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SOME MATHEMATICAL ASPECTS O F  

COSMOLOGY1 


I. COGIIOGONY 

THE intimate relationship between mathematics atid 
astronomy, even in ancient times, is well known; and 
since the time of Kepler, Galileo and Newton astron- 
omy has been the ideal exact science. From a mathe- 
matical point of view, it  must be admitted that we 
have been very fortunate in  the fact that the earth 
is merely one of a family of relatively small planets, 
and that the earth possesses a n  extraordinary satellil,e, 
so extraordinary that a n  inhabitant of Mars would 
doubtless say that  the earth and moon is a double 
planet rather than a planet and satellite. W e  a re  
fortunate also in the fact that the earth is only 50 per 
cent. cloud-covered instead of 100 per  cent. as may be 
the case on the planet Venus. Finally, the regular 
succession of day and night, the waxing and waning 
of the moon and the annual circuit of the sun among 
the stars a re  uniformities in  nature that can escape 
the attention of no, one, save perhaps one who lives in  
a large modern city. 

The somewhat less regular motions of the planets 
with respect to the background of stars excited atten- 
tion among the ancients and stimulated the search for  
simple schemes to account for  them. Even some slight 
irregularities in the motions of the sun and moon mere 
discovered more than two thousand years ago, and 
a scheme of epicycles was invented to account fo r  
them, a compounding of uniform circular motions 
which is the geometrical equivalent of our modern 
Fourier Series. A dynamical explanation was not 
sought because it  was the age of geometry, and dy-. 
namics had not yet been dreamed of. Even Kepler, 
who devoted a lifetime to the discovery of uniform- 
ities in the motion of the planet Mars, and who dis- 
covered the three laws'of planetary motion which 
bear his name, did not seek a dynamical explanation 
of these uniformities. H e  was content to  ascribe them 
to the intelligence of a n  angel who guided the planets 
in their courses. His  was the age of spirits, and 
Kepler's interpretation of uniformities was animistic. 

The foundaiions of dynamics came only with the 
genius of a Galileo who had little liking f o r  the con- 
ceptions of animism. His  induction that the natural 
state of a body was uniform motion in a straight 

1 A  symposium lecture read before the American 
Mathematical Society at  its meeting in Chicago, April 10, 
1925. 



line, and that a departure from that  state was due 
only to force, \%-as one of those great breaks with the 
past which occur a t  rare intervals in human history, 
and which have raised the race of men to its present 
intellect~ral level. Galileo initiatecl a new age, the 
one in  ml~!.ch we ourselves live, the age of dynamics. 
B e  mas followed quiclily by a n  even greater genius, 
Nemton, who slot 0111 y completed. the foundations of 
dynamics, but also cleveloped the lnalhematical con-
cepts ~iyhicli were necessary f o r  progress in  the realm 
of dynamics. Rot only was a new rna.thernatical 
science, coordinate with geometry, hl*onght into being, 
lmt matEierilatics itself was given a forwarcl impetus 
that seems to gather headway with the passing 
decades. Frwthermore, the consequences a]-e not re-
stricted to the domain of pure intellect; the entire 
human family is livillg in  a new era. f t  seems sale 
to say that the development of the science of dy-
namics has been the most frnitful aalld beueficent 
deve!opment in  the experience of the race. 

The al~plication of the new science of dynan-iics to 
the prohlenzs of astronomy o-as immediate. Scrvto11 
himself was able to show that Iiepler's three l a x s  of 
planetary nlotion led directly to a law of attraction of 
the planets ton-ards the slm according to vhich the 
force varies inversely as the square oE the distance of 
the planet from tlie sun;  and it  required but a sIiglit 
generalization of this to attain the extraordinarily 
simple lam o f  gra.vitatio11. h:c\~ton comy~letely sol\-ed 
the l>rot)lesn of ~ T T T Obodies, and obtained a co~rsider-
able nleasure of snc&ss in the p r o h l ~ m  of the motion 
of the moon. Eclipses and tlie sndden appewances of 
com~ts,  that iornlerly \yere sources oC terror a i ~ d  
fright, i ~ o ~ r  fcll iirto the class of orclerly a11:l interest- 
ing phci~ornena. Eclipses could be forritoltl with ac- 
onracy, and JIalley even dawd to prcclict the return 
aftel- seientj--.five years of the comet mhiclr is kno~l-11 
by his name. 

The clifferential equations of motion of t11.$* O YI ( ~  

more bodies were first published by Clairaut, -\~11o 
also gave the ten classical integrals of the center of 
gravitr, moments of momenta and energy. Xoti~i th-
standing its apparent sirripli~ity from a pliysical point 
of view, the complete probli?m of three bodies has re- 
sisted heroic efforts of the most eminelit mathcmati- 
cihns from Newton's time to the present (lax. l ie-
grettable as this nzay be, it \%-as fouizd possible to cle-
velop a mathematical theory of the motions of the 
plauets aud satellites of our systcn~, including thi?ir 
mutual actions and reactions, which, for  lziost of tlie 
parposes of astronomy, is satisfactory; even the very 
difficult luuar theory is almost, thouyli not quite, nil 
that cou1:l be askeil. The brilliant Tvorli of Sexton,  
Clairaut, Euler, Lagrange, Laplace, Gauss, Jacobi, 
Poinear6 and many others in the fields of celestial 
r n ~ e ~ a ~ i e shave erected a monunier~t to the human in- 
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tellect that can never be forgotten as  long as the 
nlathernatical faculties of men are :dive. When we 
coasicler the extremely accurate determinations of 
position that can be made with the telescope, and the 
very close agreement o f  theory and observation, it  is 
easy to understand how celestial niechanics has been, 
and will continue to be, a source of inspiration to 
~vorkers in every other field of scientific endeavor. It 
has virtually attained the goal which all other sciences 
see!;, namely, complete an(1 accurate prediction. It 
sbonld not be forgotten, however, that the reason for  
this success lies in the estrerne simplicity xvhich cllar- 
aeterixes o-crr p!anelary systein, together with its a!-
lx~ost complete isolation -from outside inflne~iees. 

