
Elementary Theory of the Chain-reacting Pile 


THE RESULTS AND THE METHODS DIS- 
CUSSED in the following outline of the theory 
of a chain-reacting pile working with natural 

uranium and graphite have been obtained partly inde- 
pendently and partly in collaboration by many people 
who participated in the early development work on the 
chain reaction. Very important contributions to the 
theoretical ideas were given by Szilard and Wigner. 
Many physicists contributed experimental results that 
helped to lead the way, among them, H. L. Anderson and 
W. H. Zinn, first a t  Columbia University and later a t  the 
Metallurgical Laboratory of the University of Chicago; 
R. R. Wilson and E. Creutz, a t  Princeton; and Allison, 
Whitaker, and V. C. Wilson, a t  the University of Chi- 
cago. The production of the chain reaction was finally 
achieved in the Metallurgical Laboratory directed by 
A. H. Compton. 

We consider a, mass, "the pile," containing uranium 
spread in some suitable arrangement throughout a block 
of graphite. Whenever a fission takes place in this 
system, an average number (v) of neutrons is emitted with 
a continuous distribution of energy of the order of mag- 
nitude of 1,000,000 EV. After a neutron is emitted, its 
energy decreases by elastic collisions with the atoms of 
carbon and to some extent also by inelastic collisions with 
the uranium atoms. In  the majority of cases the neu- 
trons will be slowed down to thermal energies. This 
process requires about 100 collisions with carbon atoms. 
After the energy of the neutron is reduced to thermal 
value, the neutron keeps on diffusing until it  is finally 
absorbed. In several cases, however, it will happen that 
the neutron is absorbed before the slowing-down process 
is completed. 

The neutron may be absorbed by either the carbon or 
the uranium. The absorption cross-section of carbon 
for neutrons of thermal energy is quite small, its value 
being approximately ,005 X c m . 2  For graphite of 
density 1.6, this corresponds to a mean free path for 
absomtion of about 25 m. It is believed that the absorp- 
tion cross-section follows the l / v  law, and consequently 
the absorption cross-section, which is already quite small 
a t  thermal energies, becomes practically negligible for 
neutrons of higher energy. I t  is therefore a sufficiently 
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good approximation to assume that absorption by carbon 
during the slowing-down process can be neglected. 

The absorption of a neutron by uranium may lead 
either to fission or to absorption by a (n, y) process. We 
shall refer to this last possibility as the process of reso- 
nance absorption. The relative importance of fission and 
resonance absorption in the different energy intervals is 
not the same. In  this respect we can consider roughly 
three intervals: 

(1) Neutrons with energy above the fission threshold 
of Uas-We can call these conventionally "fast neu-
trons." For fast neutrons the most important absorp- 
tion process is fission, which normally takes place in the 
abundant isotope U2S8. Resonance absorption is smaller 
but not negligible. 

(2) Neutrons of energy below the fission threshold of 
U2@ and above thermal energy-We shall refer to these 
neutrons as "epithermal neutrons." For --epithermal 
neutrons the most important absorption process is the 
resonance capture. The cross-section for this process 
as a function of energy is quite irregular and presents a 
large number of resonance maxima that can be fairly well 
represented by the Breit-Wigner theory. In practical 
cases the resonance absorption becomes important for 
neutron energy below about 10,000 EV and increases as 
the energy of the neutrons decreases. 

(3) Neutrons having thermal agitation energy or 
"thermal neutronsn-For thermal neutrons both the reso- 
nance and fission absorption processes are important. 
In this energy range both cross-sections follow approxi- 
mately the l / v  law, and therefore their relative impor- 
tance becomes practically independent of the energy. 
Let ot and U, be the cross-sections for fission and reso- 
nance absorption for neutrons of energy kT, and 7 be the 
average number of neutrons emitted when a thermal 
neutron is absorbed by uranium. Then q differs from V, 

since only the fraction u~/(c ,  + ~ f )of all the thermal 
neutrons absorbed by uranium produces a fission. It is, 
therefore, 

The preceding discussion leads one to conclude that 
only a fraction of the original fast neutrons produced will 
end up by producing a fission process. For systems of 
finite size, further losses of neutrons will be expected by 
leakage qutside the 

~ i i i ~ ~~ourselves for the ~ present to systems of prac-
tically infinite dimensions, we shall call P the probability b ~ ~ ~ ~ ~ . 
that a fast neutron ultimately is absorbed by the fission 



process. The average number of neutrons produced in 
the "second generhtion" by the first neutron will then be 

k = Pv. (2) 

Usually, k is called the "reproduction factor" of the sys- 
tem. A self-sustaining chain reaction evidently is pos- 
.sible only when k > 1. If this is thk case, the reaction 
actually will take place provided the leakage loss of neu- 
trons is sufficiently small. This, of course, can always 
be achieved if the size of the pile is large enough. 

