
Fixed-Field Alternating- 

Gradient Accelerators 

Developments in the art of designing 
high-energy particle accelerators may be 
of interest not only to nuclear physicists 
but also to those working in chemical and 
engineering fields, to biologists, and to 
workers engaged in medical research. 
For the physicist, the possibility of study- 
ing particle reactions at increasingly high 
energies may be the most exciting aspect 
of such developments. although a sub-
stantial increase of intensity, at energies 
presently available, would make possible 
definitive experiments that are now diffi- 
cult to perform. For production of radi- 
ation effects on matter en gror, as in the 
production of cross-linkages in poly-
mers or in various investigations of radi- 
ation damage, intensity may be the more 
important characteristic of an acceler-
ator. I n  the present article (1) , I attempt 
to outline a potential new development 
in the accelerator art which appears to 
offer not only the prospect of certain 
engineering advantages but also the 
promise of a substantial increase of in-
tensity or of the energy available for the 
study of particle reactions. Analysis of 
the particle orbits to be expected in the 
proposed structures affords a number of 
important and challenging mathematical 
problems concerning which, i t  may br 
hoped, an improved analytic understand- 
ing will be built up to supplement results 
obtained by digital computation. 

The developments discussed here arc 
the result of study by a group of mid- 
western physicists ( 2 )  who were stimu- 
lated by the broad class of new acceler- 
ators apparently made possible by the 
use of the alternating-gradient principle, 
which \\.as first announced from the 
Brookhaven National Laboratory ( 3 ) .  
Specifically, in contrast to the present 
Brookhaven efforts, the midwestern 
group has concentrated on a class of 
cyclic accelerators employing magnetic 
fields that are constant in time. 

I n  any cyclic accelerator, such as the 
cyclotron, betatron, or synchrotron, a 
charged particle makes a great number 
of revolutions within the structure, gain- 
ing a relatively small amount of energy 
on each turn, and the provision of suit- 
able focusing forces is essential. I t  may 
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be of interest to note in this connection 
that, in a number of typical accelerators 
now in use, the distance covered by the 
particle during the acceleration process 
ranges from one-third of the distance 
across the United States to some 6 or 8 
times around the earth. Since particles 
with energies that are a t  least slightly 
different will be simultaneously present, 
a related property of an annular acceler- 
ator of importance in its effect on the 
cost of the structure is the ability to ac- 
commodate particles with various ener-
gies within an annular region of limited 
radial extent. 

If, as is customary, the particles are 
guided by a magnetic field as they follow 
their orbits around the accelerator, it is 
particularly convenient to achieve the 
requisite focusing by adjustment of the 
spatial variation of this field. I n  the case 
in which the fields show no variation 
with azimuth, a suitable index to char- 
acterize this spatial variation is 

where r represents the distance from the 
central axis of the machine, and B repre-
sents the strength of the (axial) field in 
the median plane. I n  the absence of an 
azimuthal variation, stability in both the 
radial and axial directions is obtained 
only if the condition 

is satisfied. The energy or momentum 
content of such a machine is expressed by 
the quantity 

here p denotes the particle momentum, 
and a is so small than an annular acceler- 
ator must then be operated in a pulsed 
manner to prolide an increasing field 
adequate to hold particles of increasing 
energy within the machine. 

In  a conventional continuous-wave 
cyclotron, with the index n constrained 
to lie betrveen 0 and - 0.2 in order to 
avoid a coupling resonance between the 
radial and axial oscillations, the require- 
ment that the frequency of revolution 

be independent of energy imposes a 
limitation on the attainable energy when 
the relativistic increase of mass becomes 
significant. 

A markedly greater energy content can 
be achieved in an annular accelerator if 
a rapid radial increase of the guide field 
is permitted by introduction of alternat- 
ing-gradient focusing to maintain orbit 
stability. The field may then be capable 
of accommodating s im~~l taneous l~  parti-
cles of a wide range of energy, and the 
field strength could be independent of 
time. Such a modification, although it 
introduces complications associated with 
the significantly nonlinear character of 
the differential equations governing the 
particle motion, evidently promises a 
number of significant advantages. 

1 )  Direct-current magnet construction 
and excitation may be employed. 

2) The magnetic field need only be 
adjusted for operation at a single level 
of excitation, thus avoiding the difficul- 
ties associated with remanence, satura-
tion, and eddy currents in a pulsed 
accelerator. 

3 )  There is greater freedom in the 
choice of injection energy, and the time 
schedule for the acceleration process is 
flexible. 

