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DISCUSSION 

EXTENDED THEOREMS I N  DYNAMICS 
T H E  Faraday lines of force in  any field of force 

constitute a familiar geometric pattern. Less well 
knorvn because of its intrinsic complexity is the geom- 
etry of the trajectorial curves1 (the paths of mass 
particles moving in the force field). Of course these 
two geometries shoulcl be related, but precisely how 
may rve compare the txr70 faillilies of curves? This is 
what we propose to indicate. 

Let a particle start from rest. The path obtained 
in this manner we shall call a "rest trajectory." Ob-
viously this curve has the same directiolz as the Fara-  
day line through the given point, but i n  general, since 
the tnass particle has inertia, the two Curves will not  
coincide. I n  fact, the only instance in  which coinci- 
dence can occur is the trivial case in  which both curves 
are  straight lines. Omitting this possibility, there are  
always two distinct curves. The rest trajectory and 
the line of force will agree as  to initial direction, but 
differ in initial curvature; the trajectory will be be- 
tween the line of force and the cominon tangent linc. 
The quantitative rehtion connecting the two curves is  
given in the following theorein discovered by Kasner 
in  1904 and since proved in tnany mays: 

Theorem I:l I f  a particle starts f rom rest i n  a n y  
positional field of force, the  initial curvature o f  tibe 
trajectory is one third of the c u r ~ a t u r e  of t7ze line of 
force through the  initial positiovz. 

There are two important manners i n  which this 
proposition be extended, ~h~ theorerll is univer- 
sally valid, but its sigllificance is slight if the curvature 
of the line of force is zero at the point. the 
curvature is zero, as for exal,lple at a point of inflee-
tion, the same is true of the curvature of the trajec- 
tory, and a separate discussion, involving a closer 
scrutiny of the situation, is necessary. I n  this case 
r e  study the ratio of the infinitesin~al departure of 
the path and the line of force from the common tan- 
gent line. I n  the general case this ratio would be 
1:3 as stated above, because in  the usual case the ratio 
of departures is the same as the ratio of curvatures. 
But in the special case of zero curvature, the ratio 
(which now depends on the rates of change of cur-
vature) is found to be 1 :5,  1: 7,  1:9, etc., depending 
on the order of contact of the line of force ~ ~ i t h  the 
tangent line. The precise dependency is stated in  
Theorem 11. 

Theorem I1:2 I f  the  F'araday line o f  force has con- 
tact  o f  order n w i th  the  tangent  line, the vest trajec- 
t o ry  will also have contact o f  mth order; and the  limit- 

1 E. Easner, "Differential Geometric Aspects of Dy-
namics," Princeton Colloquium, 9, 1909, new edition 1934. 

Ident, Proceedings o f  the National Academy o f  
Sciences, 20 : 130-136, 1934. 

ing  ratio of tile departure of the  trajectory t o  the  
departure o f  tile l i m  o f  force f rom the  common 
tangent  line is 1 :212 tl. 

The second manner in which Theorem I may be 
generalized is to acceleration fields of higher order. 
A particle of unit mass is said to be moving i n  a n  
acceleration field of order r if 

drx 

dt'. - ( ~ ( " t  Y) a = $ ( r ,y)
dtr 

where ~ ( z ,  y )  are the rectangular y )  and ~ ( x ,  com-
ponents of the higher acceleration field acting a t  the 
point (2 ,y )  and t is the time. By definition, a particle 
will start frolll "lllaxilllum rest" in such a field if the 
initial velocity and the initial accelerations of order 
up to including - 2 are zero (that is, all 

tives up to order -1vanish). w h a t  is the analowe 
~h~~~~~ I for such higher fields 9 

~h~~~~~~111:3 I f  a particle starts from maximum 
ir, o f  order r, t,,e initial cur-

m t u r e  o f  the  trajectory is r !  ( r - I ) !  
t imes the  cur-

( 2 r  - l )  ! 
vatlrre o f  t he  line o f  force through t h e  initial position. 

xow the particle to start from maximum rest 
in  an acceleration field of order r ,  a t  a point a t  which 
the curvature of the Faraday line of force may be zero 
(the case in  which Theorem I11 would no longer be 
significant). What  is the appropriate ratio of depar- 
tures' 

Theorem I V  :1%a n  acceleratiopz field o f  order r ,  a t  a 
poi~z t  at which the line o f  force has nthorder contact 
wi th  i t s  tangent line, the  trajectory produced b y  start- 
ing a particle f r o m  ntaximzcm rest also has contact o f  
order n t c i t i~  the tangent line; and the limiting ratio 
o f  tibe departure o f  the  trajectory t o  the  departure o f  
the  lint? o f  force f r o m  the co??~?non ialagelzt line ds 

(" ( '1 !.+ ( j h r )  

( n rt r )  ! 
W e  see that all three situations previously discussed 

in Theorems I, I1 and I11 are now included in the 
single final Theorem IV. Indeed, the first three 
theorems become corollaries of this new result. F o r  
r = 2, the newtonian case, the ratio is 1:2?%t 1, as 
stated in Theorem 11. F o r  r arbitrary and ?%= l, the 
case in rh ich  the curvature does not vanish, we obtain 

r !  ( r - l ) !  the ratio of Theorell' II1, nanlely ( 2 r- 1)! ' And f o r  

r =  2 and n =1, we have the standard dgnainical 
Theorem I, with the usual ratio 1:3. 

,411 our theorems, although originally stated f o r  trvo 
dimensions, remain valid for  any number of dimen- 
sions, and in any rielnannian space. 

