SCIENCE

R T S O P T e —

Vor. 93 FRIDAY, JANUARY 24, 1941 No. 2404
The American Association for the Advancement of Reports:
Science : The Soybean Crop in the United States: A. W.
VON STRUVE 86

A Mathematical Theory of Equilibrium with Ap-
plications to Minimal Surface Theory: PRo-
FESSOR MARSTON MORSE 69

Technical Progress in Awiation: Dr. J. C. HuN-
SAKER e 71

Professor Lawrence and the Development of the

Cyclotron: PROFESSOR R. H. FOWLER ... 74

Scientific Events:

The Sizth Lerner-American Museum Big Game
Fish Expedition; Work of the United States Geo-
logical Survey; The National Research Fellowship
for Women in Science; A Plan to Promote Cul-
tural Fellowship and Cooperation among the Amer-
ican Republics; The Geological Society of Amer-

ica; Recent Deaths and Memorials ... 10
Scientific Notes and News 79
Discusston :

An Inventory of Natural Vegetation Types and the
Need for Their Preservation: Dr. HENRY I. BALD-
wIN. Leading Nations in Science and the Nobel
Prize: GORDON GUNTER. Festschrift of Professor

Embrik Strand: Dr. H. P. K. AGERSBORG ... 81

Quotations:
Scientific Societies in War Time ..

Special Articles: )
Red Cell Volume Circulating and Total as Deter-
mined by Radio Iron: Dr. G. H. WHIPPLE and
OrHERS. The Turnover of Acid-Soluble Phos-
phorus in the Kidneys of Rats: Dr. I. ARTHUR
Mirsky and OTHERS. An Inverse Distance Vari-
ation for Certain Social Influences: PROFESSOR
JOHN Q. STEWART ... ccormmrsrriis o 87

Scientific Apparatus and Laboratory Methods:

A Stable Trypsin Solution: PROFESSOR KENNETH
L. BurpoN. Purification of Diphtheria Anti-toxin:
Dr. JouN H. NORTHROP

Science News 8

SCIENCE: A Weekly Journal devoted to the Advance-
ment of Science, edited by J. MCKEEN CATTELL and pub-
lished every Friday by

THE SCIENCE PRESS

Lancaster, Pa. Garrison, N. Y.
New York City: Grand Central Terminal

Annual Subseription, $6.00

SCIENCE is the official organ of the American Associa-
tion for the Advancement of Science. Information regard-
ing membership in the Association may be secured from
the office of the permanent secretag in the Smithsonian
Institution Building, Washington, D.

Single Copies, 15 Cts.

S e T R 3 T T A S L e A

A MATHEMATICAL THEORY OF EQUILIBRIUM WITH
APPLICATIONS TO MINIMAL SURFACE THEORY®

By Professor MARSTON MORSE
INSTITUTE FOR ADVANCED STUDY, PRINCETON, N. J.

THE theory of equilibrium points or eritical points
of funetions appears in fragmentary form in the work
of Poincaré, Maxwell and Kronecker. Birkhoff intro-
duced the minimax principle and applied it in dy-
namies. A systematic study of the critical points of
functions of n-variables was begun by the author in
1922. A. B. Brown made important contributions.
In 1924 the calculus of variations in the large was
introduced and developed as an extension of the theory
of critical points of w-variables. The integrals used
were ordinary and were regarded as functions of the
curves along which they were evaluated.

1 Address of the retiring vice-president and chairman

of the Section on Mathematics of the American Associa-
tion for the Advancement of Science, Philadelphia, De-
cember 27, 1940.

In 1937 the theory was put on a more general basis
with the function defined on an abstract metrie space.
For details the reader may refer to the author’s
fascicule on “Functional Topology and Abstract Vari-
ational Theory,” published by Gauthier-Villars, Paris.
In this general theory one is free from any limitation
of dimension. It is immaterial whether the indepen-
dent variable is a point in a Euclidean space, a curve,
a surface or a more general configuration. A eritical
point of a function of n-variables is a point at which
all the partial derivatives vanish. When the function
is an integral in the calculus of variations—for ex-
ample, the integral of length on a surface or the area
of a surface bounded by a curve—a critical point
(curve or surface) is one satisfying the Euler-La-
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grange equations. The unification which appears in
the general theory is made possible by a topological
definition of a critical point, a definition which is in-
dependent of the particular ease at hand.