4 )  High intensity appears possible, 
olving to the permissible flexibility in 
planning the means of particle acceler- 
ation. Azimuthal variation of the field 
in a cyclotron, with the associated alter- 
nating-gradient focusing effects, can also 
be advantageous, because it allows higher 
energies to be reached than otherwise 
would be permitted by the relativistic in- 
crease of mass with energy. 

In  subsequent paragraphs I discuss a 
number of specific types of structures in 
which fixed-field alternating-gradient 
focusing is present (4-6). The structures 
are of two general types, one employing 
radial sectors and the other a spiral 
sector pattern. The first-mentioned type 
is in some ways simpler and easier to con- 
struct, while the second appears to per- 
mit a smaller accelerator for a given 
energy. I n  all the structures, particles 
with a wide range of energies can be 
si~nultaneously accommodated by virtue 
of a magnetic field whose average value 
around the machine varies with radius 
as rL, and focusing forces' leading to sta- 
ble motion are obtained by a suitable 
spatial variation of the field. 
___...-______-- -

The author is a t  present on leave of absence 
from Iowa State College to work a t  the University 
of Illinois as a lnenlber of the Techniral Group of 
the hfidrvestern Universities Researrh Association. 
Some of the rnaterial on which this artirle is based 
was discussed at the Intrmational Conference on 
Accelerators in Geneva, Switzerland. during the 
week of 11 ,June and at a rnerting of the Canadian 
Assoriation of Physicists on 11 June 1956. 
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Reversed-Field Design 

In  the reversed-field type of fixed-field 
alternating-gradient (FFAG) accelera- 
tor, the direction of the field is reversed 
from one sector to the next. The sector 
boundaries are usually supposed to be 
formed by geometric planes that extend 
radially from the axis of the accelerator. 
The strength of the field in the reversed- 
field sectors, or the length of the reversed- 
field sectors, must, of course, be less than 
for the sectors of positive field in order 
that the particle orbits will ultimately be 
bent around through 360 degrees and 
permit a closed equilibrium orbit to be 
drawn (Fig. 1). 

The magnitude of the field in the re- 
versed-field accelerator varies at every 
azimuth as r" where r is the radius from 
the central axis of the machine. If k 
is positive, there is axial defocusing in 
the positive-field sectors and axial focus- 
ing in the reversed-field sectors. The 
alternating-gradient action is found to 
yield reasonable stability for small-am- 
plitude oscillations in both the radial and 
axial directions, provided that the com- 
bined circumference of the forward and 
reversed-field magnets is some 5 times 
that required by an azimuthally constant 
magnetic field of the same maximum 
field strength. The ratio of the combined 
circumference to that required for a con- 
stant magnetic field is termed the cir- 
cumference factor, C. 

Within the individual sectors, the fields 
would normally be such that the com- 
plete equilibrium orbit would be formed 
from a series of circular arcs with their 
centers displaced from the axis of the 
machine. Denoting the radius of curva- 
ture of the orbit by p, the local focusing 
index is n = k . p/r and, if the same mag- 

fPOSITIVE F IELD 
SECTOR 

Fig. 1. Orbits in a reversed-field FFAG 
accelerator. 
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Fig. 2. An operating electron model of a reversed-field FFAG accelerator. Eight sectors 
of positive field and eight narrower sectors of negative field are employed. The betatron 
core is seen linking the region occupied by the particle orbits. ( f )  Magnet sector with 
forward or positive field; ( r )  magnet sector with reversed or negative field; ( c )  betatron 
core; ( i)  injector; (m)  pump manifold. 

nitude of field strength prevails in the 
positive and negative sectors, p = r/C. 
In  linear approximation the radial and 
axial oscillations in such structures can 
then be expressed reasonably accurately, 
when the number of sectors is large, by 
the equations 

where s denotes arc length along a refer- 
ence circle of radius r, the upper and 
lower signs refer, respectively, to the 
sectors of positive and negative field, and 
centrifugal effects have been neglected 
since we assume that k C B  1. These 
equations may be solved by the aid of the 
matrix methods that are customarily 
employed in analysis of alternating-grad- 
ient focusing. If the phase change per 
sector for the radial oscillations and the 
corresponding phase change for the axial 
oscillations are permitted to assume 
widely different values, lying near the 
upper and lower limits of the stable 
range, a design with C as low as 5 may 
be feasible. A more accurate calculation 
must, of course, take account of the edge 
effects that arise at the sector boundaries 
and would involve an expansion about 
an equilibrium orbit which, accordingly, 
must be determined first. For a complete 
account of the motion, the effect of non- 
linear terms would also have to be in- 
cluded. 

