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drftwing and descriptive geornctrg; Tkcester 
F. IIamilton, illstruetor in analyticaal cheuris- 
try, aud Ituth X. Tllomas, research associate 
in organic chemistry. 

Dn. WARD J. N~C'NCALllaS been appointed 
director af Iaboratories of the New yorIc Post- 
graduate BlediCal Scllool iilld EIospital, sue-
ceeding Dr, Jonathan Wright, resigned. Dr. 
Morris Fine Ejas hcen proi~loted to ncljiunct pro- 
fessor of p:lt~lo]ogic &enlistry; Dr. Eichard 
M. Taylor, to adjunct l,rofessor of pathology 

Paul A. Scll,llc, to a lectureship of bat-
teriology. 

R. H. B ~ ~ ~ ~ ,for three years instructor 
in chenlistry ill ~~assachuset t ssgricul-
turalcollege, has llccfpted a posilion as assist-
allt professor of agricultural cbexnjstry at 
>Iolltana Agricultural College. His in 
the 3lassachu,eltq Collcgc has been filled by 
the appointment of Paul  Xerex. 

DR. F. D. FROJ~~TE,formerly of the botany 
department of the Indiana Agr ic~~l tara l  Ex-
periment Station, has ;t)eel~ appointed to the 
professorship of plant pathology and bacteriol- 
ogy in  the Virginia Polytechnic Institute. 

Guy W'sT wlr'SON~ agent) U. S. 
Laboratory of F0re.t statiollc(l at 
the Agricultural Experiment Station, New 
Brunswick, N. J., has beell appointed assistant 
professor of rnycology arid plant patltology, 
State University of Iowa, Iowa City, 1 0 ~ 3 .  

WIXCUSSION ~ h - w  C O ~ B E S P O N D E N C E  

NOTE ON TFIE IIERIDIONAL DEVIATION OF A 

FAIJL~YGBODY 

Introdz~clory Remcrr1c.s.--Various definitions 
have becn given for the mericlional deviation 
of a falling body and v a r i o ~ ~ s  potential fune- 
tions have becn assumed in the mathematical 
determination thereof. ~t is therefore ner-

fectly natnral that  the results found by differ- 
ent writers on the subject do not e r e e .  now-
ever, when once the ecpatioils of motion of 
the falling body, the definition of the devia- 
tion, and the potential function have heen 
Gxcd, %he solution of the problem is unique. 

1 Trnnsactions of t&eAmerican MathcmnlicaP So 
ciety, Val. XII., pp 33563, abid., Vol. XTII., pp 
469-90. 

Tn l D l l l  71 published a general formula for 
the nieridional deviation which included as 
special eases the apparently discordant for-
mule of several other writers. This was pos- 
sible because my formula could be broken up 
into parts which corresponded to different 
Icinds of rneridional dcviation, and also because 
i t  was expressed in terms of the symbol repre- 
srl~tin'fithe potential function, which symbol, 
when rc~laccd by particular forms of this 
function, inade i t  yield the results of the writers 
who had used these particular form^. h 1913" 
Dr. R. S. Woodxi,ard treated the problem using 
the equations of motion, tho definition of tho 
deviation and one of the potential functions 
wllich l had used. Therefore he should have ob 
taincd the result which I did for that  potential 
function provided my solution was correct. 
But he got a differel'' This lack 
agreement was the means of interesting Pro- 
fessor F. B. Nolxlton in the problem. I n  June, 
1914, Professor Moulton published an article" 
ir* wl1ic1-1 lie solved the problem treated by Dr. 
Wooclward and llis result was the same as 
mine. Sliortly after the appearance of Pro- 
fessor IvIo~ulton's article, I published a paper" 
(whic.11, however, was prepared at the same time 

prO~esSOr~ ~ ~ ~and indcpendenay o~ ~ 

it) showing that nr.J J T ~ ~ ~ ~ ~ ~when ~ , ~ 

applied to his initial assumptions, sho,xld lead 
to my results. I n  reply to Professor Moulton's 

and my last paper, D ~ ,woodward bas 
j u ~ t  published a n o t e v n  which he states that  
he did not solve tlie problem which Professor 
BIonlton and I had solved. The present article 
is nly reply to this note. 