When a fast neutron is first emitted in our pile, the 
following events may take place: 

(1) There is a small probability that the neutron will 
be absorbed by uranium before its energy has been appre- 
ciably decreased. If this is the case, the absorption leads 
often to fission of U238. The probability of such fast 
fissions, however, is usually only a few per cent. Indeed, 
if the system contains little uranium and a large amount 
of carbon, the elastic collisions with carbon tend to reduce 
the energy very rapidly to a value below the fission 
threshold of U238. If, on the other hand, the system is 
very rich in uranium, the inelastic collision processes 
become very probable and rapidly reduce the energy of 
the original fast neutron to a fairly low value before it has 
a chance to produce a fission in U238. 

(2) In the large majority of the cases, therefore, the 
neutron is not absorbed as a fast neutron and rapidly 
loses its energy, mostly due to collision against the carbon 
atoms. One can prove in an elementary way that it 
takes about 6.3 collisions against the carbon atoms to 
reduce the energy by an average factor of e. Conse-
quently, it will take about 14.6 collisions in order to 
reduce the energy by a factor of 10, and about 110 colli- 
sions to reduce the energy from 1,000,000 EV to the 
thermal energy value of 1/40 v. While this slowing- 
down process is in progress, the neutron may be absorbed 
by the resonance process in uranium. We shall call p 
the probability that a neutron is not absorbed before 
reaching thermal energy. One of the most important 
factors in designing a pile consists in trying to minimize 
the probability that neutrons are removed from the sys- 
tem by resonance absorption during the slowing down. 

(3) If the neutron is not absorbed during the slowing- 
down process, it eventually reaches thermal energy and 
ultimately will be absorbed by either uranium or carbon. 
If uranium and carbon were mixed uniformly, the prob- 
ability for these two events would be in the ratio of the 
absorption cross-sections of uranium and carbon for ther- 
mal neutrons multiplied by the atomic concentrations of 
the two elements. Since actually the mixture is not 
uniform, this is only approximately true. We shall call f 
the probability that a thermal neutron is absorbed by 
uranium. In designing a chain-reacting pile one will 

normally try to adjust things so as to have both f and # 
as large as possible. Unfortunately, the two require- 
ments are contradictory, because in order to make f large, 
one shall try to build a system very rich in uranium in 
order to reduce the probability of absorption of thermal 
neutrons by carbon. On the other hand, in a system 
containing a relatively small amount of carbon the slow- 
ing-down process will be relatively slow, and consequently 
the probability of resonance absorption during the slow- 
ing down will be large. 

I t  is clear, therefore, that one shall have to conciliate 
two opposite requirements by finding an optimum value 
for the ratio of uranium to carbon. 

In  a homogeneous mixture of uranium and carbon the 
values off and p depend only on the relative concentra- 
tions of the two elements, If we do not restrict our-
selves, however, to homogeneous mixtures only, one can 
try to obtain a more favorable situation by proper ar- 
rangement of the geometrical distribution of the two 
components. This actually is possible to a considerable 
extent, because of the following circumstances. The 
resonance absorption which is responsible for the loss of 
neutrons during the slowing down has very sharp cross- 
section maxima of the Breit-Wigner type. Therefore, 
if the uranium, instead of being spread through the 
graphite mass, is concentrated in rather sizable lumps, we 
will expect that the uranium in the interior of a lump will 
be shielded by a thin surface layer from the action of neu- 
trons with energy close to a resonancemaximum. There-
fore, the resonance absorption of a uranium atom inside 
the lump will be much less than it would be for an isolated 
atom. Of course, self-absorption in a lump reduces not 
only the resonance absorption but also the thermal ab- 
sorption of uranium. One can expect theoretically, 
however, and experiment has confirmed, that a t  least up 
to a certain size of lumps the gain obtained by reducing 
the resonance loss of neutrons overbalances by a con-
siderable amount the loss due to a lesser absorption of 
thermal neutrons. 