Attention is directed to the important 

scaling property of the orbits in this ac- 
celerator. Possible orbits of particles of 
different energies, or momenta, are scaled 
replicas of each other. In  consequence, 
the frequencies of the oscillations will be 
independent of energy, and harmful res- 
onances may be avoided at all energies 
by a consistent design. The momentum 
content is represented by p a rk+l, so 
that the momentum compaction factor a 
is given by 

and can be either positive or negative in 
a reversed-field accelerator. 

A small working model of a reversed- 
field FFAG accelerator has been put into 
operation (7 ) .  This model, shown in Fig. 
2, employs eight sectors of positive field 
and eight shorter sectors of negative field. 
Electrons are accelerated, at present by 
betatron action, from 25 kev to 400 kev. 
Tuning controls have been provided for 
the model, so that various oscillation fre- 
quencies can be produced. These fre- 
quencies can be measured accurately by 
a radio-frequency knock-out technique 
(8) and the effect of certain resonances 
on the beam noted. The model affords 
an opportunity to study operation with 
a high duty factor, as is possible in FFAG 
accelerators employing betatron acceler- 
ation. Radio-frequency acceleration 
methods will also be investigated. 

Possible parameters for a large-scale 
reversed-field FFAG accelerator for the 
production of 10 Bev protons have been 
examined. Although such a machine 
would be expected to have many desir- 
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able characteristics, the large magnet 
tnass and p o ~ t e r  requirements direct in- 
terest to other FFXG designs of smaller 
circu~nfcrcnce factor. By virtue of its 
essential sin~plicity, hotvever, the re-
v~rsed-field type may rc~naiil of interest 
for accelerators of l o ~ t  or intermediate 
energy, especially if a hiqh duty factor 
can be clEciently realized with betatron 
acceleration. 

Spiral-Sector Design 

T o  avoid t h ~  considerable circ~1mfr.r- 
cnce required for a reversed-field FFAG 
accelerator, an alternative arrangement 
has been suggested by 1).W. Kcrst and 
o t h ~ r s  of the Midwestern Universities 
Research Association ( M U R A )  group in 
which the alternating-gradient action is 
provided by a smaller but more rapid 
spatial variation of the field, the field 
being alternatively high and lotv along 
spiral curves tvhich all particles ntust 
cross. Illustrative of the type of field pres- 
ent in the median plane of such a struc- 
ture, one may take 

From this expression it is seen that N is 
the number of spiraling ridges passed 
over by a particle in going around the 
machine once. The coefficient f is the 
fractional flutter in the magnetic field 
owing to the ridges. Finally, if the radial 
width of the annulus is small in compar- 
ison with the outer radius, 70, A -- 2 x 7 , ~  
is substantiallv the radial scuaration of 
the ridges. The  exponent k is taken to be 
positive. 

In  the spiral-sector design, as in the 
radial-sector case, the fields and the 
orbits satisfy the scaling condition. In  
passing from one energy to another, there 
is, however, a ~ o t a t i o nof the geometri- 
cally similar orbits, which presents com- 
plications if one wishes to introduce 
straight-sections (field-free regions) 
whose boundaries extend radiallv from 
the central axis of the machine. 

The equilibrium orbit in the spiral-
sector machine departs from a circle by 
an amount that affects significantly the 
character of the small-amplitude oscil- 
lations. For analytic work (9)  it is appro- 
priate to expand the equations of motion 
about the scalloped equilibrium orbit. In  
terms of cylindrical coordinates (r,  z,0) 
.I\ e introduce the notation 

= N Q  - ln ( 7 d 7 0 )w 
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and choose 7 ,  so that the dimensionless 
variable x will be small. The  forced 
motion that produces the noncircular 
eq~~i l ibr iumorbit is found to be quite 
well represented by 

x + = - i sin A'B 
AT-- (kt1 )  

and the linearized cquations describing 
small-amplitude oscillations are rcpre-
scnted by Hill cquations of substantially 
the follo~ving form: 

U" t (a i r-'-b,r cos A'B t c,, cos 2NB) u 1- 0 

Nonlinear tcrrns in the cquations of 
motion can also be obtained. 

The frequencies and other character- 
istics of the oscillations characterized by 
the foregoing linear equations can be ob- 
tained by the use of tables prepared ~ t i t h  
the aid of the electronic digital computer 
of the Graduate College of the Univcr- 
sitv of Illinois f ILLIAC i. IJseful oricn- 
tation is provided, however, by uriting 
the frequencies that are given by a simple 
approximate solution ( 1 0 ), ignoring the 
relatively small effect of the terms involv- 
ing cos 2NB and taking N 2 B k i-I : 

I t  is thus seen that the frequency of the 
free radial oscillations is substantially de- 
termined by the exponent k characteri7-
ing the radial increase of average field 
strength, so that k + 1 must be positive, 
and that axial stability may be obtained 
if the term (f/wAr)Gs sufficiently large 
to dominate - k. The  stability region for 
the small-amplitude oscillations repre-
sented by the Will equations cited has 
been mapped by aid of the I1,LIAC 
tables and is depicted in Fig. 3. 