Indeed this siniplicity, together v i t h  certain unx-
formities in tlie niotions of the planets and satellites, 
led Laplace to depart froin the purely mathenlatical 
fields, and to speculate upon how all this t l ~ i n g  came 
to be. Whatever be the Sate of tlie ideas which he 
put forth upon this sul.~ject, I can not bnt feel that 
this speculation was one of the niost valuable things 
wl-hiclr Laplace did. VTith certain linlitatiolzs as to 
rigor, Eie hud ~troved the stability of the planetary 
iystenz, titat is Lo say that the major axes, eccentrici- 
ties and iilclinations of the systeni fluctuate only 
witliin sniall limits, ant1 in tlie long run  remain 11x1- 
changed. l~athcn?atic:~lly,his conc~lusions corer the 
past as ell as the fntnre. The system always lzas 
been tliis w:iy and aln7ays will he. i lnd  yet, forgetting 
:ill this: lit. nondci>cdhov  the ijystcrri tanle 50 he as it  
is no-\\--. I n  cioiizg so he rccognizeil the fact, which 
rliany experts with nlatlicmatical forn~ulae are prone 
to forget, that not all nature is containeci in tho dif- 
ferential ecluations of r~~ot ion  and that the conclusions 
cframn frorn these equations are valid o i ~ l y  for those 
pcrioc!s of titue ~ ~ i t h i n  in-which notliixig ex t raneo~~s  
4- .- ,~elTCIICS. 

1 nced not relate that Laplaco supposeil that o ~ r r  
solnr systc,m m s  once a great hot ilebala, the hound- 
a r k s  of wliieh cstcilded beyond the orbit of tlie outer.. 
most planet; that h>- the radiation of its heat into 
space its size dimiiiisheil, and thcrei'ore, owing to tlie 
conservation of augnlzr mornei~tnn~, it  rotated more 
rapidly; that rillgs, foxmed around the eqnator, were 
abandoned by the contracting nebnlons mass ; and that 
the :nat,tei. comprising these rings gradually gathered 
into the more corrlpact: and stable form oC spheres, 
2nd that tl~cse spheres now constitnte oar  planetary 
system. I t  \ms ti. beriutiful idea, and it  niade a very 
strong appeal to the scientific imagination during the 
entire nineteentli century. It was simple; even a 1a.y- 
niali conl(1 nndeustand i t ;  it satisfied somewhat our 
uatnral cariosity to know the origin of things; and 
it was sponsor.sd by a great mathematician. What 
more could be asked? 

I t  must be admitted that ideas with respect to heat 
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and energy were somewhat hazy in the days of La- 
place; and it  is indeed very fortunate for  celestiaI 
mechanics that gravitation is independent of tempera- 
ture. Shortly after Laplace published his hypothesis 
of the origin of our fanlily of planets, it was proved 
by Count llumford that heat is a inode of mo.tion 
and therefore a form of energy, and by the middle of 
the century physicists had pu t  forth the doctrine of 
the conservation of energy, recognizing clearly that 
energy exists in many forms which are convertible 
into one another. The doctrine of the conservation 
of energy is sometimes called the first law of thermo- 
dynamics. There is a second law of thermodynamics 
which states, in the words of Lord Kelvin, that the 
energy which is available for  useful ~vork  al~vays 
tends towards a minimum; or, in modern terms, that 
the entropy of a n  isolated system tends towards a 
maximum. 

These n e v  ideas with respect to energy enabled 
Helmholtz to make a great contribution to the nebular 
hypothesis of Laplace. Since gravitational potential 
energy is convertible into the energy of heat, i t  was 
possible to compute how much heat would be developed 
by a large gaseous mass in contracting from a n  infi- 
nite dispersion to the size of a given sphere as  sooil 
as the numerical relationship between ergs and calo- 
ries was known. This fact was pointed out by Helm- 
holtz in  a popular lecture at  Kijnigsberg i n  1854, a 
lecture which was translated and printed in  the Philo-
sophical Magaziae of 1856, under the title "On the 
interaction of natural forces." Helmholtz computed 
that a t  the present rate of radiation the supply of the 
sun's heat thus generated would last fo r  20,000,000 
years. H e  states that the duration of human history 
was only 6,000 years, but that the geologists esti- 
mated the entire period of organic evolution at  from 
one to nine millions of years. Hence his theory was 
quite ample for  d l  purposes. 

About fifteen years later, Lane%nd Ritter3 proved 
that if the sun is a monat%mic gas contracting under 
the action of gravitation and the radiation of heat, its 
temperature varies inversely as its radius, and there- 
fore its temperature is increasing. The contributions 
of Helmholtz and Lane to the nebular hypothesis 
were very important. They are entirely in harmony 
with the idea of Laplace; they simplify it  by reniov- 
ing the necessity of an initial high temperature and 
by providing a supply of heat, that, in  the middle of 
the nineteenth century, seemed to be entirely adequate. 

The satellite systems of the planets are miniature 
solar systems. I n  the case of Saturn and Jupiter the 

2 J. Homer Lane: "On the theoretical temperature of 
the sun," Am. J o u ~ .Sci. (1870). 

3 Various memoirs in Wiedemann's Annalen (1878-
1883). 

resemblance is striking except for the retrograde mo-
tion of the recently discovered outermost satellites. 
Granted the correctness of the Laplacian hypothesis 
of the origin of the planets, nothing particularly new 
was required t o  explain the origin of the satellite 
systems. I t  was necessary only to repeat the process 
over again. The orbits of the satellites lie very nearly 
in the plane of the equators of their primaries; their 
orbits are very nearly circular, and their motion is 
forward in all the satellites which were known to La- 
place. None of them, with one exception, has a mass 
greater than 1/4000 of its primary, and most of them 
are much smaller. Among the planets the largest 
one, Jupiter, has a mass equal to  1/1000 of the mass 
of the sun, the others being much less. 

The exceptional satellite just mentioned is our own 
moon. I t s  mass is 1/81 of the mass of the earth, and 
the inclination of its orbit to the plane of the equator 
varies from 18.5" to 28.5". I t  is  much more closely 
related to the plane of the ecliptic, to which it is in- 
clined oilly 5". I t s  orbit is nearly circular and its 
motion is forward. From its exceptional character' 
one is tempted to regard the earth-moon system as a 
double planet. These facts led Sir  George Darwin 
in 1879 to believe that in its origin it had not followed 
the Laplacian scheme. The planets and other satel- 
lites had been formed from a thin shaving taken from 
the equator of theii. primary while still in a gaseous 
condition. Darwin thought that the moon had sepa- 
rated from the earth while in a liquid state, owing to 
an instability arising from a too high angular velocity, 
and that after separation from the earth the two 
bodies continued for  a time to rotate as a rigid sys- 
tem about their common center of gravity. 