The typical structure of a pile is a lattice of uranium 
lumps embedded in a matrix of graphite. The lattice 
may be, for example, a cubic lattice of lumps or a lattice 
of rods of uranium. This latter arrangement is slightly 
less efficient from the point of view of the neutron absorp- 
tion balance but often presents some practical advan- 
tages, since it makes easier the removal of the heat pro- 
duced by the pile. In  the present discussion we shall 
consider only lattices of lumps. 

I t  is useful to give some typical figures for the prob- 
abilities of the various absorption processes. These prob- 
abilities, of course, are not constant but depend on the 
details of the structure of the lattice. Average figures 
for a good lattice will be given as an example. When a 
neutron is first produced by a fission taking place in a 
lump of uranium, it may have a probability of the order 
of 3 per cent of being absorbed, 'giving rise to fission 



before loosing any appreciable amount of energy. In 97 
per cent of the cases when this does not happen the 
neutron will initiate its slowing-down process, and it may 
-either be absorbed by the resonance process during the 
slowing down or reach thermal energy. The probability 
of resonance absorption during the slowing down may be 
,of the order of 10 per cent, so that 87 per cent of the 
original neutrons will be slowed down to thermal ener- 
gies. Of these, perhaps 10 per cent may be absorbed by 
carbon and the remaining 77 per cent by uranium. If we 
assume for the purpose of example that v = 2, we shall 
have in one generation the processes summarized in 
Table 1. For the example given, the reproduction factor 
will be, therefore, 

Consequently, a lattice of the type described would have 
a reproduction factor larger than 1, provided q is larger 
than 1.22. 

In  order to evaluate the reproduction factor one must 

TABLE 1 

1 / ,.,...,-, -.I Neutrons 

3 Fast fission 2 .06 
10 Resonance absorption 0 0 
I0 Absorption by carbon 0 0 
77 Absorption by uranium a t  ther- 7 . 7 7  n 

ma1 energies 

be able to calculate the probabilities for the various proc- 
esses mentioned. Some points of view which nlay be 
used in the practical calculation will be indicated briefly. 

The value of this quantity is very easily calculable for 
a very small lump of uranium. In  this case it is obvi- 
ously given by 

where UF is the average value of the fission cross-section 
for fission neutrons; a is the concentration of uranium 
atoms in the lump; and d is the average value of the dis- 
tance that the neutron produced in the lump must travel 
before reaching the surface of the lump. The case of a 
lump of larger size is more complicated, since then mul- 
tiple collision processes becoille important and both 
elastic and inelastic scattering play a considerable role. 
In particular, the last process for a lump of large size 
efiectively slows down the neutrons before the fission 
threshold of U238 and brings them down to an energy 

level in which they are readily absorbed by the resonance 
process. 

If we had a single atom of uranium in a graphite me-- 
dium where fast neutrons are produced and slowed down 
to thermal energy, the probability per unit time of. a 
resonance absorption process of neutrons with energy 
larger than thermal energy would be given by the follow- 
ing expression: 

where q is the number of fast neutrons entering the sys- 
tem per unit time and unit volume, h is the mean free 
path, and u(E)  is the resonance absorption cross-section 
a t  energy E. The integral must be taken between a low 
limit just above thermal energy and an upper limit equal 
to the average energy of the fission neutrons. One will 
expect that the largest contribution to the integral will 
be due to the Breit-Wigner peaks of u(E). 

The above formula would be very much in error in the 
case of a lattice of lumps. As already indicated, this is 
due to the fact that inside a lump there is an important 
self-screening effect that reduces very considerably the 
density of neutrons having energy close to a resonance 
maximum. 

The best approach to a practical solution to the prob- 
lem is therefore a direct measurement of the number of 
neutrons absorbed by resonance in lumps of uranium 
of various sizes. 

Measurements of this type have been performed first 
a t  Princeton University, and the results have been sum- 
marized in practical formulas that are used in the cal-
culations. 