The  nonlinearities associated rvith 
large-amplitude motion in the spiral-
sector accelerator make the use of auto-
matic digital computation particularly 
helpful in trajectory studies. Results per- 
taining to motion with 1 degree of free- 
dom are appropriately and conveniently 

represented by phasc plots that depict 
the position and associated ~nomcntum 
of a particlc as it progresses through suc- 
cessive "sectors" (periods of the struc-
ture) from one ho~nologous point to an- 
other (Fig. 4 ) .  For small-amplitude 
motion, the particle is represented by a 
point that moves around an elliptical 
curve in phase space, while, with larger 
amplitudes, curves departing from the 
elliptical shape may be followed. At 
still larger amplitudes, unstable fixed 
points-representing an unstable equilib- 
rium orbit-make their appearance. As- 
sociated with the unstablc fixed points, 
one finds a scparatrix, constituting ail 
effective stability limit to the motion, 
rthich in the majority or cases the 
ILLIAC results depict as a sharp boun- 
dary and outside of ~thich it is frequently 
possible to draw the initial portion of 
unstablc phase curves. 

Because of the nonlinear character of 
the oscillations, it is not surprising ( I I .  
12) that the permissible an~plitrlde of 
oscillation i i  much curtailed if 0, the 
phasc change per sector, lies near 2 ~ / 3  
or 2x/4. I t  has, in fact, also been found 
(13) that the amplitude limit is reducccl, 

Fiq. 3. First stability region (0 < o = 
2rcv/N < G )  for small-amplitude oscilla- 
tions in spiral-sector FFAG accelerators. 
The curves are calculatcd for the case 
k B 1 and are believed to be the most ac- 
curate for ordinates less than '/3. When the 
condition k 1 is not satisfied, the diagram 
can best be used by entering at the point 
(k/N"//wA") and proceeding up a curve 
of constant au until an abscissa of 
( kf 1) / N is reached. 



although not to zero, for a =  2;r/5. For 
cases in which ox is near 2 ~ / 3 ,the limit 
of radial stability is characteriled by the 
appearance of three unstable fixed points. 
I n  this case, an examination of the non-
linear differential equation for the tra-
jectory permits a rough estimate to be 
made of the limiting amplitude (14) : 

I t  may be noted that, since the oscilla-
tion frequencies are essentially deter-
mined by k and f/wN, this formula sug-
gests that a desirable increase of stable 
amplitude might be expected if f and zu 
were each increased by the same factor. 

Introduction of axial motion into a 
study of spiral-sector accelerators pro-
duces complications for all but the small. 
est amplitude oscillations, since there is 
coupling between this motion and that 
occurring in the radial direction. Surveys 
can bc made, however, to determine the 
initial conditions that appear to exhibit 
short-time stability. I n  typical cases the 
permissible amplitude for axial motion 
appears to be materially smaller, possibly 
by a factor of 5, that is allowable for the 
radial motion. When oscillations in 2 
degrees of freedom are treated, the char-
acteristics of the axial motion and in-
ferences concerning stability Iimits are 
materially affected by proximity to cer-
tain coupling resonances, notably those 
for which a$= 2av, ox + 2 a v =  2 r r ,  or 
2033 + 2011 = ~ J T .Near such resonances the 
amplitude of axial motion exhibits an 
exponential increase, over a considerable 
amplitude range, the rate of growth being 
the greater, the more the radial ampli-

tude exceeds a certain threshold value. 
and the closer one is to the resonance in 
question. Some quantitative success in 
accounting for the growth of axial ampli-
tude can be obtained by treating the dif-
ferential equation for the axial motion 
as linear and inserting a prescribed ex-
pression for the radial oscillations into 
certain coupling terms that are linear in 
the axial coordinate. 

I n  an actual accelerator, the N indi-
vidual sectors will not be exactlv identi-
cal, owing to the presence of unavoidable 
small differences in construction, excita-
tion, or alignment. The basic period of 
the structure will thus be strictly N sec-
tors, representing the machine as a whole, 
and additional resonances based on 
values of Na  may be of importance. 
Computational study of the effect of real-
istic misalignments can be very informa-
tive prior to the fixing of specifications 
of a proposed machine. By way of exam-
ple, studies of a proposed five-sector 
model ( V X  -= 1.41, YU = 0.87) indicated 
that an axial displacement of one sector 
by 1/300 of the radius effected a reduc-
tion of the stable radial and axial ampli-
tudes by factors of about 2 and 3, respec-
tively. 

