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SPINORS1 
By Professor OSWALD VEBLEN 

THE INSTITUTE FOR ADVANCED STUDY, PRINCETON 

THE theory of spinors had i ts  origin in the search 
for  a suitable mathematical tool to use i n  the exten- 
sion of the quantum theory to the field of relativity. 
The quantum mechanics in the form that  was given 
to it  by Schroedinger describes the motion of a par- 
ticle by means of the concept of a wave. It is not, 
as  people used to say, that a physicist thinks of an 
electron i s  a particle on Mondays, Wednesdays and 
Fridays, and as a wave on Tuesdays, Thursdays and 
Saturdays, and on Sundays prays f o r  a Messiah who 
will lead him back to the belief which he held on 
Mondays. The actual situation is quite different from 
that. H e  works with a mathematical theory which he 
visualizes f o r  some purposes by means of the classical 
conception of a particle and for  other purposes by 
means of the imagery of the wave theory. The wave 
that he works with is just a function which satisfies 

1 Fourth of the Joseph Henry Lectures of the Philo- 
sophical Society of Washington, presented March 31, 
1934, in honor of the first president of the Philosophical 
Society. This paper was prepared from stenographic 
notes taken at  the time of the lecture. 

a partial differential equation of a certain type. The 
physicist believes that by applying a certain integra- 
tion process to the solution of this partial differential 
equation he is able to express the probability that the 
particle which he thinlrs of shall be in  a certain pre- 
assigned position with a certain preassigned velocity. 

The whole thing is  an attempt to find mathematical 
formulas and language f o r  the discussion of phe-
nomena which did not make sense in terms of the 
language and formulas which the physicist had been 
using before. Some people actually go so f a r  as to 
say that we shall have to make real changes in  our 
habits of thought and use of language. But  I am 
referring to these deep and difficult questions only 
incidentally. I am concerned with something much 
more superficial. 

The spinor theory grew out of the attempt to  recon- 
cile the wave mechanics with the relativity theory. 
The wave mechanics was a t  first developed so as to 
fit into the framework of the classical dynamics. On 
the other hand, the theory of relativity has taken 
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such a firm hold of all branches of physics that every 
one is convinced that a really sound theory must 
take i t  into account. Therefore, the problem was to  
find a relativistic formulation of the quantum theory. 

Also there was experimental evidence indicating 
that from the particle point of view a n  electron 
should not be considered just as a mathematical point 
but rather a s  a thing which is capable of a rotary 
motion or  spin a t  the same time that i t  has a motion 
of translation. The problem of bringing this concept 
into the theory of the electron turned out to be closely 
related to the problem of giving a relativistic formula- 
tion to the differential equations of the electron. 

What looks like a very good solution of the prob- 
lem was developed by Dirac, building upon previous 
work of Pauli and others. Dirac modified the 
Schroedinger differential equation not only by 
changing i ts  form but by replacing it by a system 
of four  equations with four unknown wave functions, 
V1, Q2, V, Q4. These four functions were related 
among themselves in  what seemed to be a very in- 
tricate manner, but they were evidently the com-
ponents of a physical quantity of some sort. 

When I speak of a physical quantity I am thinking 
of something which has components analogous to the 
components of a vector. When you take the three 
rectangular components of a velocity you recogniz~ 
that you are taking components of something which 
has a physical existence. I n  the same way, the quan- 
tities which appeared in the Dirac equation -sere 
evidently components of some sort of a physical ob- 
ject. But  they behaved quite differently from the 
components of any previously known physical quan- 
tity and thus provided a puzzle f o r  the mathematical 
physicist. 

The problem was clearly formulated by the late 
Professor Ehrenfest. H e  said, in  effect: W e  are 
familiar with such things a s  vectors which are  the 
tools of classical physics. Since the advent of the 
relativity theory we have got acquainted with the 
theory of tensors and have been led to believe that 
any physical phenomena could be described by means 
of tensors. Now comes a new kind of a physical 
quantity which is not a tensor and yet has to be taken 
into account. It has something to do with a spinning 
electron. T~et us  call it a spilzor. Then he called on 
the mathematicians to provide a theory of spinors, if 
possible, analogous to the theory of tensors. 

