - 1 level. 
The splittings of the 1f (I = 3) Ig (1 = 

4), and lh (I = 5) levels are increas- 
ingly larger. Within the shells the level 
order is harder to predict. It depends 
on the relative strength of spin-orbit 
coupling and the deviation from the 
oscillator potential. The detailed order 
in which we put levels is dictated by 
experiment. For instance, in the shell 
with oscillator number 3 we find that 
the 29th proton, after the 7/2 shell is 

filled, is in a 3/2 orbit. So the level 

p (I 1) 3/2 is lower than the level 
f (I = 3) 5/2, the partner to the 7/2 
state. 

For neutrons, the level scheme is the 
same as for protons for the light nuclei 
up to neutron number 50. Above this, 
the Coulomb energy makes itself felt. 
It has the effect that the repulsion of 
protons favors orbits with higher angu- 
lar momentum. Thus, for neutrons, for 

instance, the 51st neutron is in the d 
level of j = 5/2, whereas the proton is 
in the g level of j - 7/2. This effect is 
never large enough to affect the shell 
number. 

Predictions of the Shell Model 

To be a reasonable model of nuclear 
structure the shell model must be able 
to explain and predict nuclear properties 

1004 

other than just a half dozen numbers. 
It is indeed able to do this. 

Let me first consider the angular mo- 
menta, or nuclear spins, not of the 
individual nucleons but of the whole 
complex nuclei, which I shall designate 
by capital J. Hundreds of these have 
been measured. A closed shell, or a 
filled level, has angular momentum zero, 
since all states of different direction of 
the angular momentum contain one nu- 
cleon. Hence, nuclei with one nucleon 
outside (or one nucleon missing from) 
a closed shell of neutrons and of pro- 
tons, or even of filled levels of both, 
should have a nuclear spin correspond- 
ing to the level of the single last nu- 
cleon, and the spin of the individual 
particle orbit is predicted by the shell 
model. This is quite a severe test, since 
we find there would be no possible way 
to explain a disagreement with the 
model. Happily, all known nuclei of 
this type have indeed the predicted spin 
and parity. 

One example is 809", with one nu- 
cleon outside the doubly closed shell of 
sOs16, which has a spin of 5/2 and posi- 
tive parity, in agreement with the predic- 
tion. Another is s83B26209, which has a 
nucleon outside the closed shells of 82 
protons and 126 neutrons and has a 
spin of 9/2, in agreement with the pre- 
dictions. 

In nuclei where both neutrons and 
protons fill shells incompletely, the in- 
dividual nucleons add their spin vectors 
to a total spin vector J. Even with the 
restriction of the Pauli principle, very 
many states of total angular momenta 
exist. For instance, if there are three 
identical nucleons in the 7/2 shell there 
are six levels of different magnitude of 
one total angular momentum, ranging 
from 3/2 to 15/2. It is very fortunate 
that of the vast number of complicated 
levels only the simplest ones occur as 
the ground state of nuclei. 

There are further regularities. For 

instance, in bismuth there exist five iso- 
topes of odd mass number in which the 
neutron number is even. All have a 
nuclear spin measured to be 9/2- 
namely, that of the 83rd proton. Thus 
the even number of neutrons, ranging 
in this case from 116 to 126, does not 
influence the spin. 

Another example is the region where 
the first 7/2 shell is being filled. Here 
we know the spins of eight nuclei with 
an even number of protons and odd 
number of neutrons ranging from 21 to 
27. Seven of these have nuclear spins 
7/2, one has spin 5/2. There are also 

five nuclei with an even number of 
neutrons and an odd number of protons 
ranging from 21 to 27, of which four 
have spins 7/2, one has spin 5/2. The 
numbers 21 to 27 correspond to 1, 3, 
5, 7 nucleons in the 7/2 shell. So, for 
nuclei in which both neutrons and 
protons fill shells incompletely, there 
emerge rules by which one may predict 
how the individual nucleons couple 
their spins to the total nuclear spin J. 
In a nucleus with an even number of 
neutrons and odd number of protons 
the neutrons couple their spins to zero 
and don't influence the nuclear angular 
momentum. The protons usually cou- 
ple their spins to a total angular mo- 
mentum J which is equal to the angular 
momentum j of the level being filled, 
and only rarely less by one unit. The 
same statement holds when the words 
neutron and proton are interchanged. 