I n  1880 Darwin summarized his ideas as to the 
early history of the moon as f o l l o w ~ : ~  

We begin wit11 a planet not much more than 8,000 
miles in diameter, and probably, partly solid, partly fluid, 
and partly gaseous. This planet is rotating about an 
axis inclined about 11" or 12" to the normal to the eclip- 
tic, with a period of from 2 to 4 hours, and revolving 
about the sun wit11 a period not much shorter than our 
present year. 

The rapidity of the planet's rotation causes so great 
a compression of its figure that it  can not continue to 
exist in an ellipsoidal form with stability; or else i t  is 
so nearly unstable that complete instability is induced 
by the solar tides. 

The planet then separates into tvo masses, the larger 
being the earth and the smaller the moon. I do not 
attempt to define the mode of separation, or to say 
whether the moon was more or less annular. At any rate 
it must be assumed that the smaller mass became more 

4 "Scientific Papers of Sir George H. Darwin, " Vol. 
11, 367. 



or less conglomerated, and finally fused into a spheroid- 
perhaps in consequence of impacts between its constitu- 
ent meteorites, whicli were once part of the primeval 
planet. Up to this point the history is largely specula- 
tive, for though we know the limit of stability of a horno- 
geneous mass of rotating liquid, yet it  surpasses the 
power of mathematical analysis to follow the manner of 
rupture when the limiting velocity of rotation is sur-
passed. 

We now have the earth and nloon nearly in contact 
with one another and rotating nearly as though they 
were parts of one rigid body. . . . 

As the two masses are not rigid, the attraction of each 
distolts the other; and if they do not move rigorously 
with tlle same periodic time, each raises a tide in the 
other. Also the sun raises tides in both. 

In  consequelice of the frictional resistance to these 
tidal motions, such a systeni is dynanlically unstable. I f  
the moon had moved orbitally a little faster than the 
earth rotates sbe must have fallen back into the earth; 
thus the existence of the moon colnpels 11s to believe that 
the equilibrium broke down by the moon revolving orbi- 
tally a little slower than the earth rotates. Perhaps the 
actual rupture into tn-o masses was the cause of this 
slower motion; for if the detached mas? retained the 
same amount of monlentuln that it  had initially, when ~t 
formed part of tlle primeval planet, tlils would, I think, 
necessarily be the case. 

In  consequence of the tidal flietion the periodic time 
of the moon (or the month) increases in length, and that 
of the earth's rotation (or the day) alqo increases; but 
the month increases in length at  a very mnch greater 
rate than the day. 

At some early stage in the history of the system, the 
moon has conglomerated into a spheroidal form, and has 
acquired a rotatioli about an axis nearly parallel with 
that of the earth. 

He continues with a n  explanation of the effects of 
the tidal interaction upon the periods of rotation and 
revolution, upon the eccentricities of the orbit and 
obliquities of their axes; and statcs that it  has re-
quired not less than 54,000,000 years to bring the sys- 
tem to its present state. 

I t  will be noticed that Darwin was somewhat hazy 
a t  this time abont the mode of separation, but was 
rather inclined to the idea of a ring vhich was gath- 
ered together to  form a spheroiilal mass which mas 
jnst out of contact with the earth, the whole rotating 
as  a rigid system. 

PoincarB's attention \]-as attracted tonards the 
problem of the figures of equilibriun? of rotating in-
compressible fluid masses and their stalr~ilities by cer- 
tain theorems which were stated, without proof, ill 
Thomson and Tait's "lc'atnral Philosophy." Poia-
car& interest led hiin to publish a long and extremely 
interesting paper on the subject in  A c t n  JIa1,hematiccc 
fo r  1885.5 MacLaurin had found in the eighteenth 

5 ( 'Sur l'fiquilibre d'une masse fl~lide aniince rl 'un 
nlouveinellt de lota,tion," Aeta Alathenlaticaa, V I l  (1885). 
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century that a series of oblate spheroids satisfied the 
conditions of equilibrium, and in 1834 Jacobi had 
found a series of ellipsoids with three unequal axes 
which also satisfiecl the requirements. Poincard 
proved that for snlall angnlar. velocities the Mae-
Lawin  splicroicls were stable up to the point where 
they crossed the Jacobi series of ellipsoids. At  the 
point of crossing tile stability passes from the Mac- 
Laurin series to the Jacobi series. F o r  higher rates 
of rotation the ellipsoids are stable u p  to a certain 
rate, a t  which the ellipsoids, too, become unstable. 

F o r  still higher rates of rotation Poincarit found, 
by the use of the ellipsoidal harn~onics of Lam6, a 
series of figures which are  unsymmetrical, and which 
were called pear-shaped by Darwin. Poincark thought 
he Elad proved that this new series started out by 
being table,^ but Seh\varzschild pointed ont in  1896: 
that PoincnrL: had made an crror in  liis criterion of 
s tab i l i t~ ; ,~whicli was ndmittecl by Poinearit in 1901,8 
and the question of t,he stability of those figures \\-as 

left open. 
I11 the concInsioi1 of his 1885 paper Yoincar6 said: 

Let us consider a homogeneous, rotating fluid mass, and 
imagine that this mass contracts, with slow cooling, but 
in such a way as to re~nain always homogeneous. Let us 
suppose that the cooling is sufficiently slo1~7 and the inter- 
nal frictioil is sufficiently great that the angular rotation 
remains the same th~oughout the fluid. Under these con- 
ditions the fluid nil1 tako always a figure of eyuilibrium 
which is stable, and the nloinent of momentum will be 
constant. 

At the beginning the density will be very small, and 
the figure of the mass .sill be an ellipsoid of revolution 
differing little from a sphere. The cooling will a t  first 
increase the flattening of tlze ellipsoid, which, however, 
mill remain an ellipsoid of revolution. When the flatten, 
ing has become very nearly equal to 215, the ellipsoid 
will cease to be one of rerolution and will beconle a 
Jacobi ellipsoid. The cooling continuing, the mass ceases 
to be ellipsoidal; i t  becomes unsymmetrical with respect 
to the pz-plane, and takes the for111 given in the figure on 
page 3+7 (the pear-shaped figure). As we hare already 
ol~served with respect to this figure, the ellipsoid seems 
to be compressed slightly around the middle but nearer 
one end of the major axis than the other; the larger part 
of the mass tends to approach a spherical form while 
the snlaller part rnoves towards one end of the major 
axis as if i t  sought to dotach itself from the larger mass. 

I t  is difficult to state lTith certainty hat will happen 
if the cooling coutinues, but it  is permissible to suppose 
that the mass will become creased deeper and deeper, 
until it is cut through and finally separates into two dis- 
tinct masses. 