The elements of such a theory were i n  fact already 
available in Dirao's own work and in the previous 
work of Darwin and Pauli. The Dirac equation had 
also been adequately discussed from the point of view 
of the underlying group theory by Weyl in  his book 
on group theory and quantum mechanics, so that  
implicitly a good deal of the requisite theory was i n  

existence. Nevertheless, so long a s  i t  was possible 
f o r  a mathematical physicist of the order of magni- 
tude of Ehrenfest to regard it as obscure- there 
remained something of a problem. 

Promptly in response to Ehrenfest's challenge, a 
formal theory of spinors was produced by van der 
Waerden. This was a theory of two-component 
spinors which was adequate to the Dirac equation 
in its original form. But  here one has to  say, as in 
so many other cases, that  a fully satisfactory account 
of the subject was possible only after the original 
theory had been highly generalized. I t  was in  fact so 
in  this case. The original Dirac equation was relevant 
to  the special relativity, The extension to general 
relativity was indicated first by Weyl and Fock and 
the system of mathematical equations thus determined 
has been studied by Schouten, Schroaclinger, Einstein 
and Mayer, and other mathematical physicists. From 
these studies there has now emerged a clear concep- 
tion of a class of physical objects which we call 
spinors and which can be precisely defined. 

I shall t ry  to state this definition. I n  doing so I 
propose to repeat a number of well-known elemen-
tary ideas leading u p  to the one step which introduces 
the definition. After this is done the whole matter 
may seem rather trivial, but i t  is nevertheless true 
that after this foundation is laid the working out of 
the theory becomes a matter of technical detail. 

W e  start with elementary geometry. Row are the 
points in a room to be described? The first step in  
such a description is to give names to the points so a s  
to distinguish them, and we agree to Rse numbers as  
names. A point will have a first name z, a second 
name y and a third name z. The way which we all 
know f o r  assigning these names is to  let IL: be the 
distance of the point from the floor, y the distance 
from the wall a t  the front  of the room, and x the 
distance from one side n-all. That way of assigning 
the names is of course completely arbitrary. I t  could 
be done in some perfectly bizarre way so long as you 
satisfied the condition of giving different names to 
different points. A system of naming the points is 
what n-e call a coordinate system. 

I have mentioned a particular way of naming the 
points only to emphasize the fact that the particular 
system we use fo r  assigning these names is of no 
importance. W e  can, in  fact, when we have one way 
of naming them, get any number of other ways by the 
following device. Suppose you write down these three 
equations : 

X = s t y  
Y = s - y  
2 = 22. 

I f  we substitute in  these equations the numbers k, y 
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and z appearing in the name of this point, we get 
three other numbers (X, Y, 2 ) which gives us  a new 
name f o r  the point, and so we have a new coordinate 
system. These equations can be solved to give 

I f  we apply these equations to any point in  the 
ltoom and know the names X, Y, Z, we are able to  
get back the names x, y, z. We have a dictionary 
which translates one system of nomenclature fo r  our 
points into another system of nomenclature. This 
dictionary is what we call a transformation of coordi- 
nates. 

I n  general, a transformation of coordinates 

is defined if we replace the right-hand members of 
equations (1) by quite arbitrary functions subject 
only to the condition that (1)should be capable of 
being s'olved so as  to obtain the inverse transformation 

analogous to  ( 2 ) .  I n  all this we confine attention to 
points in  the room, that is to say, to a limited portion 
of space. I n  practice we require that the functions 
used shall be amenable to the processes of analysis, 
such as differentiation, etc., corresponding to the tech- 
nique of the mathematician of the present epoch. 