The years 1929-1936 saw a rapid development of
the theory in the large of integrals depending on a
curve. There remained the multiple integrals which
are so important in mathematical physies. A typical
integral is the Dirichlet integral d(z), the double
integral over a plane region of the sum of the squares
of the partial derivatives of z(u, v). For our pur-
poses we need the Douglas extension of the Dirichlet
integral to a surface. ®;=g; (u, v) i=1, 2, 3. This
integral is denoted by D(z) and defined as one half
the sum d(=x,) + d(x;) +d(x;). The critical surfaces
here are termed minimal surfaces. They are surfaces
which locally have the shape of a soap film. At all
ordinary points p of such a surface the two centers
of curvature lie on opposite sides of the tangent plane
at p and at the same distance from this plane.

The integral D(«) is as typical an integral as one
could hope to find, but the difficulties in treating it
were very great. It was necessary to verify the con-
ditions of the general abstract theory in order to apply
that theory. This was accomplished independently by
Morse and Tompkins and by Shiffman in papers ap-
pearing in 193940 in the Annals of Mathematics.
Morse and Tompkins made use of the thesis by
Lebesgue and of the work of Douglas and Rad6 on
the minimum problem: Shiffman made use of the
papers of Courant.

The case of surfaces bounded by a single closed
curve without self-interseection was first treated. The
surfaces for which D(«) is evaluated are defined for
parameters (u, v) which range over a unit dise
u?+v?=1. Thus they are “topologically of the dise
type.”- When one turns to surfaces bounded by sev-
eral contours the minimum problem has been treated
by Douglas, Courant and Shiffman in a number of
papers. The difficult theory of unstable minimal
surfaces bounded by several contours has been studied
by Morse and Tompkins in a paper which will be pub-
lished shortly. An abstract of this paper will appear
in the December number of the “Proceedings” of the
National Academy, where references to other recent
papers may be found. Shiffman has also completed
an independent paper on the case of several contours,
and this paper will presently be published. I under-
stand from a brief verbal account of his work by
‘Shiffman that the treatment by Morse and Tompkins
differs radically in the choice of the independent
variables.

This difference may be described as follows. The
surfaces on which the integral D(x) is evaluated are
harmonic surfaces, that is, surfaces z; = #; (u, v) such
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that 2; (u, v) satisfies the Laplace equation for each 4.
No generality is thereby lost because it is known that
minimal surfaces are a sub-class of harmonic surfaces,
in fact, harmonic surfaces on which the parameters
(u, v) form an isothermal net. Let (7, 0) be polar
coordinates in the (u, v) plane. In the case of a
single boundary g the harmonic function z; (u, v) is
completely determined by its values p; (0) on the
circle r=1. But the only surfaces admitted are those
bounded by g. Thus x;=p; (0) is a representation
of g. Different representations of g will give differ-
ent harmonic surfaces. We use only those represen-
tations of g which are obtained from a one-to-one
representation of g by a continuous monotone trans-
formation of the circle »=1. These representations
(p) of g determine the harmonic surface and hence
D (=), so that we may write D(z) as a function 4 (p)
of the representation (p). This is the point of view
of Douglas in his minimum theory.

When one has several contours, say two eontours
g1 and g,, the unit circle in the (w, v) plane is nat-
urally replaced by a corresponding number of closed
plane curves. Suppose, for example, there are two
non-intersecting closed curves bounding a region S in
the (w, v) plane. It is known that any such region
§ can be conformally mapped onto a ring R bounded
by two concentric circles, the ratio # of the radii of
the two circles being determined by §. The harmonic
surfaces admitted will be defined for (u, v) on R.
We may suppose that g, has a representation z;=
p; (0) in terms of the angular coordinate 6 of a point
on the outer circular boundary of R. The curve g, is
similarly represented on the inner boundary of R.
The integral D(xz) taken over R will be a function
of the above representation of g, and g, and of ».

But difficulty arises due to the fact that as we vary
the representations (p) the functions may converge
in the mean to functions which are identically con-
stant (termed degenerate). If one should restrict
our representations (p) of a curve g on a circle C to
those which make three fixed and distinet points of g
correspond to three fixed and distinet points of € this
convergence to degenerate functions would not occur.
We term such representations restricted. Such a re-
striction of our representations is not possible if there
are two or more contours because some of the minimal
surfaces sought might thereby be excluded. The diffi-
culty is greatly eased by Morse and Tompkins by a
new choice of the independent variables as follows.