6 1 . 0 ~ .cit., 378. 
7 K. Schvarzscliilcl, Btiinche~ier Inaug. Dissert. (1896). 
8 Bur la, st allilir6 tie 1'Equilibrc: des Figures Pyri- 

formes affectees par une llasse Fluide en rotation, " Phil. 
Trans. 196 (1901), :333. 
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One might try to find in these ideas a confirnlation or 
a refutation of the hypothesis of Laplace, but i t  must not 
be forgotten that the conditions are very different, since 
our mass is homogeneous while the nebula of Laplace mas 
strongly condensed at  its center. 

I t  is evident a t  once that Poincark's ideas exactly 
filled the gap in Darwin's theory, which has become 
known as the '(fission theory." That they appealed 
strongly to Darwin goes without saying, and this in- 
terest resulted in  a number of papers by Darwin dnr- 
ing the succeeding twenty years. His  first effort, in  
1887, was a study of the figures of equilibrium of two 
fluid masses revolving as a rigid system. I t  is evident, 
if the two masses are f a r  apart  and the rate of revo- 
lution therefore is slow, that the figures of the masses 
are prolate spheroids which differ but little from 
spheres, and that these forms are stable. There are 
other forms in which the masses are very elongated, 
but these forms are unstable. They correspond to the 
very much flattened unstable MacLaurin spheroids. 

As the distance between the two masses diminishes, 
the rate of revolution increases, and the masses be- 
come somewhat oval in  shape with the small ends of 
the ovals pointing towards each other. I f  the two 
masses are brought close enough together to be touch- 
ing, Darwin showed that the figures are unstable. 
Eventually, in  1906,9 Darwin proved that the stability 
ceases fo r  two equal masses when the distance between 
their centers is equal to 2.638 r, r being the radius of 
the sphere of the combined mass. I t  is  very interest- 
ing to compare this value with the limiting distance of 
stability, 2.45 r ,  which Roche had found in 1850 
for  a n  infinitesimal fluid satellite revolving about a 
rigid spherical primary. It seems to make little dif- 
ference whether the mass is nearly all in  one of the 
bodies or whether i t  is equally divided between the 
two; the distance of limiting stability is approxi-
mately two and one half times the radius of the 
sphere of the combined mass, and this distance is 
known as Roche's limit. 

I n  1901, Darwin attempted to prove the stability 
of the pear-shaped figures by numerical processes, 
and his conclusion was that, a t  least a t  the beginning 
of the series, they are almost certainly stab1e.l1 I n  
1905, however, Liapounoff12 announced in St. Peters- 
burg that he had obtained a rigorous solution of the 
problem and that the pear-shaped figures are un-
stable. Evidently Darwin did not see Liapounoff's 
proof, which was published only i n  abstract, for  he 

8 Scientific Papers, 111,513. 
l o  La Figure d'une Masse fluide soumise B I'attraction 

d'une Point eloign4, Acad. de Montpelier, I (1850).  
11Ibid., 111,316. 
1 2  Sur un Problhme de Tchebychef-Memoirs of the 

Imperial Academy of St. Petersburg, XVII (1905). See, 
also, Darwin, 111,391. 

f o ~ ~ n ddifficulty i n  accepting his conclusion. The 
matter was therefore uncertain until Jeans took u p  
the problem in 191513 and proved definitely that 
Liapounoff was correct; Darwin, too, had made a mls- 
take in  his criterion of stability. The conclusion 
therefore seems to be final that there does not exist a 
continuous series of stable figures of equilibrium 
which connects the critical Jacobian ellipsoid with 
the limiting configuration of equilibrium of double 
masses. 

Notwithstanding their instability, Jeans thinks that 
this pear-shaped series "are of the utmost importance 
in  directing the course of dynamical o r  cataclysmal 
motions such as occur when statical evolution is no 
longer possible."14 This opinion is somewhat difficult 
to understand. I f  a man, walking along a ridge, falls 
off, his subsequent motions depend very little upon 
the particular manner in which the ridge continues. 
The fact that the pear-shaped figures are unstable 
seems to make them of as little interest as all the 
other unstable series i n  this problem. 

Jeans has also supposed15 that the cataclysm which 
occurs after passing the critical Jacobian ellipsoid 
may be represented by a jump from the ellipsoidal 
configuration to the double-mass configuration of the 
same angular momentum, although he points out thah 
this can occur only if the ratio of the masses is less 
than one third, since f o r  greater ratios stable double- 
mass configurations do not exist. Since the moment 
of momentum of the system remains constant, the 
amount of this jump, computed on the assumption 
that the two masses are constrained to be spheres, is 
as follo~vs : 

Ratio of the 
masses ........................ .3 .2 .1 1 / 8 1  

Distance between 
centers ...iiumvl 4.1. 7 . 2 5 ~  22r 1 0 4 7 ~  

Energy of '{he sys- 
JIZ 

tem .5403-
M 

.5178--
M2 

.4765-
iC f2  

.4264--

From these figures i t  is seen that the jump in-
creases rapidly as the ratio of the masses decreases, 
and the energy of the system also decreases. F o r  
the earth-moon system, i n  which the ratio is 1/81 and r 
about 4,000 miles, the jump is about 4,000,000 miles, 
o r  1 6  times the present distance of the moon, and 
the energy lost i n  the transformation would be suffi- 
cient to  heat the entire system some three or  four  
thousand degrees. 

I t  will be observed that there is only one ratio of 
the masses, about .29, f o r  which both the energy and 
the angular momentum of the double mass system 

1 3  Phil. Trans. 217 A., also, "Problems of Cosmogony 
and Stellar Dynamics," 101. 

14 ''Problems of Cosmogony, " 102. 
1 5  "Problems of Cosmogony, " 134. 
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agree with the corresl~onrling ~ a l n e s  of the c~i t ical  
Jacobi ellipsoid, the energy of the Jacobi ellipsoid 
being 3377 M v r .  I f  such a jnmp occurs i t  seems cer- 
tain that the ratio of the masses must lie between 
1 / 4  and 1/3, a small range being necessary to allow 
for  possible thermal changes. 