The essential point which I should like to stress in 
this consideration of coordinate systems and trans-
formations of coordinates is that the coordinate sys- 
tem is something which we ourselves introduce. It 
is something in addition to the physical state that 
we are  trying to describe and represents our point 
of view towards the natural phenomena which are 
under consideration. To be objective, we must some- 
how or other get away from this thing that we have 
introduced. I n  previous generations mathematicians 
and physicists used to play with the idea of doing 
without coordinates. The geometry of Euclid is  a n  
example in  which coordinates were not used and the 
attempt was made to reason directly with the physical 
objects we were talking about. Many will recall the 
time when it  was regarded as important to do vector 
analysis without coordinates. This idea was based 
on the feeling that by so doing one was dealing with 
the natural object itself. 

A n  equally good way of being free from the in- 
fluence of the coordinates introduced is to  use all 
coordinate systems. Using no coordinate system is, 
so  to speak, the dual idea to using all possible coordi- 
nate systems. I f  you arrange your work in such a 
way that it applies no matter what the coordinate 
system is, then you have reached the ideal of dealing 

with the object itself. This point of view has become 
very common since the discussions which were brought 
about by the theory of relativity. 

I n  dealing with physical problems much use is made 
of vectors. A vector is a special case of what we can 
call a physical object with components. The idea is 
something like this: Supposing that in a room we 
have a t  every point a tendency of a certain sort, no 
matter what sort, but a tendency in a definite direction 
with a definite magnitude. That tendency can be de- 
fined by associating with each point (z, y, z )  three 
numbers V1, V2, V3. 

They describe this tendency and they are  the com-
ponents of something that  represents a physical state 
of affairs. I f  this physical ob jed  is a vector, then on 
making a transformation into a new coordinate sys- 
tem you will get functions 

- - - - - - - - - -.--
v1(a, Y, 2) vz(a,Y,2) V 3(s,v, 8) 

of the coordinates x, y, x. When you measure this 
physical object in  the new coordinate system, you will 
get the new set of quantities 71,$, F, and there 
will be definite formulas which tell you what these 
components in the new coordinate system are : 

You will have three formulas of this sort which ex-
press the new components a s  functions of the old ones. 
There is no need of my mentioning what these formu- 
las are  in  detail, fo r  in talking about a subject which 
is full of formulas, we should be hopelessly lost if 
we got tangled up  with particular formulas. The 
essential point which I want to bring out is  that when 
you change to a new coordinate system you get a new 
set of components and in every coordinate system 
there is a set of components f o r  the physical object. 
I f  the law which tells you the new components i n  
terms of the old components is of a particurarly sim- 
ple sort, then your physical object is  a vector. There 
are lots of other physical objects. F o r  example, there 
are  physical objects with 9 components that you 
could call TI,, TI,, TI,, etc., using two indices. 
Then if you have a certain formula connecting the 
components in  one coordinate system with those in 
another, the thing you are talking about is a tensor 
of the second order. The essential things about a 
tensor are that it is a physical object with compo- 
nents, and that  the components are uniquely deter- 
mined when the coordinate system is given in terms 
of which the components are  described. I am inten- 
tionally leaving this statement in a thoroughly 
abstract form. 
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When we come to the theoiy of relativity we must 
pass from the three-dimensional space of points to 
the four-dimensional world of events. This is  a story 
which you probably have heard many times. I f  you 
want to describe the events which take place in this 
room, you have to give not merely x, y and x, which 
tell you twhere, but also t, which tells you when, f o r  
each event. The essential point is that the events we 
talk about are  things which are  capable of being 
named by means of four  names, the four  names being 
numbers. This can !be expressed (by saying that  the 
events constitute a four-dimensional world o r  space- 
time. 

Let us transfer what we have just been saying 
about coordinate sjrstems from the world of points 
over to the world of events. We make the same re- 
mark that we made before. The essential thing about 
a coordinate system f o r  events is not any particular 
way of setting up  the coordinate systenl but is the 
fact that the coordinate system assigns distinct names 
to different events. 