These rules are sometimes expressed 
in a different way. It is an experimen- 
tal fact that all nuclei with an even 
number of neutrons and of protons 
have angular momentum zero. Thus, 
in a nucleus of even neutron number 
N, odd proton number Z, there is an 
even-even nuclear core with N neutrons 
and Z - 1 protons. The last proton 
occupies an orbit around the spinless 
core, and this orbit is prescribed by the 
shell model. All properties of nuclei- 
spin, magnetic moment, and so on-are 
entirely due to the last odd particle. 

These coupling rules, considerably 
less complex than those for atoms, have 
some theoretical basis-namely, a sim- 
plified calculation of energies predicts 
them. If one considers just several par- 
ticles of the same kind in the same level 
j, and assumes that they interact with 
each other with a very short range 
force, one finds indeed that for an even 
number of nucleons the ground state 
has spin zero. For an odd number, the 
ground state has the spin J which is 
equal to the j of the level being filled. 
The eigenfunctions of J - 0 for even, 
and of J - j for odd, particle number 
are those of lowest seniority. 

With these rules we should be able 
to explain or predict the spins of all 
nuclei. Up to neutron or proton num- 
ber a little above 50 this simple theory 
and experiment are in excellent agree- 
ment. Beyond this, there are very many 
levels in the shells Z = 50 to Z - 82, 
and these levels lie close together in 

energy, so that one can explain just 
about anything. Besides, nuclei with 
more than 90 neutrons are highly de- 

formed, and the assumption of a poten- 
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tial with spherical symmetry is no long- 
er the best starting point. However, 
as the closed shells Z =- 82 and N 
126 are approached, there is no longer 
a large deformation, and the predicted 
and measured spins again agree. 

Another quantum number which the 
model predicts is the parity. We not 
only predict the spin but also the angu- 
lar momentum I of each level. A level 
with odd I has odd parity, one with 
even I has even parity. Parity can be 
measured in various ways, and there is 
again complete agreement with the 
predictions. 

Besides the ground states of nuclei 
one can also investigate the excited 
states. Excited states of one type are 
the isomeric levels, which are levels of 
a very long lifetime-hours, days, or 
even years. The explanation of this 
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phenomenon is that the spins of the 
isomeric state and the ground state are 
very different, so that the return to the 
ground state by the emission of a light 
quantum is greatly hindered, since the 
light quantum has to take up the differ- 
ence in angular momentum. The transi- 
tions are not dipole but octupole or 
24-pole transitions, which are very slow. 
In nuclei of odd mass number an ex- 
cited state can be produced by raising 
the last odd nucleon into an adjacent 
higher level. Now there are only very 
definite regions where low and high 
spins are close in energy-namely, at 
the end of the shells, where the lowest 
angular momenta of one oscillator shell 
occur, and immediately above them, 
where the states of highest angular mo- 
mentum of the next oscillator level oc- 
cur. Thus, isomerism should occur only 

if the number of last odd particle is be- 
tween 38 and 50, or between 64 and 
82, or between 100 and 126. In addi- 
tion, the shell model predicts that all 
these transitions involve a change in 
parity. This is a rather strong statement 
and ties isomerism to the neutron or 
proton number. 

Some of the best work on isomerism 
has been done in Sweden (6) and has 
led to one of the nicest confirmations 
of the shell model. The three regions 
of isomerism are now called islands of 
isomerism. Long-lived and low-lying 
isomeric levels in nuclei of odd A oc- 
cur only in the three islands. If one 
considers the mass number only, no 
regularities appear, since different is- 
lands of proton isomerism and neutron 
isomerism overlap in mass numbers. 