I t  has been commonly assumed that if a satellite 
were brought within Roche's limit, that is, two and 
one half times tlie radius of the sphere of combined 
mass, by any means whatex-er, the satellite ~ ~ o u l d  be 
broken u p  by tidal stresses and its remains scattered 
about the primary in the foim of a ring. This seems 
entirely reasonable, and I lino~v of no dissenting 
opinion. The rings of Saturn apparently furnish 
a n  example of the consequences of this process, as 
the radius of the outermost ring is 2.3 times the 
radius of the planet, the radius of the nearest satel- 
lite on the same scale being 3. I n  1859 Clerlr Max- 
well proved, under certain reasonable assumptions, 
that such a ring mould be stable if its density weye 
small enough. 

On the other hand, the fission theory requires us 
to suppose that after t,he critical ellipsoid of Jacobi 
is passed, either the mass separates a t  once into two 
parts which jump immediately beyond Roche's limit, 
or else it  separates into many parts which eventually 
are  reunited by their mutual actions into two masses 
outside of Roche's limit. The jump hypothesis in- 
volves t,he difficulty of radial velocities which would 
bring the two masses together again in  a second 
cataclysm possibly greater even than the first. I f  
one were compelled to admit, by concrete examples 
found in nature, that a single mass which becomes 
unstable through excessive angular momentum does 
separate into two stable masses, then the second hy- 
pothesis ~vonld seem to be the more reasonable one, 
but we should have to admit that -\re do not see h o ~  
the thing is done. One can admit that eventually 
a ring is formed -which is composed of small discrete 
masses, with a total mass and angular momentum 
sufficiently great to permit the primary mass to be- 
come spheroidal, but the satellite state is, a t  present, 
beyond us. There is nothing in the astronomical 
situat,ion, however, which compels us to make such 
a n  admission, although Russell thinks the multiple 
stars are  such as woulcI be expected on the hypothesis 
of fission.16 

Moulton17 has made a critical examination of these 
abstract ideas as applied to the solar system. The 
celestial bodies are  not homogeneous, and it  is gen- 

16Russell, I-I. N., "Origin of binary stars," A s t ~ o -
physical Journal  (1910). 

17 See "The tidal and other probleins," Publication 
107 of the Caruegie Institution of Washington, 79 
(1909). 

erally assumed that the density decreases from the 
center towards the circumference. As NacLaurin 
pointed out, this fact makes the celestial bodies less 
oblate than a homogeneous body for  a given rate of 
rotation. Furthermore, TTe have to deal with a single 
mass whose angu!ar momentum is constant and whose 
density is increasing, rather than with a mass whose 
density is constant and whose angular m o m e n t ~ ~ m  is 
increasing. This is important since, if cu is the rate 
of angular velocity. and e is the density, the eccen- 
tricity of the figure of eclnilibrium depends not upon 
a2alone but upon the ratio a2/e. A.s the fluid mass 
radiates its heat and contracts both a and Q increase, 
in such a that 02/e slolvly increases. way l i o ~ ~ e v e r  
.Admitting that the process goes on indefinitely, every 
rotating fluid mass mould eventually reach the point 
~vhere the &iacLaurin spheroid branches into the 
Jacobi ellipsoid. I f  tlie earth and moon originally 
vere  a single homogeneous mass with the angular 
momentum of the present system this branch point 
x~onld not be reached until the density of the mass 
wa.s 215 times the density of water and its radius 
something less than one third of the present radius 
of the e a r t h . ' V s  heterogeneit,~ of density only 
makes the situation worse, the demonstration is com- 
plete that the moon did not separate from the earth 
through rotational instability while the mass was in  
a liquid state. 

So small is the angular momentum of the sun 
that i t  will not reach the branching point until it 
has shrunk to a size in  which its equatorial radius is 
only 13. miles and its period of rotation is 55.4 sec- 
onds. The most favorable case in  the solar system 
is Saturn, ~vhose present density is .6 of the density 
of water and equatorial radius about 37,500 miles. 
When it  reaches the same branch point, its density 
will be 21  times the density of water and its eqna- 
torial radius 14,200 miles; but i t  will not reach the 
critical Jacobi ellipsoid until its density is ahont 95, 
its longest radius 13,400 miles, and its shortest 4,700 
miles. I t  is evident from these figwes, which are 
due to  2Ioulton, that the fission theory finds no ap-  
plication in the solar system. 

As one of the attractive features of the hypothesis 
of Laplace was that i t  not only could be appealed 
to in  acconnting for  the planetary systems, but Tvas 
also available fo r  explaining the satellite systems, so 
also is it  a n  attractive feature of the fission hypothe- 
sis, ~ ~ h i c h  devised to account for  theTyas origin 
of the moon, that it  is also available in  acconnting 
for  the origin of the binary stars. Aitken states in  
his book on the binary starsl"hat a t  least one sta.r 
in  18, down to the 9th magnitude, is a close double 

18 LOG.cit., 151. 
19 ((The Binary Stars" ( I s la ) ,  255.  
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star visible with the 36-inch Lick telescope. When 
the spectroscopic binaries a re  taken into account, 
however, i t  is estimated that  40 per  cent., o r  even 
more, of the stars are  double.20 Here, then, is a 
great field f o r  the fission hypothesis. 

Stars, however, are  certainly not incompressible 
liquids. With respect to the state of their interiors 
we know nothing a t  all, but as a mathematical model 
undoubtedly a compressible gas is much more ac-
ceptable than a n  incompressible liquid; but even a 
quiescent gas theory may be only a rough first ap-  
proximation, notwithstanding the theory be mathe- 
matically complete, since a star is the most energetic 
thing we know anything about. The mathematical 
theory of the gas model, as might be expected, is 
much more difficult than the theory of the incom- 
pressible model21 and there is little that can be stated 
that does not rest largely upon conjecture. We are 
virtually thrown back upon the incompressible liquid 
f o r  our intuitions. So f a r  as  we can depend upon 
this model, the observations of the binary stars are  
unfavorable to the fission theory. W e  have already 
seen that fo r  this model the ratio of the masses can 
not exceed one third. But  the observations of the 
binary stars do not harmonize with this ratio. 

I f  the fission theory is to apply to any stars a t  
all i t  must be to the spectroscopic binaries, since 
MoultonZ2 has shown, and the same results were ob- 
tained later by Russell23 and by Jeans,24 that af ter  
fission has occurred the mutual tidal actions can never 
separate the two stars very far,  so that if the visual 
binaries were ever formed by fission they were formed 
while the mass was still in  the nebulous state; o r  per- 
haps better, the nebulous mass had two centers of con- 
densation from the start, and the theory of fission is 
not applicable. 