I n  order to make a n  objective description of the 
world of events, we deal with the totality of coordinate 
systems. W e  keep free from any particular point of 
view and  so talk about all coordinate systems a t  once. 
F o r  this purpose we have a complete theory of trans- 
formations of coordinates and a theoiy of vectors and 
tensors. A tensor is a physical object such that with 
every event we are able to associate a set of numbers 
called its components when we have before us a given 
coordinate system. I f  we change to a new coordinate 
system we get a new set of components of the same 
physical object. 

Thus in the general relativity theory itself we have 
a set of 16 functions 

These functions of the coordinates are the components 
of a physical object called the fundamental gravita- 
tional tensor. They satisfy a system of partial dif- 
ferential equations, and the bheory of these equations 
is the relativity theory. The general conception is 
this: We assume that a given body of physical phe- 
nomena is representable by a physical object with 
components of a certain type, and the theory of these 
phenomena is contained in the set of differential equa- 
tions which the components satisfy. This, without 
any formalism, is the basic mathematical idea which 
appears in the relativity theory. 

Continuing in that theory, i t  turns out that there 
a re  certain other kinds of geometrical objects which 
have to be considered. The ones which appear  first 
are the electromagnetic potentials. Again there are 
four  components 

which are functions of the coordinates. But, as physi- 
cists know, when you give the coordinate system the 
electromagnetic potentials are  not fully determined. 
You can take another function f ( x l ,  x2,  x3, x4 )  and 
add the four derivatives of this function to the com- 
ponents, obtaining 

without changing the physical significance of these 
potentials. 

Let us  t ry  to  say what is essential in  this without 
using technical language. It ought to be clear even 
to those who do not know what these differentiation 
symbols mean. When we specify a definite coordinate 
system we have not only one set of four  functions 
which appear  a s  the components of our physical ob- 
ject, but we have a whole class of other sets of com-
ponents. The physical object in question is of an 
essentially different kind from those which we have 
previously been talking about. I t s  components are  
not fully determined when 'the coordinate sys.tem is  
given; something in addition has to be specified before 
the components are known. This additional some-
thing which we have to specify we will call a gauge 
frame. 

I might also t ry  to pu t  it  i n  the following way: K e  
previousljr said that when we introduce a coordinate 
system we put  something into the phenomena of na-
ture, and before we can be talking about nature itself 
we have to get free of the coordinate system which we 
put  in. When we talk about electromagnetic poten- 
tials, we pu t  something else in, namely, the gauge 
frame, which has to be specified before we can specify 
the particular set of components which we a r e  talking 
about. 

So our theory has to be such that we make not only 
transformations of coordinates but transformations of 
gauge, and we have to foi-mulate our  laws of physical 
phenomena in a manner which is unaltered not only 
by changes of coordinate system but also by changes 
of gauge. Physicists have heard a good deal about 
that under the heading of gauge invariance. The un- 
derlying idea is just as before: I n  trying to describe 
nature we have introduced not only coordinate sys- 
tems, but also another extraneous element called the 
gauge frame. I n  addition to the theory of coordinate 
transfoimations, there is a theory of gauge transfor- 
mations which has to be recognized in order to free 
our theory of physical phenomena from this element 
which we introduced i n  our  view of nature. 

The theory of spinors requires another step in this 
direction. A spinor is a physical object with com-
ponents. The number of components is a power of 
four. I n  a particular case a spinor may have four  
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components Q,, Q,, Q3, Q4. The components are  func- 
tions of the coordinates just as the +'s and g's were, 
but when the coordinate system and the gauge frame 
are given, the components of the spinor are not fully 
determined. You can take a new set of components 
Q,, Q,, V,, Q,, which will serve equally well as  a set of 
components of this spinor. The new components are 
given by  means of linear formulas in  terms of the old 
components. 

and three other formulas which look like this one. 
The coefficients T a re  arbitrary functions. A linear 
transformation of this sort is  called a spin transfor- 
mation. 