If uranium and carbon were uniformly mixed, a ther- 
mal neutron would have a probability 

to be absorbed by uranium. In this f0rmu1a.N~ and Nu 
represent the numbers of atoms of carbon and of uranium 
per unit volume, and oc and ou represent the cross-sec- 
tions of carbon and uranium for thermal neutrons. 

More complicated is the case of a lattice distribution of 
lumps of uranium in graphite, since the density of ther- 
mal neutrons throughout the system is not uniform but 
is large a t  the places far from the uranium lumps and 
smaller near and inside the uranium lumps, due to the 
fact that the absorption of thermal neutrons is much 
greater in uranium than, in graphite. Let and be 
the average densities of thermal neutrons in the graphite 



and in the uranium lumps. The number of thermal 
neutrons absorbed by uranium and by carbon will be 
proportional to Nu uu & and Nc rc 6,and we will 
have, therefore, instead of Equation (6), the corrected 
formula, 

For practical purposes it is usually sufficiently accurate 
to calculate 6 and G,using the diffusion theory. The 
approximation is made to substitute the lattice cell by a 
spherical cell having volume equal to that of the actual 
cell, with the boundary condition that the radial deriva- 
tive of the density of neutrons vanishes a t  the surface of 
the sphere. It is also assumed that the number of neu- 
trons that are slowed down to thermal energies per unit 
time and unit volume is constant throughout the 
graphite part of the cell. This approximation is fairly 
correct, provided the dimensions of the cell are not too 
large. With these assumptions one finds the following 
formula for the probability, f,that thermal neutrons be 
absorbed by uranium : 

where a and @ represent the radius of the lump and the 
radius of the cell expressed taking the diffusion length 
in graphite, 1 = dW3,as unit of length. It is further 

where 7 is the reflection coefficient of the lump for thermal 
neutrons. 

The density of neutrons of any given energy in a lattice 
containing a large number of cells is a function of the posi- 
tion in the lattice. One can arrive a t  a simple mathe- 
matical description of the behavior of such a system by 
neglecting in &st approximation the local variation of 
such functions due to the periodic structure of the lattice 
and substituting for the actually inhomogeneous system 
an equivalent homogeneous system. In this section we 
shall accordingly simplify the problem by substituting 
for all densities of neutrons values obtained by averaging 
the actual values over the volume of the cell. The densi- 
ties will then be represented by smooth functions such as 
one would expect in a homogeneous uranium-graphite 
mixture. 

Let Q(x,y ,z) be the number of fast neutrons produced 
per unit time and unit volume at each position in the 

lattice. These neutrons diffuse through the mass and 
are slowed down. During this process some of the neu- 
trons are absorbed a t  resonance. Let q(x, y ,z) be the 
number of neutrons per unit time and unit volume which 
become thermal a t  the position x, y ,  z-q is called the 
"density of the nascent thermal neutrons." 

We shall assume that if an original fast neutron is gen- 
erated a t  a point, 0, the probability that it becomes ther- 
mal a t  a given place has a Gaussian distribution around 0. 
This assumption may be justified by considering that the 
diffusion process of slowing down consists of very many 
free paths. Experimentally one finds that the distribu- 
tion curve of the nascent thermal neutrons around a 
point source of fast neutrons is represented only approxi- 
mately by a Gaussian distribution, and formulas have 
been used in which the actual distribution is described 
as a superposition of two or three Gaussian curves with 
different ranges. For the purpose of the present dis- 
cussion, however, we shall take only one. For each fast 
neutron produced only 9 neutrons reach thermal energy. 
The distribution of nascent thermal neutrons produced 
by a source of strength 1, placed a t  the origin of the 
coordinate, shall then be represented by 

For graphite of density 1.6 the range, ro, is of the order of 
35 cm. The density of nascent thermal neutrons at 
point P can be expressed in terms of Q by adding up the 
contribution of all the infinitesimal sources, Q(P1)d7' 
( d ~ 'represents the volume element around the point, PI). 
We obtain in this way , 

The density, n(x,y,z), of the thermal neutrons is con-
nected to q by the differential equation, 

where is the collision mean free path of thermal neu- 
trons, v is their velocity, and A is the mean free path for 
absorption of a thermal neutron. Equation (12) is ob- 
tained by expressing a local balancing of all processes 
whereby the number of thermal neutrons a t  each place 
tends to increase or decrease. The first term represents 
the increase in number of neutrons due to diffusion ( ~ v / 3  
is the diffusion coefficient of thermal neutrons); the sec- 
ond, the loss of neutrons due to absorption; and the third, 
the effect of the nascent thermal neutrons. 