Separated-Sector Modification 

I n  the spiral-sector accelerator dis-
cussed in the foregoing paragraphs, an 
unnecessary and probably undesirable 
limitation was introduced by requiring 
that the field in the median plane have 
a precisely sinusoidal variation. The aper-
ture that is magnetostatically possible is 

SEPARATED 
SECTORS-

POLE FACE 
WINDINGS 

I 

Fig. 5. Pole configuration illustrative of 
the separated-sector modification of a 
spiral-sector magnet. The currents carried 
by the pole-face windings are instrumental 
in achieving the rk dependence of the 
magnetic field. 

severely limited (151, e~peclallyif f dif-
fers markedly from the value %. I n  ad-
dition, the angle t a r a  N w  of the ridges 
(measured with respect to a reference 
circle) mav be inconvenientlv small in a, , 
large machine, and a convenient con-
struction may be difficult to realize. At-
tention is accordingly directed to struc-
tures involving separated polcs (Fig. 5 ) , 
a design that affords improved accessi-
bility to the vacuum chamber and beam, 
easy realization of a more generous mag-
net gap, a considerably higher value for 
the root-mean-square field flutter, and a 
corresponding increase of the ppiral 
angle. In  this design it would be impor-
tant to retain the scaling feature of the 
field and to take note of the high-order 
Fourier components that some pole con-
figurations may introduce into the field. 
Retention of the scaling requirement 
makes it possible to solve the magneto-
static problem, \vhich is defined by a 
specified pole contour, by relaxation 
methods on a lwo-dimensional grid which 
represents variables conveniently taken as 

x DENOTES STABLE FIXED POINT 

DENOTES UNSTABLE FIXED POINT 

Fig. 4. Phase plot representing radial motion, at NO = 0 mod. 23, in a spiral-sector FFAG 
accelerator. The machine parameters are those of a proposed modei, for which k :--0.8, 
1 /w  -- 23.0, f = 1/4, and N r-:5. In this case as is close to 0 . 5 7 1 ~for small-amplitude motion. 
The value of does not change greatly with increasing amplitude, and it is noteworthy 
that ultimately seven unstable fixed points make their appearance in this particular 
example. 

The result of such computations may 
then be stored, again on a two-dimen-
sional grid, for use in trajectory computa-
tions (16) .  

Plans are being completed for the con-
struction, a t  the University of Illinois, of 
electron models that will provide experi-
ence pertaining to spiral-sector and sepa-
rated-sector FFAG accelerators. These 
models will be similar in size to the re-
xrersed-field model mentioned in a pre-
vious section and lilcewise will employ 
betatron acceleration in the initial tests. 
Provisional designs of a large-scale ma-
chine have been attempted. Jt  has been 
estimated that a separated-sector PFAG 
magnet for the production of 15-Bev 
protons would weigh about 12,000 tons 
and consume some 5 rne~awattsof elec-
tric power. This estimated magnet \\eight 
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is intermediate between estimates that 
one would rnake for reversed-field and 
spiral-sector magnets, for which the esti- 
mated weights would be roughly 3 times 
greater or one-third as great, respectively. 
Although such a separated-sector struc- 
ture may be some 6 times as rnassive as 
a pulsed accelerator of the same design 
energy, it may be felt that this feature is 
compensated to a considerable degree by 
the many simplifications which a direct- 
current design affords and that, as will 
be emphasized in a subsequent section, 
the increased freedom in detailed accel- 
eration methods may permit a very sig- 
nificant increase of intensity. 

Cyclotrons 

I t  is attractive to consider the possible 
applicability of a spiral field variation to 
continuous-wave cyclotrons, as a general- 
ization of the early suggestions of Thomas 
(5 ) ,in the interests of increasing the at- 
tainable energy. If, to permit continu-
ous-wave operation, the frequency of 
revolution is to be independent of particle 
energy, the field index k that character- 
izes (differentially) the radial increase of 
the average field must satisfy the relation- 
ship 

where E and E, are, respectively, the 
total energy and the rest energy of the 
particle. In  a cyclotron, therefore, k 
must increase with energy, the oscilla-
tions will not satisfy the scaling require- 
ment, and the possibility of encountering 
dangerous resonances during the acceler- 
ation process must be carefully consid- 
ered. If we regard the relationship 
vr = [k  + 1]'%s sufficiently accurate for 
the present purpose, then v z  =E/E,, the 
first half-integral and integral machine 
resonances for the radial motion (YX = 
3/2 and v~ = 2) would be encountered at 
kinetic energies of %E, and E,, respec-
tively ( 1 7 ) , and the o~= 2n/3 inherent 
resonance at  [N/3 - 1]E,. The design of 
FFAG cyclotrons is currently being pur- 
sued by a number of groups, and design 
modifications that hold the promise of 
amelioratinq the foregoing difficulties 
are being explored. 