Aitken gives a list of 32 spectroscopic binary starszs 
f o r  which the ratios of the masses were known in 
1918. I n  this list there are  but two stars fo r  which 
the ratio is less than one third, and the average ratio 
f o r  the entire 32 is .748. I n  the third list of spec- 
troscopic binaries issued by the Lick Observatory26 
which is complete to July 1, 1924, the ratios of the 
masses a re  given f o r  7 1  stars. There a re  only four  
s tars  in  this list f o r  which the ratio of the masses is 
less than one third, and the average ratio f o r  the 71 
stars is .746, which is practically identical with the 
average of Aitken's list. F o r  24 of these stars the 

20 Loc. cit., 274. 

21 See Jean's '(Problems of Cosmogony," Chap. VII. 

22 Loo. cit., p. 107. 

23 LOC. cdt., p. 191. 

24 Loo. cit., p. 260. 

25 ('The Binary Stars, " 205. 

26 Lick Observatory Bulletin No. 355. 


ratio lies between .9 and 1.0, and f o r  1 4  it lies be- 
tween .8 and .9. I t  is evident that  a n  approximate 
equality between the masses is the rule. 

I t  is a fair  guess, therefore, that the fission theory 
does not account fo r  the spectroscopic binaries. I t  
is not applicable to the visual binaries, and it does 
not fit anywhere within the solar system. X can not, 
therefore, but differ from Jeans when he states::!? 
(' . . . a double s tar  must be supposed to be born 
as  a result of cataclysmic motion," that is, by the 
process of fission; and agree with the opinion ex-
pressed by Moulton28 when he states that his results 
"are so uniformly contradictory to its implications 
as to bring i t  into serious question, if not to compel 
us to cease to consider it, even as  a possibility." 

There is no doubt that from the mathematical point 
of view the theory of fission, as set forth by PoincarQ 
and Darwin, is the most attractive portion of cos-
mogony. Like so much of his work, PoincarB's paper 
on the figures of equilibrium of rotating fluid masse:: 
is a masterpiece. Darwin's work is not characterized 
by mathematical brilliancy, but one can hardly read. 
his memoirs on this subject without a feeling of the 
highest respect f o r  his work. His patience and in- 
dustry, his honesty and extrenie modesty with respect 
to himself, his thoroughness in  the examination of all 
details, command one's entire confidence, and make 
one feel that Darwin's attitude towards his problem 
is a model which should be emulated by all scientific 
workers who labor in  regions in which definite con- 
clusions can not be reached. One turns from this 
theory with a feeling of profound regret that  the 
evidence seems to be fairly conclusive that, in  the 
birth of the cosmic forms, nature has not f'ollowed 
this model. 

During the entire nineteenth century work in cos- 
mogony was entirely in  the hands of the mathemati- 
cians. Contraction and rotational instability were 
the central features. During the last two years of 
the century T. C. ChamberlinZ9 entered the field from 
the domain of geology. With him came a new set 
of ideas, and a somewhat new mode of treatment. 

W e  do not generally regard geology as a mathe-
matical science, but, notwithstanding this, we can 
not deny that a competent geologist has a right to 
cosmogonical opinions. Indeed, a geologist has a 
closer and more intimate experience with one of the 
cosniic bodies than either a n  astronomer or a mathe- 
matician, and if he ventures to formulate an opinion 
in the difficult field of cosmogony the abstract worker 

2 7  "Problems of Cosmogony," 252. 
28 Loc. cit., 133. See also p. I G O .  
29 T. C. Chamberlin: "An attempt to test the nebular 

hypothesis by the relations of masses and momenta," 
Joz~r.Geology (1900). 
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must listen to his ideas mith respect. A pure geolo- 
gist, however, would be in danger of running amuck 
in the china closet of dynamics, just as did the 
philosopher, Icant; and in associating himself mith 
F. R. R f ~ u l t o n , ~ ~  a very happy Chamberlin formed 
combination of talents that gave promise of being 
fruitful. To-day no one would think of framing a 
hypothesis of the origin of the planets withollt con-
sidering very carefully its geological implications. 
The matter is no longer purely mathematical, nor 
purely astronomical. I t  is clearly a mathematical-
astronomical-geological problem. 

The nebular hypothesis of Laplaee had ignored 
everything outside of our own nebula. I t  asserted 
that, once upon a time, the earth was a n  incanclescent 
liquid mass slightly larger than a t  present, sur-
rounded by a n  atmosphere which contained all the 
water which is a t  present in the ocean, and therefore 
300 times as massive as it  is a t  present. I n  addition 
to this i t  contained all the carbon dioxide which is 
a t  present loclced up  i n  coal ancl the sedimentary 
rocks. These conditions imply a climate, which, geo- 
logically speaking, became progressively cooler as the 
crust of the earth cooled, and the atmosphere mas 
gradually relieved of its excess burden of water and 
carbon dioxide. Unfortunately, these relations can 
not be expressed i n  mathematical formulae; but they 
a re  very real fo r  all that, and they must be checked 
u p  with the evidence of the rocks. 

I n  the introduction to "The Origin of the Earth," 
Chamberlin writes :zl 

Rut this theory of a simple decline from a fiery origin 
to a frigid end, from a thick blanket of warm air to a 
thin sheet of cold nitrogen, consonant with the current 
cosmogony as it mas, logical under the premises postu- 
lated, pessimistically attractive in its gruesome forecast, 
already in possession of the stage, with a good prospcct 
of holding it-this theory of a stupendous descensus none 
the less encountered some ugly facts as inquiry went on. 
I t  seemed to accord well enough with an ice age if the 
ice age came only in the later stages of the earth's his- 
tory, but it  was ill suited to explain an ice age in the 
earlier geological eras. Unfortunately for it, there be- 
gan to appear signs of ice ages far back in time, and, 
besides, some of these had their seats much nearer the 
equator, and, in other respects, were even stranger than 
the latest great glaciation. The evidence of these later 
and stranger glaciations was at  first quite naturally re- 
ceived with incredulity, but the proof grew steadily 
stronger with every new test, and the range of evidence 
mas found wider and clearer as exploration advanced. 

30F. R. Moulton: "An attempt to test the nebular 
hypothesis by an appeal to the laws of dynamics," 
Astrophysical Jozcr. (1900). 

31 Chamberlin, T. C., "The Origin of the Earth, " p. 4 
(1916). 

While all this should have weakened, and did weaken, 
tilo fundamental concept of great warmth and a rich 
atmosphere in the earlier ages, while it should have roused 
skepticism as to the verity of the cosmogony on which it  
was based, and perhaps did so, still the old thermal con- 
cept and the old cosmogony continued to hamper all at- 
tempts at  a radical revision of glacial theories. . . . 