I t  should be noted that the absorption mean free path 
A in Equation (12) is much shorter than the correspond- 
ing quantity, Ao, in pure graphite. Indeed, the absorp- 



tion in a lattice is due mostly to the uranium. In first 
approximation A is given by 

~ ' ~ r a c t i c a lcases A may be of the order of magnitude of 
300 cm., whereas .Ao in graphite without uranium is 
about 2,500 cm. 

When a thermal neutron is absorbed by uranium, q new 
neutrons are produced by fission. This number should 
be increased by a few per cent in order to take into ac- 
count the effect of the small probability of fast fission. 
Let €7be the total number of fast neutrons so corrected. 

The number of thermal neutrons absorbed per unit 
vn

volume and unit time is -. Of these, the fraction f is
A 

absorbed by uranium. We have, therefore, 

v
where fl/e - represents the number of fast neutrons pro- 

A 
duced in the chain reaction process, and Qo represents 
the number of fast neutrons produced by an outside 
source if one is present. In most cases, of course, Qowill 
be equal to 0. From Equations ( l l) ,  (12), and (14) we 
can eliminate all unknowns except n, and we find 

A solution of this equation is obtained readily by develop- 
ing both Qoand rt in a Fourier series. The general term 
of this development, corresponding to Qoof the form Qo 
sin w,x sin wzy sin wsz, is: 

n = 
(~pQe/v)sin w l  x sin ozy sin z , (16) 

where we = w: + CO: + at. 
When the dimensions of the pile are finite but very 

large compared with the mean free path, the boundary 
condition is that all densities must vanish a t  the surface. 
If the pile, for example, is a cube of side a and the origin 
of the coordinates is taken in one of the comers, it is: 

where f i t ,  rt2, na are positive integral numbers that define 
the various Fourier components. The critical dimen- 
sions of the system are such that the denominator of 

Equation (16) vanishes for the 1,1,1 harmonic, since in 
this case the density of the neutrons becomes infinitely 
large. The critical condition can be expressed, therefore, 
by the equation: 

The right-hand side in this formula is the reproduction 
factor, k, for a system of infinite size. We can therefore 
write the critical condition as follows: 

In most cases both the exponent of e and the term added 
to 1in the parentheses are small compared with 1, and so 
the previous expression can be simplified to: 

This formula can be used in order to calculate the critical 
side of a pile of cubical shape. If, for example, we as- 
sume for a special lattice numerical values of = 2.6 crn., 
A = 350 cm., ri = 1,200 cm.2, and k = 1.06, we find for 
the critical side of a cubical pile, a = 584 cm. Naturally, 
these constants are merely hypothetical, and though in- 
cluded within the possible range, are in practical cases 
strongly dependent on the details of the lattice structure. 

It is useful to derive an approximate relationship be-
tween the power produced by a pile a d  the intensity of 
thermal neutrons inside it. Roughly 50 per cent of the 
thermal neutrons absorbed in a pile give rise to fission, 
and the energy released per fission is of the order of 
200 MEV. This corresponds to about 1.6 X l k 4ergs 
per thermal neutron absorbed. Since the number of 
thermal neutrons absorbed per unit volume is vn/A, 
the energy produced is approximately 

vn -1.6 X 4.6 X vn erg~/crn.~sec. (21)
A 

Naturally, the power is not produced uniformly through- 
out the pile because rt is a maximum a t  the center and 
decreases to 0 a t  the edge of the pile. For a cubical pile 
9z is represented approximately by 

?rx .. ay lrz 
n = no sin - sin - sin -, (22)

a a a 

where no is the density of neutrons a t  the center of the 
pile. Integrating the previous expression (21) over all 
the volume of the pile, one obtains the following formula 
for the power: 



If, again, we take as an example a pile with a side of 
584 cm., we find W = 24 no v ergs/sec. When the pile 
is operating a t  a power of I kw., the flux of thermal neu- 
trons a t  the center is therefore about nov = 4 X lo8 
neutronsjcm.2 sec. 