Acceleration Methods 

In small-size annular accelerators that 
employ the FFAG principle, the use of 
betatron acceleration is highly attractive 
from the standpoint of intensity. If 
charged particles are injected into the 
gap of the fixed-field magnet during a 
substantial portion of the time the cen- 
tral flux is rising, they may be accelerated 
and arrive at  the target with full energy 
so long as the flux continues to rise (Fig. 
6 ) .  If the total change of flux within the 

core is twice that required to accelerate 
the beam from the low to the high mag- 
netic-field region, the duty cycle would 
approach 25 percent. 

For larger machines, radio-frequency 
acceleration methods would appear to be 
more practicable. The lack of depend-
ence oh a fixed magnet excitation cycle 
may permit in the FFAG accelerators a 
more rapid recycling of the radio-fre-
quency program and a desirable flexibil- 
ity in the design of this program. In  
analyzing the synchrotron motion, it is 
noteworthy that, in distinction to pulsed 
machines, the orbit radius and revolution 
frequency are a function only of the par- 
ticle energy rather than of energy and 
time. T o  study in detail the effects of 
radio-frequency handling systems, it is 
helpful to employ a Hamiltonian theory 
for the synchrotron oscillations, in order 
that general theorems such as that of 
Liouville may be brought to bear on the 
problem. With o(E)denoting 2n times 
the revolution frequency of the particle 
and E the energy, suitable canonical co-
ordinates are the electric phase-angle 4~ 
lvith which the particle crosses the ac-
celeration gap and the quantity w,  re-
lated to energy, defined as 

For a singlp cavity of peak voltage V, fre-

quency v/2n, and operating at the hth 

harmonic of the nominal particle fre-

quency, the equations characterizing the 

synchrotron motion can then be derived 

from the Hamiltonian expression 


%j= Vcos @ ~ - ~ J C [ V W - I Z E ( W ) ]  

in which V and v are specified functions 

of time. 


T o  avoid the large frequency swing-- 

perhaps as great as a factor of 11-~vhicl~ 

would be required to carry a proton from 

its initial to its final energy in a single 

modulation cycle, it is attractive to think 

of raising the particle energy in a series 


Fig. 6. Operation cycle of a FFAG beta- 
tron with a high duty factor. 

of steps, each involving a comparatively 
small amount of frequency modulation. 
Such an arrangement provides a sort of 
"bucket-lift" process whereby groups of 
particles are simultaneously and progres- 
sively accelerated by means of a single 
radio-frequency source whose frequency 
is successively a smaller multiple of the 
increasing revolution frequency of the 
particle. If one commences with an os- 
cillator frequency that is s .  pM times the 
rotatioil frequency of the injected par-
ticle and modulates by a factor p / q ,  
the particle frequency is raised by this 
factor and the particle may be further 
accelerated in the s .  q . p b l - I  harmonic 
during the next frequency-modulation 
cycle. The modulation cycle may thus be 
employed by the particle some M-i- I. 
times, as it progresses to higher energies, 
before synchronism is lost. The modula- 
tion factor p /q  could be 3/2, for ex-
ample, and a factor 2/1 might be partic- 
ularly suitable. 

If one thinks of using a bucket-lift 
process to stack particles at some inter- 
mediate energy prior to a final accelera- 
tion of the accumulated group by a sec- 
ond radio-frequency system, conservation 
of area in (P,w) phase space tells us 
that the particles in successive buckets 
cannot be superposed exactly. Physi-
cally speaking, one group is slightly dis- 
turbed and displaced by the oscillator 
when it brings up a later group. This 
displacement has been studied cornputa- 
tionally and is not sufficient to preclude 
the practicality of stacking a number of 
grc-ups in a region of synchrotron phase 
space sufficiently limited that a second 
radio-frequency system could then ac-
commodate them all. 

For efficient stacking, it is of interest 
to ascertain the number of buckets that 
may be brought up empty at the end of 
the process. If q - 1 and p = 2, and if 
particles are injected only once per fre- 
quency-modulation cycle, the number of 
such empty buckets may readily be 
shown to be s, but these extra buckets 
can presumably be used with a conse-
quent increase of intensity by more fre- 
quent injection. 