. . . I n  the course of this,32 still further departures 
from the generalizations of the inherited view came to 
notice. 1)esiccation products were found to be scarcely 
less abundant and characteristic in the early strata than 
in the later, and no steady progress from l~umidity to 
aridity seemed to mark the progress of time; nor were 
there found any evidences of even an oscillatory progress 
from predominant humidity to predominant aridity. I f  
the record favored any generalization it seemed to be 
that the severest and most prevalent period of aridity 
fell near the middle of the stratigraphic record. 

The implications of the nebular hypothesis a r e  out 
of harmony with the history of the earth as revealed 
by the geological record. Moulton found them to 
be out of harmony also with the present dynamic 
of the solar system. F o r  example, the present an-
gular momentum of the solar system is less than 
1/200 part  of the angular momentum which the sys- 
tem must have had when the ring of Neptune was 
formed, not\%-ithstanding that the elementary prin-
ciples of dynamics require that the angular momen-
tum of the system shall be constant; the axis of rota- 
tion of the sun is out of its proper position; when 
the ring of Jupi ter  was formed one tenth of one per 
cent. of the mass received 96 per cent. of the moment 
of momentum; some of the satellites of Jupi ter  have 
for~vard  motion, some have backmard motion; srmi-
iarly, with respect to the satellites of Saturn;  one 
of the satellites of Xars  has a shorter period of revo- 
lution than Mars' period of rotation; similarly, the 
period of the inner ring of Saturn is shorter than 
Saturn's period of rotation; the high eccentricities 
and inclinations of the orbits of Mercnry and the 
asteroids are  unexpected. There are other objec-
tions, bnt these are  enough, I t  is abundantly evr-
dent that the nebular hypothesis of Laplace does 
not tell the true story of how our planetary system 
was formed: both astronomy and geology cry out 
against it  and demand that a new story of its birth 
shall be told. The concept of rotational instability 
has been tried out i n  its various aspects dining a n  
entire century, and it  has been found wanting. 

The planetesimal hypothesis" of Chambedin and 

32 Chamberlin, T. C., 0p.cit., p. 7. 
33 T. C. Chamberlin: "Fundamental Problems of Geol- 

ogy," Year Book ATo. 3 (1904) of the Carnegie Institu- 
tion of Washington, p. 195-258, and subsequent issues. 

F, R. Moulton: "Erolution of the solar system," 
Astrophysionl Jozi,rnal (1905). 
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Moulton appeals to another principle, namely, dyna- 
mic encounter of the sun with another star. I n  the 
zoological world the lowest types of animals multiply 
by simple division, much as  Darwin and Poincar6 
supposed a rotating liquid mass to do. But  in  the 
higher types of life two parents are required in  the 
process of generation; and this is remotely analogous 
to the generation of the sun's family of planets. It 
is a bi-parental process." I f  I remember correctly, 
it was Lord Kelvin who likened the galaxy to a gas 
of which the molecules a re  stars. As in  the kinetic 
theory of gases the collision of the molecules is a fun-  
damental event, so in  the dynamics of the galaxy the 
close approach of two stars is a fundamental event; 
the time scale in  the two cases, of course, is very dif- 
ferent. However improbable such a n  encounter may 
be for  a given star and a given century, neverthe- 
less in  the course of time they a re  inevitable f o r  all 
stars. I f  we take a sufficiently large survey of the 
galaxy we are  compelled to face the question: What 
a re  the consequences of the close approach, but not 
collision, of two large, hot, highly active, gaseous 
masses which a re  moving on hyperbolic orbits with 
respect to their common center of gravity? 

There are  many variable factors in such a situa-
tion, and quite likely a great variety of consequences 
may follow. The problem can be narrowed down 
somewhat by assuming that the sun had such a n  
encounter some ten or twenty billion years ago, that 
a t  the time of the encounter it was in  substantially 
its present condition, and that the distance of closest 
approach was neither too great nor too small fo r  our 
purpose, which is, of course, the generation of our 
planetary system. The first obvious effect is that 
we have a tidal problem on our hands. On second 
thought, this tidal problem is complicated with a 
rotation of the sun about a n  unknown axis, and a t  
a n  unlrnown rate. B y  the time that we have become 
adjusted to this idea, i t  has occurred to us that this 
is not a quiescent sun, sleek and complacent, but one 
with a fiery disposition, subject to explosions and 
great gusts of uncontrollable passion. 

I am sure that even such a redoubtable mathema- 
tician as  Poincar6 would have fled precipitately from 
such a problem, but Chamberlin fortunately is a 
geologist, accustomed to volcanoes and earthquakes; 
therefore he stood his ground and prepared to see 
what would happen. Quite naturally, what he tells 
us is not couched in mathematical terms, but with 
Moulton standing guard over the interests of mathe- 

Chamberlin and Salisbury: '' Geology," Vol. I1 (1906). 
F. R. Moulton: "Introduction to Astronomy" (1906) ; 

also 	(1916). 
34 Chamberlin, T. C., "Origin of the Earth," p. 102. 

matics and dynamics we may be sure that, judged 
from the point of view of present ideas, the picture 
presented is essentially correct and sound. I f  later 
research and study shows that this is not the correct 
story, the difficulties, I fancy, will not be perfectly 
obvious ones. 

The planetesimal hypothesis' tells us that great 
tides were raised upon the sun, so that the shape of 
the sun ceased to be spherical and became somewhat 
prolate, its longest axis pointing towards the visiting 
star, but deflected slightly by rotation. The violent 
ascending and descending convective currents, which 
are  always a normal par t  of the sun's activities, and( 
which a re  responsible fo r  or, a t  least, accompany, the  
great sun spots and prominences which make the  
study of the sun so interesting, mere greatly stimu-. 
lated by these vast tides, and were particularly vio- 
lent in the direction towards and away from the 
passing star. What  are now merely prominences that 
shoot u p  a quarter or a half a million miles, only 
to fall back upon the sun, were then intermittent 
streams of matter that left the sun with somewhat 
higher velocities so that some of it doubtless escaped 
from the sun's control altogether, some of it quickly 
fell back upon the sun, and some, slightly more than 
one tenth of one per cent, of the sun's mass, was de- 
flected from its radial motion by the attraction of 
the visiting star and given a n  angular momentum 
about the sun in the same direction as  the motion 
of the visiting star, thereby reducing the eccentricity 
of the star's orbit. 