The first pile was erected under the West Stands on 
the campus of the University of Chicago a t  the end of 
1942. After having been operated there for a few months 
it was moved to the Argonne Laboratory, near Chicago, 
where it has been used until now for various research 
purposes. 

The lattice of that pile is not the same throughout the 
structure. Since only a small amount of uranium metal 
was available a t  that time, metal has been used in the 
central portion of the pile and uranium oxide in the outer 
portion. 

The intensity of operation of the pile is recorded by a 
number of BF8 ionization chambers connected to ampli- 
fiers or to galvanometers. 

Since this pile has no cooling devices built into it, the 
power produced islimited by the necessity of avoiding an  
excessive temperature rise. The pile could be operated 
indefinitely a t  a power of 2 kw. and is often operated for 
periods of the order of one or two hours up to about 
100 kw. 

One feature that is often used for neutron research 
work is the thermal column, a column of graphite having 
sides of about 5 x 5 feet, which is built on the center of 
the top of the pile and goes through the top shield. The 
neutrons that diffuse from the pile into this column are 
rapidly reduced to thermal energy so that the neutrons 
inside the column a few feet above the top of the pile are 
practically. pure thermal neutrons. 

The pile is also equipped with a number of holes in the 
shield and removable stringers of graphite that make i t  
possible to explore phenomena inside the pile or to intro- 
duce samples for neutron irradiation. 

When the pile is operated a t  100 kw., the flux of ther- 
mal neutrons a t  the center is about 4 X 1010 neu-
t r o n s j ~ m . ~sec. 

Work With Residual DDT Spray in Puerto Rico: 

A Report of the First Year's Vork 

N THE FALL OF 1944, the U. S. Public Health 
Service, in cooperation with the Insular Ilealth De- 
partment 'and the School of Tropical Medicine, 

inaugurated a residual DDT spray project to determine 
whether this new method of malaria control which has 
been so remarkably successful in other parts of the world 
might be of practical value in Puerto Rico, where the 
impor'tant vector (Anopheles albimanus) is a "wild" mos-
quito which feeds on humans during twilight or a t  night 
and seldom remains inside houses for more than a few 
hours. The results of the first year's work are presented 
herein.' 

Two villages approximately 30 miles apart and rather 
similar in size, population, racial composition, occupa- 

1 The studies on which this report are based were conducted jointly by 
personnel of the U. S. Public Health Service District $6, Communicable 
Disease Center activities; the Bureau of Malaria Control, Puerto Rico 
Department of Public Health; and the School of Tropical Medicine, San 
Juan, Puerto Rico. The writers wish to acknowledge the assistance and 
cooperation of officials of the Communicable Disease Center, Atlanta, Geor- 
gia; Carter Memorial Laboratory, Savannah, Georgia; Office of Malaria 
Investigations, National Institute of Health; and District $6, U. S. Public 
Health Service. The commissioner, Insular Health Department, and the 
director of the School of Tropical Medicine also have given valuable advice 
and assistance. Army officials a t  Fort Bundy generously provided a num- 
ber of buildings for experimental use. 
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tion of inhabitants, house construction, rainfall, general 
ecology, relation to vector-breeding areas, proximity to 
ocean, relation to rivers, isolation, and, mosquito popula- 
tions were selected for the experiment. Humacao Playa, 
on the east coast, was chosen as the test village to be 
sprayed with DDT, while Loiza Aldea, on the northeast 
coast, was used as an untreated check village. 

In each village A, albi~futnus indices were obtained by 
animal-bait and light trap collections throughout the 
year. The only previous, long-range malaria control 
experiment in Puerto Rico was conducted a t  Salinas 
during the period 1930-36 and has been reported by Earle 
(1). His data show that in this small, unscreened native 
village little reduction in number of malaria cases oc- 
curred until the albimanzts population had been reduced 
to such a low level that animal-bait traps collected less 
than one albimanus per night. In the villages used in 
the present experiment, bait and light traps caught from 
one to several hundred albim,anus on most nights when -
traps were operated. I t  is therefore believed that albi-
manus was present in sufficient numbers to transmit 
malaria throughout the study period. 

Unlike the DDT residual spray work with A. quadri-
maculatus at Stuttgart, Arkansas, and with A. pseudo- 
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