For instance 4In1" in the first island 
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Fig. 7. Magnetic moments of nuclei with odd proton, even neutron number. 
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has an isomeric state with a half-life of 
5.1 hours. This is due to the transition 
of a proton from the j = 1/2 level to 
the ground state, which has spin 9/2. 
For mass numbers higher by 2, one 
finds 50oSnST117 with an isomeric state of 
half-life 14 days. This is due to the odd 
neutron, which goes from the excited 
level j - 11/2 to a level j = 3/2, a 
transition which is expected to happen 
in the second island. 

Failures of the Shell Model 

After all this praise of the shell mod- 
el, it is high time to emphasize its 
shortcomings. Even a crude nuclear 
model should be able to explain quan- 
tum numbers, like the spin, which is 
either integer or half integer but never 
in between, or parity, which is either 
even or odd. The shell model, as I have 

pesented it, can indeed do this, and 
in this form has the advantage that it 
can explain or predict these quantum 
numbers for most nuclei. 

However, the rules for the coupling 
of the spins of individual nuclei, which 

essentially postulate that everything de- 
pends only on the last odd nucleon, can 
be at best a very rough approximation 
to the truth. This becomes obvious 
when one tries to calculate nuclear 
properties which are not integers but 
can be measured to seven significant 
figures. One would hope to get approx- 
imate agreement, say to within 10 per- 
cent. Unfortunately, the agreement is 
not this good. For example, take the 

magnetic moments of nuclei. For a 
nucleus with odd proton, even neutron 

number, the magnetic moments, accord- 
ing to the shell model, should depend 
only on the state of the last odd proton 
and are easy to compute. For any value 
of the spin, we calculate two different 
values of the magnetic moment, for the 
two different values of 1, 1 j - 1/2 
and I :j + 1/2). In Fig. 7 the mag- 
netic moments of odd proton, even neu- 
tron nuclei are plotted with the nuclear 
angular momentum as abscissa. The 
lines at the two extremes are the cal- 
culated ones. The middle lines are what 
one would obtain if the proton were a 
simple Dirac particle, and are added 
merely to emphasize the division into 
two groups. The difference between cal- 
culated and measured values is distress- 
ingly large. Only one general trend 
remains. The nuclei in the upper group, 
nearer to the line for j 

- I + 1/2, are 
indeed those for which we found that 
spin and orbital angular momentum are 
parallel, those in the lower group were 
assigned antiparallel orientation. 

This shows that much more careful 
calculations of the interaction between 
the nucleons are required to get better 
numerical agreement. For individual 
nuclei, or special groups of nuclei, such 
calculations have been made by many 
people, using the shell model as first 
approximation and using different pro- 
cedures to compute higher approxima- 
tions. In particular, Talmi (7) has 
made great progress in developing a 
more refined shell model. 

Finally, even the assumption of strong 
spin-orbit coupling is open to criticism, 
at least for the light nuclei. For these 
the model can easily be refined by tak- 
ing into account both protons and neu- 

trons in the nucleus. One should com- 
pare the results obtained to those of 
Wigner's (5) calculations. Although 
Wigner also used the independent par- 
ticle model, his method is in some 
sense the direct antithesis of the shell 
model. In Wigner's theory, spin-orbit 
coupling is assumed to be very weak, 
whereas in the shell model spin and 
orbital angular momentum are rigidly 
coupled. 

Actually, Wigner's values for all nu- 
clear properties agree better with the 
experimental results for the light nuclei. 
It seems that the truth is in the middle: 
spin-orbit coupling is present, but not 
predominant. The calculations for "in- 
termediate" coupling are more involved 
than either extreme, but they have been 
made by many people (8) for different 
nuclei, and have led to much closer 
agreement between theory and experi- 
ment. 

The shell model has initiated a large 
field of research. It forms the starting 
point for more refined calculations. 
There are enough nuclei to investigate 
that the shell modelists will not soon be 
unemployed. 
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