When you have given your coordinates and your 
gauge, there is still something free, which we will call 
the spin frame, and we a r e  unable to describe our 
physical object until the spin frame is fixed. W e  
have to state everything that we say about a spinor 
so that it will be true no matter what spin trans-
formation is  applied to the components. A spin 
transformation is very analogous to a coordinate 
transformation, but it takes place completely inde- 
pendently of the coordinate transformation. 

This is the simplest example of a spinor. There are 
spinors with 16 components o r  in general with 4k 
components and you will have linear formulas which 
give you the other possible sets of components in the 
same coordinate system. 

I have not yet mentioned one of the important facts 
about spinors which give them their significance. 
Their components are  not ordinary numbers. They 
are complex numlbers of the form 

where a and b are  real numbers. I n  this respect they 
are like other physical objects which appear  in  quan- 
tum theory. There have been cases in  physics before 
where the complex numbers were used as  a convenient 
device but here they come in a n  essential way. 

The additional degrees of complication which ap-  
pear in  the definition of a spinor correspond to the 
nature of the physical problem which i t  is designed 
to meet. Ordinary vectors and tensors would be well 
enough adapted to tell where an electron is, in  what 
direction it  is going, and what its angular momentum 
is. But  the quantum theory states the problem differ- 

ently. It does not ask directly what these quantities 
are but rather, what a re  the probabilities that these 
quantities shall take on preassigned values. To meet 
this requirement, i t  is not the components of the 
spinors themselves which are  interpreted in  terms of 
physical measurements, but certain combinations of 
these components with their complex conjugates. 
These combinations of components of spinors a re  
components of ordinary tensors and are  interpreted 
as  probabilities that the electron will be in  a certain 
place moving in a certain way. 

Let us  now repeat the description of a spinor in  a 
few words. A spinor is a physical object which has 
components which a re  complex functions of the coor- 
dinates. The number of components is a power of 
four. A set of components is h e d  only af ter  (1) 
the coordinate system, (2) the gauge-frame and (3) 
the spin frame, a re  fixed. Whenever ( I ) ,  (2) o r  (3) 
are  changed, the components a re  replaced by linear 
combinations of themselves according to definite rules. 

Suppose that you have spinors with 16 components 
with two indices, XAB, and suppose that these spinors 
satisfy the condition that 

XAD=-XBA, ( 3 )  

so that they are antisymmetric. Then the mathema- 
ticians will recognize that connected with them there 
is a quadratic expression 

X12X34 'X13X42 'X14X28 = O. (4) 

Those spinors which satisfy this relation have peculiar 
properties, and i t  is this quadratic relation which puts 
the spinors into connection with the fundamental 
tensor of the relativity theory, because the g's that we 
have in relativity are  also the coefficients of a quad-
ratic expression. 

I f  you are  going to describe some particular physi- 
cal phenomena such as those described by  the rela- 
tivistic theory of the spinning electron, you must pick 
out one or  more particular spinors which embody the 
physical phenomena in question. It turns out in  this 
special case that you can pick spinors which set up  a 
suitable relationship between the quadratic equation 
(4)  above and the fundamental quadratic form which 
appears in  the relativity theory. The general theory 
of spinors i s  the theory of all possible physical quan- 
tities of a certain sort. The theory of the electron is 
the theory of certain particular spinors which describe 
this electron. 

OBITUARY 
FRANK LINCOLN STEVENS botanists mourn the loss of his kivdly advice and 

WITH the death, on August 16, of Professor F. L. encouragement. 
Stevens botanical science has lost one of its most H e  was born a t  Syracuse, New York, on April 1, 
devoted and productive workers; and many younger 1871, the only son of H. B. and Helen C. Stevens. 