There are several variants of this 
bucket-lift arrangement, which may pre- 
sent advantages chiefly of convenience. 
Il'ith an u~tscheduledbucket lift, parti- 
cles not caught in a bucket a t  the on5et 
of a particular frequency-modulation 
cycle will usually be displaced downward 
in enprgy by a passing bucket, but \\.ill 
be caught on occasional frequency-modu- 
lation cycles and in the end may be car- 
ried up in energy. The use of a com-
pletely stochastic acceleration method 
has been discussed in a Soviet paper (18) 
and shown to lead to acceleration of 
some particles by a sort of random-walk 
process. 

I t  seems clear that the flexibility that 
fixed-field accelerators permit in regard 
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to design of particle-handling methods 
offers many promising possibilities. These 
possibilities are being further studied 
within the MURtZ group, chiefly by 
A. M. Sessler and K. R. Symon, both 
analytically and with the aid of digital 
computation. As a related endeavor, t h ~  
characteristics of mechanically modu-
lated radio-frequency cavities are being 
studied by Zaffarano and his associates 
at  Iowa State College. The accumulation 
of intense beams within an accelerator 
or in adjacent storage rings ( 1 9 ) , by a 
suitable stacking process may open the 
door to study of a new field of high-
energy physics. 

Intersecting-Beam Accelerators 

JYith the possibility in sight of attain- 
ing beam intensitles higher than have 
been possible heretofore, the opportunity 
arises (20)  of studying high-energy par- 
ticle interactions by directing one beam 
against another (Fig. 7 ) .  The outstlnd- 
ing advantage of such a system .ruould be 
the largc increase of effective center-of- 
mass energy which could be reached In 
this way. If two beams, each of energy 
El, arc directed against each other, the 
total energy is, of course, EC\I= ZE,. In  
contrast, a single beani of energy Elf 
(ncasured in units of the rest energy) 
directed against a stationary target makes 
available a center-of-mass energy that 
is approxi~natcly ECM= (ZE,') " for 
ElY I. Thus two 15-Bev proton beams, 
oppositely directed, arc equivalent to a 
sing.1~ bca~n  of 500 Bcv directed aminst " " 
a stationary target, and two 2 1.6-Bcv ac- 
celerators ~voulcl be equivalent to one 
machine of 1 Tev ( 1012 C V )  . 

In  estimating the practicality of inter- 
secting-beam accelerators, one must, of 
course, judge whether it is feasible to 
produce bcani intensities that will result 
in a suficiency large reaction rate. The 
interactions of interest must, moreover, 
be studied in the presence of background 
radiation produced by the individual 
bca~ns and will bear a more favorable 
ratio to the background the greater the 
density of intersecting particles. I n  this 
regard, however, it may be noted that the 
background radiations will be confined 
to directions differing little from the 
beam direction, while the reactions of 
interest will be essentially isotropic in 
the laboratory system. The background 
and beam survival ~vill be directly de-
pendent on the degree of vacuum that 
can be maintained in the svsteni: hence. 
recent developments for the realization 
of high pumping speeds (21) ancl the 
measurement of high vacuums (22) will 
be of i~nportance. The additional focus- 
ing or defocusing effects that arise from 
pace-charge forces, possibly modified by 

the effect of any electrons that may be 
captured by the beam, and the difficul- 

Fig. 7. Schematic method of effecting the 
intersection of high-energy bearns. In the 
case illustrated, the individual accelerators 
ale considered to be of the separated-ser- 
tor type. 

ties of handling safely a concentrated 
beam that may possess an energy of i 
megajoule will also require careful at- 
tention. 

The intensities that one may be able 
to build up will certainly depend on the 
efficiency of stacking ancl on the ingenu- 
ity employed in the injection process. ill- 
though these techniques may be devel- 
oped ancl imploved as experience is 
gained with completed FFAG acceler-
ators, an upper limit to the particle den- 
sity in a stacked beani is i~nposcdby 
Liouville's theorem. In regard to this 
limitation, we Inay estimate the number 
of injected pulses that theoretically could 
be assernbled, after acceleration, in a 
region of reasonabl) small cross-sectional 
area. JVith respect to the energy spread 
arsociatcd with the motion in synchro- 
tron phase space, we may consider the 
fate of particles injected with an energy 
spread AE,, assuming for simplicity that 
synchrotron ancl betatron phase space are 
separately conserved. If the most efficient 
particle-handling system is used, the 
number of pulses that can be contained 
~vithin a region AE, in energy at the 
completion of the acceleration process 
is 

for A@ constant, since the area in phase 
space is A@,AE,/o, = n,A@,AE,/cu,. 
The quantity AE, in turn may be ex-

pressed conveniently in terms of the as- 
sociated radial spread of the beam 

ultrarelativistically. Thus, if k + 1= 100, 
E2=15 x lo9 ev, Ar2=0.5 crn, T , =  lo4 
crn, w,/ro, = 11, and RE, = 4  x lo3 ev, 
we find that AE, = 7.5 x lo7 ev and np = 
1700 particle pulses. 

