SCIENCE

Vor. LXV Fesruary 11, 1927 No. 1676

CONTENTS

The American Association for the Advancement of
Science:

A Mathematical Critique of Some Physical

Theories: PROFESSOR GEORGE D. BIRKHOFF ........ 147
The China Foundation for the Promotion of Edu-
cation and Culture: DR. E. V. COWDRY ..erermrenrrrs 150

Charles Cleveland Nutting: DR. DAY'I:'()N STONER ... 151

Scientific Bvents:
The Richmond Meeting of the American Chemical
Society; A Geological Excursion in Texas; Award
of Prizes by the Sesquicentennial Exzposition of
Philadelphia; Scientific Lectures at Pasadena;

Dinner in Honor of Dr. Erwin F. Smith ... 152
Scientific Notes and News : 154
University and Educational NOTES ... 159
Quotations:

Chile and the Chemists 159
Discussion and Correspondence:

Illimium : PrOFESSOR W. A, Noves. Concerning

the Ring Method for measuring Surface Tension:
Dr. P. LECOMTE DU NoUv. ZThe Basis of Reflex
Coordination: Dr. PAUL WEIs8. ‘‘Singing’’
Earthworms: DR. RUDOLF RUEDEMANN. English
versus Metric System: PROFESSOR ROSS AIKEN
GORTNER 160

Scientific Books:

Clayden’s Cloud Studies: Dr. H. H. CLAYTON.
Heinroth’s Die Vogel Mittelewropas: HARrY C.
OBERHOLSER

164

Special Articles:
The Fibrillar Structure of the Dental Enamel
Matriz of the Guinea Pig: ProrEssor T. D.
BECKWITH and PROFESSOR ADRIENNE WILLIAMS.
Alfalfa Seed made Permeable by Heat: ANNA M.

Lure 165
Annual Report of the Secretary-Treasurer of the

Pacific Dwision of the American Association ... 166
Science News x

SCIENCE: A Weekly Journal devoted to the Ad-
vancement of Science, edited by J. McKeen Cattell
and published every Friday by

THE SCIENCE PRESS
Lancaster, Pa. Garrison, N. Y.
New York City: Grand Central Terminal.

Annual Subscription, $6.00.  Single Copies, 15 Cts.

SCIENCE is the official organ of the American Associa-
tion for the Adv t of Sci Info tion regard-
ing membership in the Association may be secured from
the office of the permanent secretary, in the Smithsonian
Institution Building, Washington, D. C.

Entered as second-class matter July 18, 1923, at the Post
Office at Lancaster, Pa., under the Act of March 8, 1879.

A MATHEMATICAL CRITIQUE OF
SOME PHYSICAL THEORIES!

THE purpose of this paper was to review some of
the mathematical-physical theories of the past and
of the present, indicating briefly the nature of certain
concepts upon which these theories rest as well as
attendant logical difficulties, and proposing certain
modifications. It goes without saying that geometry
is the first and simplest of such theories. Some day,
when the field of knowledge has extended so far that
simplification becomes necessary, ordinary geometry
may be approached somewhat as follows:

(1) Geometry treats of elements called points and the
relation called distance between pairs of points,

(2) The complete tabulation of distances between
pairs of points may be arranged as follows:

(a) the points P correspond to real number triples

%7, 2);
(b) the squared distance between P, and P, is
(x,=x%)2+ (¥,-¥,)%2+ (2, - 2))2%

All geometry follows very readily from these agree-
ments. Beginning in this way one may successively
define line-segments, lines, planes, perpendicularity,
rectangular coordinate systems, ete. The whole body
of geometrical fact with corresponding analytic
framework is easily deducible, and yet one may stop
at the fundamental principles without taking up
beautiful but less vital geometrical studies. In its
origin the geometrical concept of space is always to
be associated with that of a corresponding body of
reference.

Classical dynamics arises in the attempt to use
Euclidean space and absolute time as the means for
expressing the laws of nature. There lie certain
fundamental difficulties at the very basis of this at-
tempt to make space the container of matter. The
simplest illustration of them arises in dealing with a
collection of “equal rigid elastic spheres.” When only
two spheres collide, the assumed laws of contact action
determine uniquely their directions and velocities
after collision; but when more than two spheres col-
lide, the situation is entirely different.