3 E. Easner and D. Mittleman, Proceedings of the Na-
tional Academy of Sciences, Fcb., 1942. 



Theorern I has been applied4 to the study of the 
f:imous deviation problem ( a  particle falling from 
rest to  the earth allowing for  rotation or ellipticity). 
Oar new extended theorenls will also have applictl- 
tions, direct and inclirect, in  physical situations deal- 
ing with interacting particles. The forces need not 
be conaervatire. 
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CONSIDERATION O F  T H E  ADEQUACY O F  

BIOMICROSCOPY AS A METHOD O F  


DETECTING MILD CASES O F  

VITAMIN A DEFICIENCY 


RECENTLYDr. H. D. Kruse has reported on "The 
ocular nlanifestations of avitanlinosis A with especial 
consideration of tlie detection of early changcs by 
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A STUDY O F  LAMPBRUSH CHROMOSOMES 
BY T H E  ELECTRON MICROSCOPE 

LAMPBRI;SHchrolnosoines have been pbotographed 
by the electron nlicroscope. The nuclei were removed 
froin the oocyte according to the method of Duryeel 
and were placed on the collodion film suspended on the 
wire nlesh wl~ich is used in place of the slide i n  the 
electron nlicroscope. The nuclei were torn apart  so 
tbat the enclosed material spread over the film. The 
membrane was then removed since i t  was too thick for  
penetration by the electron beam when collapsed. The 
preparation was alloweci to dry i n  air. 

The photographs seem to verify early descriptions. 
Son~e  chronlosonles appeared to be highly branched 
and subbrancherl. Thcy were fern-like in appearance. 
The threads were crystalline and single. Other chro- 
nlosolnes showed lehs numerous, thicker, more globular 
side branches. Many side branches had been lost be- 
tween the first and second type. Finally some shower1 
no branches. There were as rnany as four  threads 
taisting about one another separating into twos a t  
some j~oints and rejoining a t  others. 

No loops, as described by Duryee, were seen. Hom-
ever, chrornosonies froni full-sized eggs only have been 
examined. Further investigations, in  which the nuclei 
of half-sized eggs will be used, are in  progress. It 
may bc that these will verify the loop thcory as  p u t  
forth by Duryee. 

Blanks werc run in u41ich only cell debris, from 
which the nucleus had becn renloved previonsly, ancl 
thc nuclear s ~ l t  solutions mere dried and photo-
pmphed. No similarities bctmeen these preparations 
and those of the nucleus were observed. 

The investigations are being extended in the belief 
that they mill throw added light on the structuie 01 
such chrolnosomes and will clear u p  such probl~ius as  
the time a t  wllich the chromonlena thread becomes 
doubled. 
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4 W. TI, Roe~er,Ezcll. dmer .  M n l l ~ .806..456, 1915. 
3 NT.R. Durgee, "Cytology, Genetics and Evohition, " 

University of Peiunsylvania Press, Philadelphia, 1941. 

bioniicrosc~py."~ ITe has suggested that "xerosis con- 
junc t i~~aeprobably precedes night blindness as  a n  
early sign of avitaminosis A," and recornmends bio- 
~i~icroscopieexamination a s  a "simple, convenient, 
objective method" for  the detection of avitaniinosis 
A i11surveys. 

I n  view of the in~portance of finding reliable tests 
for  detecting mild degrees of the various avitaminoses, 
it  is relevant l,o call attention to cert:rin discrepancies 
between the above-mcntionecl observations and those 
reported in a study by Booher, Callison and IIewstoii 
in  which iinpaired dark adaptation was produced in 
five adults by the consun~ption of a diet adeqnate in  
every known dietary essential except vitamin 
The Ileclit and Shlaer Adaptometer was used to deter- 
rnine the dark adaptation curves of these subjects. 
l~ysaclaption occurred in from 16 to 124 days after 
the vitarnin ri-deficient ciiet was begun and for  four  
subjects mas allowed to proceed nntil thc visual thresh- 
old af ter  30 minutes of dark adaptation was elevated 
by 1logarithmic uni t ;  subject I of this group was con- 
tinned on the esperimenal diet until the 30-minute 
threshold was 4 logarithnlic units above normal, while 
a t  this time of greatest visual impairment, the rod 
structures were not functioning a t  all below the sco- 
topic threshold of the cones. Thus, there mas no ques- 
tion of tlie existence of hemeralopia in  any of the five 
subjects. 

During the period of greatest impairnlent in  retinal 
function, a slit-lamp examination mas rnadc on subject 
I by Dr. Alan C. 'CTToods, of the Wilnier Ophthaluno- 
logical Institute of The Johns IIopkins I-Iospital. 
Therc mas no evidence of abnormality. The remain- 
ing four  subjects were examined with the slit-lamp 
by Dr. Williani &I.Rowland of the same institution 
both before ancl during impaired adaptation, as well 
as after that function llad retnrned to normal follow- 
ing the administration of niodcrate amounts of vita- 
niin A. Keither did a ~ i y  of these subjccts show con- 
junctival or corneal changes a t  any of the examina- 
tions. 

Attention sl~ould also be called to the work of 
Toumans e t  nl., who conclude that mild degrees of 
vitamin A deficiency can exist without any modifica- 

1 H. D. Kruso, l'hc Milbank Xemorial Fund Quarterly, 
19: 207. 1941. 

2 L. Pi. Xool~er,E.C. C:~llison and F. M. Hewston, 
Joumzal of Nzrtralion, 17:  317, 1939. 