Similarly, in regard to the phase <pace 
for betatron oscillations. if the iniector 
is imagined to scan the aperture, the 
number of horizontal and vertical scans 
that theoretically could be accommo-
dated can be written 

where 'PI,Yg denote the angular spread 
of the injected beam, fi-~,i relate thr f ~ 

angular and linear displacements cxpc-
rienccd during the course of a betatron 
oscillation ( Ar = r [ L Y z ) ,  and the rno-
nientuni ratio p Z / p l  accounts for the 
adiabatic damping of the oscillations. Ac- 
cordingly, approxi~nating B L  u by ~ / Y X  21, 

If .rue no\\ substitute fi,/fi, = 100, "2. = 10, 
vn,= 5, r ,  = 10Qni, Ar, = Az, =0 5 cni, 
and %Ar, = YuAz, = 0.5 x 1 0 ~radian 
a n ,  we find that n-Lnu= 1250. 

This large value for the theoretically 
admissible number of scans implies a 
very complex scanning procedure and 
suggests that an injector \\it11 a much 
larger bcani spread and correspondingly 
higher current would be desirable (23) .  

On the basis of the considerations of 
the preceding paragraphs, one would 
estimate that a 1-~nillianipere injector 
would permit the accumulation of 

particles within a tube of about 1 square 
centimeter cross-sectional area. If we esti- 
mate that .rue actually may have 1/600 
as large a beam as this, or 5 x 1014 par- 
ticles circulating in each machine, some 
lo7 interactions per second (proportional 
to NP,) may be expected to be produced 
in an interaction region that is I meter in 
length (20) .  JYith a vacuum of the orclo 
of 10-"im-Hg of nitrogen gas, the back- 
ground produced in this target volurne 
may be expected to be larger by about 
one order of magnitude, but, as is pointed 
out previously, the background radiations 
will be confined primarily to the median 
plane. Interaction with the residual gas 
also has the effect of limiting the beani 
life, possibly to a time not much longer 
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than 1000 seconds in the present ex-
ample, so that groups of particles must 
be injected to replenish the beam at  a 
rate not less than the reasonable value 
of one group per second. 

I t  is the hope of the MURA group 
that further theoretical and cxperin~ental 
work will lead to the design and con-
~truction of models that will perinit test- 
ing means for efficient pa r t i~ le  accelrra- 
tion, the investigation of high-current 
beams, and the eventual realization of a 
research machine that will take full ad- 
vantage of the benefits to be derived fiom 
the FFAG principle. 
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uhenornena for their own sake. Sound 
waves of all frequencies were shown to 
be useful as a tool in a variety of iechni- 
ral fields quite remote from the custo- 
mary domain of classical acoustics. 

IZIany participants in these sessions 
came from industrial laboratories or en- 
,gineeririg centers, and it was apparent 
froin the discussions that a new area of 
technology, based on the use of sound 
waves, is taking shape. About 2 years 
ago, R. H. Bolt of M.I.T. and I coined 
the tern1 sonics for this new technology, 
which encompasses the analysis, testing, 
and processing of materials and products 
by the use of mechanical vibrating en-
ergy. The  particular frequency that is 
best suited for a given task is determined 
t)y the special requirements and limita- 
tions of the task. All applications of son- 
i c ~ ,however, are based on the same physi- 
cal principles, and the relation of the 
frequency used to the range of audibility 
for man's ear is irrelevant froin this 
point of view. 

The  author is on the staff of the Acoustics Labo- 

ratory a t  Massachusetts Institute of Technology. 


Recently an impressive gathering of 
acoustical scientists and engineers took 
place in Cambridge, Massachusetts. From 
18 to 23 June, inore than 800 experts 
iron1 approximately 20 nntions met a t  
Massachusetts Institute of Technology 
and Harvard University to participate in 
the second International Congress on 
~\coustics. Five main themes had been se-
lected for the technical program to rep- 
resent the major fields of current activity 

T. F.Hueter 

in acoustics. Most of these dealt with 
tnore or less familiar problems, such as 
speech and hearing, sound reproduction 
and recording, noise control, and wave 
propagation. A group of five technical 
sessions, however, comprising about 50 
papers, appeared under the collective 
heading of "Sonics." Most of these pa- 
pers had \.cry practical implications, the 
accent being on techniques and applica- 
tions rather than on studies of acoustic 
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