After the star had passed on its way and the sun 
had returned to its lonely state, there existed a large 
amount of matter that had been torn from the sun 
moving about it  in orbits that were in general highly 
eccentric, and in all of which the motion was for-
ward. Much of this material consisted of free mole- 
cules, each of which moved in a Keplerian orbit until 
that orbit was changed by collision with other mole- 
cules; some of it  was in  large gaseous masses, which 
a re  called nuclei, whose gravitative power was suffi- 
ciently great to resist the gaseous tendency of expan- 
sion and dissipation, and thereby to preserve their 
identity; and some of it  consisted of smaller gaseous 
masses which could not wholly resist expansion and 
dissipation, but large enough to delay the process 
until a certain amount of condensation from the 
gaseous state to a foggy or  a liquid or a solid state 
had occurred. Thus, in a relatively short time there 
were large gaseous nuclei, small and smaller liquid 
masses, very small solid bodies, and free molecules, 
each pursuing its own path like a tiny planet about 
the sun-hence the term planetesimals. 

Owing to the high eccentricities of the orbits of 
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these plalletesimals there was a vast amount of cross-
ing of paths, jostling and collisions. The larger 
masses gradually absorbed the smaller ones, and, in 
accordance rvith well-known principles in  celestial 
mechanics, their orbits became f a t  ancl round, and 
the illclinatiolls of their orbits to the plane oP the 
passing s tar  tencled towards zero. I n  this manner 
the planets with their nearly circular orhits came illto 
being. Large inclinations ant1 eccentricities are  to 
be expectecl only in  small bodies f o r  which the in- 
tegration process v a s  small, and i t  is only in the 
small boclies that they occnr. There a rc  110 diffieul-
ties with angular momentunl, as in  ilie nehnlar hy-
pothesis; and one can not say that the sun's axis of 
rotation is 5' out of place. That the axis of rotation 
of Saturn is 27" out of the perpendicular to its orbit 
and f o r  the earth and Mars it  is 24" out is a blow 
to the nebular hypothesis, but it causes no disturb-
ance here. The axis of Uranus may be 90" from the 
perpendicular, and Neptune may rotate backwards 
without any one being surpriseel. The fact that there 
are a thousarld asteroids between the orbits of Xars  
and Jupi ter  merely tells us that there was no domi- 
nant nucleus in  this region from the beginning; and 
the zodiacal light suggests that the process of aggre- 
gation is not yet fully completed. 

That a n  eruption from the sun that produced the 
planetary nuclei also produced one or  more smaller 
nuclei ~vhicli were tra~relling a t  about the same speed 
seems not unlikely. I f  a t  the time of ejection such 
a system of nuclei were moving lilre a rigid system 
i n  rotation then, if they mere not too f a r  apart,  they 
would continue to move as a dynamical unit and the 
smaller nuclei ~ ~ o u l d  move about the planetary nucleus 
as  a system of satellites. Their direction of revolu- 
tion would lie the same as  the clireetion of rotation 
of the planet and their orbits n-ould lie in the plane 
of the planets' equator. This sub-hypothesis would 
account fo r  the uniformity of motion of the larger 
satellites of the planets Jupiter, Saturn and T:ram~s. 
I t  would not, however, require that  the plane of the 
planet's equator should coincide TX-iththe plane of 
the planet's orbit, nor that it  should have any par- 
ticular relation to the plane of its orbit. Observa-
tions on the planets themselves do not indicate that 
any  relationship exists. Thus the inclination of 
Jupiter's equator is 3" and that of Saturn 27"' while 
the equators of the earth and Mars have sensibly the 
same inclination of 23%". The inclinations of the 
planes of the orbits of the satellites of Ural~us and 
Neptune a re  98" and 146", respectirely; little is 
known about the planes of e q ~ ~ a t o r sof the latter 
two planets. 

There is also a possibility that a satellite was cap- 

tnrec1 (luring the interval of time in which the process 
of aggregation of the planetesimal material was going 
on, and this may account f o r  the fact that Jupi ter  
ancl Saturn have satellites n:hose rnotion is retrograde 
ancl whose orbits have a high inclination to the plane 
of the planet's equator. The high inclination of the 
plane of the mooxi's orbit to the plane of the earth's 
equator suggests that the moon, too, is a captured 
satellite. 

I can not, of course, enter into the wealth of cle-
tails with which Chamberlin and JIouIton support 
the argument fo r  the planetesinial hypothesis. They 
rill be found i13 Gharnberlin's booli "The Origin of 

the Earth," ancl a series of fifteen articles in the 
J o u r n a l  of Geology, and i n  Moulton's "Introcluction 
to Astronomy." To me the argiirnents are very 
persuasive, although they are, on the whole, qualita- 
tive and not quantitative. They appeal to one who 
loves nature rather than to one ~3-110 loves rnerely 
mathematics. The planef.esima1 hypothesis is broad 
and elastic, capable of admitting much modification 
without losing its essential character. I n  this respect 
it  ,contrasts sharply- with the theory of a rotating 
iluid, inconlpressihie mass, although it  has yet to be 
proven that even this theory is precise after instability 
set;s in. 

Jeans has attempted to set u p  a mathematical 
model3"or the planetesimal hypothesis by neglect- 
ing the sun's rotation and its violent internal activi- 
ties, considering only the tidal actions of a quiescent 
gaseous mass moving in a hyperbolic orbit. But 
even this simplified problem is too difficult, and the 
orbital motion has to be eliminated. The results ob- 
tained f o r  even this simplified model a re  valuable and 
interesting. The model is too inexact, however, to 
admit of any usable theorems, and in the present 
state of our mathematical clevelopment the natural- 
istic methods of Chamberlin, checked up mathemati-
cally i n  those places where the theorems of dynamics 
can be applied rigorous!y, give f a r  the greater prom- 
ise of progyess. Certainty can not be reached by 
either method, fo r  the naturalistic methods are  not 
exact quantitatively, arld ma1 hematical mode!s are not 
exact qualitatively. Our hope lies in  a judicious eom-
bination of the two. 

As the matter stands a t  present, the planetesimal 
hypothesis of the origin of the planetary system has 
a clear field, since no other adequate hypothesis is in  
sight. 

TIT.D. Mc111~r .n~  
TIIIGUSIVERST'J'Y CIITC'AGOOF 

( T o  be coiltintred) 

3 3  i"Prol)lems of Cosmogony and Stellar Dynamics." 
See, also, I-1. Jeffreps, "The Earth," Cambridge (1924). 