1Synopsis of address as retiring president of the
American Mathematical Society before a joint meeting
of the American Association for the Advancement of
Science, the American Mathematical Society and the
Mathematical Association of America. The full text will
appear in an early number of the Bulletin of the Amer-
ican Mathematical Society.
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Suppose that three equal spheres approach a point
with equal veloecities, the lines of motion being 120°
apart and in the same place. If all three spheres
collide at the same instant, considerations of sym-
metry alone demand that the spheres must rebound
back along the same lines with a velocity equal to
that of approach. But it is easily verified that if
two of them collide ever so little before they collide
with the third, the resultant motion will be decidedly
different in character. Such a result seems to con-
tradiet the fundamental physical requirement of con-
tinuity. In fact the laws of action suffice to deter-
mine the behavior of two spheres which collide, but
as more and more complicated simultaneous collisions
between three or more spheres are considered, it is not
possible to infer their behavior by an argument based
on continuity or even symmetry, so that these laws
need to be supplemented by indefinitely many others
of arbitrary type, if the mathematical theory is to be
determinate.

The situation is similar with n mass particles, at-
tracting one another according to the Newtonian law;
and the concept of elastic bodies so fundamental in
classical dynamies presents even more formidable log-
ical objections. For example, suppose that two equal
elastic spheres under no pressure approach along their
line of centers with equal velocities which exceed the
disturbance velocity. The parts of the spheres which
collide can not then rebound without interpenetration.
Thus it appears as if the spheres are converted into a
kind of lamina of infinite density moving radially out-
ward in the plane of symmetry. But this yields a
total change of state, which the theory of elasticity
does not contemplate.

These illustrations show that the classical theory of
particles, rigid and elastic bodies, needs to be supple-
mented by further conditions if the central difficulty
of indeterminateness is to be avoided, and also that
such further conditions will of necessity be artificial
in character. The question now arises: Is it possible
to conceive of simple laws of motion for systems of
particles, and for continuous bodies in empty space,
which will be unified and determinate? To secure
such a system of particles it suffices to assume that
in addition to the ordinary Newtonian force of at-
traction there is a repulsive force inversely propor-
tional to the cube of the distance. Since the poten-
tial energy of the system then increases indefinitely
when any two particles approach collision, it follows
that collision ecan never take place. In order to deal
with a continuous distribution of matter, we may as-
sume that the law of force for the continuous distri-
bution is the same as for the system of particles just
considered. It is obvious that such a fluid can not
contract indefinitely since then its potential energy
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would exceed the total initial energy; nor can it ex-
pand indefinitely unless sufficient kinetic energy is
available. Evidently this fluid is entirely different in
character from the elastic body under pressure, but
it has at least the theoretical advantage of being free
from indeterminateness. Two colliding bodies of this
description will in general separate after a transi-
tional period of interpenetration.

The chief mathematical instruments used by the
physicists in dealing with space, time and matter in
classical physies have been the Lagrangian and Ham-
iltonian equations. Poincaré proved it to be a gen-
eral characteristic of equations of this type that small
disturbances from stable periodic motion are essen-
tially periodic.

It may be proved conversely that if a dynamical
system is such that its state is determined by 2n coor-
dinates, and if the perturbations from a periodic
motion can be represented by trigonometric series,
then the equations may be given Hamiltonian form.2
Thus perhaps the only significance of the Hamiltonian
form of equations in classical dynamics is to insure
automatically that the perturbations of certain peri-
odic motions are oscillatory.

The equations of Maxwell, giving the interplay be-
tween the electric and magnetic forces in space, have
never been modified. The space-time background ap-
propriate to this form is that of the special theory
of relativity, in which space and time are taken rela-
tive to some reference body and in which the veloecity
of light appears as a characteristic limiting disturb-
ance velocity.

In the simple case of a number of electrified par-
ticles, there will be an indefinite radiation outward of
electromagnetic energy as oppositely electrified par-
ticles fall into one another, while those similarly
electrified tend to separate indefinitely under the
mutual forces of repulsion. Evidently such a system
of electrified particles is of little physical interest.

The use of an elastic fluid under tension as the
carrier of electricity seems at first sight to offer pros-
pects of success. Further examination of the prob-
lem shows that it is impossible to secure stability of
the kind desired, no matter what the relation between
tension and density may be. But, aside from this
instability, which arises from the fact that electricity
of one sign exerts strong forces of repulsion upon
itself, there is another difficulty which arises even in
the consideration of neutral matter. In faect, there
are two types of disturbance velocities, firstly, that
of light and, secondly, that of the elastic wave of

2 Cf. Paris Comptes rendus, September 20, 1926, and
a paper which is about to appear in the dmerican Jour-
nal of Mathematics for January, 1927.
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the fluid. The same paradox might arise at collision
as in the analogous classical situation.