By a Mobius transformation of a circle C into itself
is meant the transformation 0’ =¢ (8) induced on C by
a classical Mdbius (directly conformal 1—1) transfor-
mation of the corresponding circular dise into itself.
A restricted representation p; (6) of a boundary curve
g on a circle C, if preceded by a Mobius transforma-



JANUARY 24, 1941

tion #(8) of C, will yield a general representation
p; [£(0)] of g. This representation is formally writ-
ten p¢ and termed a product representation. Morse
and Tompkins use these product representations when-
ever there is more than one contour. One advantage
lies in the fact that the restricted representations con-
verge for bounded D only to restrieted representa-
tions, while the Mobius transformations converge in a
simple manner to Mobius transformations or degen-
erate transformations regardless of whether D is
bounded or not. Another advantage is that D, re-
garded as a function of these restricted and Mobius
transformations and of the ratic p depends continu-
ously on the Mobius transformations and p.

With these new variables the definition of the in-
tegral D ean be extended by a unique limiting process
to the cases where p=0 or where one or more of the
Mbbius transformations are degenerate. The result-
ing funetion of these new variables is shown to satisfy
"the conditions of the general theory, which may then
be applied. ]

We shall give a typical theorem, using conditions
somewhat less general than those which will appear
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in our paper, in particular not introdueing the “chord
arc condition.”

THEOREM. Let g, and g, be two simple closed curves
with continuously turning tangents.. Suppose that g, and
g, are separated by a plane and have convex projections
on suitably chosen planes. If g, and g, bound a ring
type minimal surface of minimum type they also bound
a ring minimal surface of mon-minimum or unstable type.

The econditions of the second sentence of the theorem
can be considerably lightened. The theorem may be
illustrated by a classical example in which the boun-
daries are two eircles with centers on a common axis
and planes orthogonal to this axis. If the planes of
these circles are near enough together the circles bound
two minimal surfaces of revolution generated by cate-
naries. One of these surfaces is of minimum type and
the other of non-minimum type.

‘We have not gone into great technical detail in our
paper. We have rather presented general fundamen-
tal ideas by way of typical examples.

These ideas and examples we believe may be a pre-
lude to far-reaching applications both in mathematics
and in mathematical physies.

TECHNICAL PROGRESS IN AVIATION!

By Dr. J. C. HUNSAKER
THE MASSACHUSETTS INSTITUTE OF TECHNOLOGY

THE increasing importance of the airplane in our
normal social and economic life is just now over-
shadowed by its dominant part in our national secur-
ity. 'When recent advances in the aeronautical sei-
ences are being tested on a grand scale in the prov-
ing ground of war, we naturally lose interest in the
possibilities of those same advances in applied science
as they might assist our peace-time communications.
If we hope to live in a kind of world in which indi-
vidual living is worth while, our.thought must be
focused on the airplane as an instrument of air power;
destructive or protective.

That important technical progress has been made in
the development of the airplane is obvious from the
reports of dive bombings, night bombings and aerial
torpedo attacks on the one hand, and from reports
of effective defensive action by fast fighting planes
on the other hand. Guns, armor, radio, fuels, mete-
orology, metallurgy and photography are also con-
tributing through technical advances to the effective-
ness of the airplane in war. Attack and defense for
colossal stakes stimulate development in every branch
of applied seience. ’

Technical progress in the development of the air-
plane as a vehicle of the air has been especially marked

1 Address of the retiring vice-president and chairman
of the Section on Engineering of the American Associa-
tion for the Advancement of Secience, Philadelphia, De-
cember 31, 1940.

in the past ten years. Some steps in this progress
have been abrupt, because they were the consequence
of inventions. True inventions are unpredictable, but
it is our experience that when new knowledge obtained
by research and experiment becomes generally known,
the invention necessary for its practical application
soon follows. Whether the invention ean then be ap-
plied by designers to realize a technieal improvement
in the airplane depends on whether the state of the
art is ripe for it.

For example, the aerodynamie advantages of an un-
braced monoplane wing were demonstrated by Fokker
in the days of braced biplanes, but the safe construe-
tion of suech wings had to wait for the availability of
light aluminum alloys. Likewise the advantage of re-
tracting the landing gear and wheels was recognized
at an early date and mechanisms for retraction were
invented, but no designer would bother with them
until speeds were high enough to make it worth while
to accept the added cost and complication. The de-
signer of transport planes, moreover, needed a thick
cantilever wing to afford space enough to house the
wheels in the retracted position. Consequently, there
was a lag of some ten years in the general adoption
of this improvement.

Though some technical improvements are thus pro-
posed before the art has sufficiently advanced to per-
mit their use, other improvements come about as a