The only possible elastic fluid would therefore seem
to be one with a disturbance velocity equal to that
of light at all densities. The fluid of this type may
be termed the “perfect fluid,” by analogy with the
ordinary perfect gas. The expansive pressure is such
a fluid is readily determined to be one half the
density in absolute units, and so enormously great;
on account of the relativistic character of this perfect
fluid, the mass of a small part of it is not invariable
but changes as the square of the density of the at-
tached charge. Obviously the perfect fluid is a highly
instable carrier of electricity.

The failure of attempts to make use of an elastic
fluid as the carrier of electricity leads one to inquire
whether it is not in the nature of the case that the
elementary bodies such as the protons and electrons
must have some sort of autonomous existence. Now
the kinetic and elastic energy of the perfect fluid at
low velocities can be defined, in such wise that the
principle of conservation of energy holds. Let us
suppose in addition that there is an individual “atomic
potential” energy of positive volume density, ¥, where
¥ has a value fixed for all time at each point of the
fluid. This leads to a supplementary body force, pro-
portional to the gradient of ¥ in space, and also to a
surface pressure inward, proportional to ¥. In this
way indefinite expansion is prevented, for it would
involve an indefinite inerease in the atomic potential
energy.

At first sight this seems to insure a stable spherical
form of equilibrium. However, further examination
shows that the nucleus is amorphous under radial dis-
placement. But now suppose that the protons are
made of very small parts of the fluid with charge +e,
while the electrons are also made of parts of the
fluid carrying the charge —e, both with suitable
atomic potentials. Let us suppose furthermore that
such an electron can be penetrated freely by the
proton. Under these circumstances there will be a
stable spherical form of equilibrium, in which the
proton coincides with the electron; the tendency to-
wards amorphous shape of the electrons and protons
will be destroyed by the attractive forces between
them.

Here perhaps is a kind of two substance theory of
matter and electricity which will be found to meet the
fundamental mathematical requirements of determin-
ateness and stability.

The space-time framework of general relativity is
adapted to the concept of atomie potential; for this
purpose the energy tensor T; may be defined as con-
sisting of the elastic and electromagnetic energy

SCIENCE

149

tensors due to the protons and electrons, and of a
further term, vyg,;, where ¥ is the atomic potential.

If we grant the four-dimensional nature of space-
time, the argument of continuity seems to make it im-
perative that the atom is an oscillating electromagnetic
system. The central facts about the atomic oscillator
are essentially two: first, it acts like a number of
simple resonators of perfectly definite frequencies,
such as those given by the Balmer formula in the
case of the hydrogen atom; and secondly, these fre-
quencies are excited only by means of certain quanta
of energy. Now there need be no essential difficulty
in accounting for this second fact. Imagine a pen-
dulum to swing in a viscous medium whose viscosity
diminishes rapidly as the distance from the position
of equilibrium inereases. Only with sufficient initial
velocity will it oscillate back and forth, traversing the
viscous region in damped hormonie motion. Conse-
quently it is possible to conceive of the so-called
“energy levels” as defining the amount of energy nec-
essary to carry the oscillators so far from equilibrium
that they will move back and forth past the position
of equilibrium. Thus the first and most fundamental
task appears to be to find an oscillator possessing the
desired frequencies. Afterwards one may investigate
in detail the rate of electromagnetic radiation, which
may correspond to viscosity.

In particular it will be of interest to consider the
small oscillations of the fluid proton and electron as
specified.® The three equations determining the fre-
quencies are analogous in type to the “wave equation”
of Schrodinger.

It seems to be of decided importance to develop
theories, like the above, which meet the elementary
mathematical demands of actual determinateness and
stability. This does not seem to have been done in a
single case hitherto.

In conclusion the statistical properties of non-Ham-
iltonian equations were referred to. These seem to
be best suited to represent atomic systems taken as
possessing a finite number of degrees of freedom;
for such equations only can there be a set of periodie
motions to which every other motion is in general
very near.* Hence such differential equations may
yield the effeet of quantum orbits without any
quantum conditions.

GEORGE D. BIRKHOFF

HARVARD UNIVERSITY .

3 A development of the theory outlined will be pub-
lished in a forthcoming number of the Proceedings of
the National Academy of Sciences. On proper choice of
the ‘‘substance coefficients’’ and ‘‘atomic potentials,’’
the theory leads to a formula of Balmer type for the
frequencies. :

¢ Of. Gottinger Nachriohten, 1926.