Granting that ''two diEerent problems 
actually been solved," I will show that this i s  
so because Dr. Woodward has not solved the 

3 Aslronomim"lou~?~al (Nos. 651-32), Augxst, 
'7 7913. 

8 ' 'Tile Deviations of FiQljng Bodies, " At~nals 
of Dlntke~nattcs (Second Serie~), Vol. 15, pp. 184-
94, June, 1914. 

".' De,,atlons of F'alTing BodLes, Aslron9mical 
Journal, Nos. 670-72, pp. 177-202, January 28, 
1915. 

5 "Note on tire Orbits of Freely Falling Bod-
ies," SCIENCE,New Series, Vol. XLI., No. 1057, 
pp. 492-95, April 2, 1915. 
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problem which he originally proposed. The , 

solution of the problem which he now states in 
his note that he has solved corresponds to a 
meridional deviation different from that orig- 
inally defined. This deviation is of the form 
Ah +Bh2, while that originally defined was 
of the form Ch2, in which h is the height of 
fall and A ,  B, C are constants. I will also 
show that a formula for this new meridional 
deviation may be obtained without integrating 
the equations of motion at  all, and that this 
formula yields a result differing but slightly 
from the result given by Dr. Woodward, but 
given by him for the deviation originally de- 
fined. I n  this article I will also reply to cer- 
tain criticisms made by Dr. Woodward con- 
cerning my worlc. 

1. In  the sixth paragraph of his noteB Dr. 
Woodward says : 

Now, to account for the discrepancy in question, 
namely, our differing values for the meridional 
deviation of the falling body, it is only essential 
to observe that two different surfaces of reference 
have been used. Profesors Moulton and Roever 
have referred the motion to a geoid specified by a 
certain approximate potential fnnction, while I 
have referred the same motion to 'Clarke's spheroid 
of revolution (of 1866,), which is determined by 
certain axes (a, b)  dependent on geodetic meas- 
urements. 

I n  reply to this statement I should like to 
say that in order to determine the path (orbit) 
of the falling body a potential function is 
needed; a surface of reference is not enough. 
When once the potential function is chosen 
the geoid (or level surface) is determined. 
That the geoid, and not the spheroid, was orig- 
inally contemplated by Dr. Woodward as the 
surface of reference, appears from the atate- 
ment made below equations (2) of his paper 
in the Astronomical Journal (Nos. 651-52). 
For, of the points Po and P, from which, re- 
spectively, the body is let fall and the devis- 
tions measured, he says : 

I t  is important to specify how this point Pa is 
located with reference to the initial point Po. 
Imagine a basin of mercury let the point PI. The 

6 SCIENCE,NO.1057, pp. 493. 

surface of the mercury will be the level, or equipo- 
tential (or horizontal) surface through this point; 
and if it is located as here assumed the line join- 
ing the two points Po and PIwill be normal to the 
surface of the mercury. 

Now, the surface of the mercury is surely a 
portion of the geoid and not of the spheroid. 
The position of the point P, besides depending 
on that of Po, depends on the potential func- 
tion, and, furthermore, on the same potential 
function as that which is used in the differ- 

ential equations of motion of the path of the 
falling body. Dr. Woodward now states that 
he used for his surface of reference the 
spheroid (of Clarke) instead of the geoid. If 
these two surfaces differ ever so slightly from 
one another-and they do differ according to 
equatiolas (2) and (3) of his now--the quan-
tities which are determined by using the sphe- 
roid for reference are not the same as the 
quantities v, < (measured from PI)which he 
originally defined as the easterly and merid- 
ional deviations of the falling body. There-
fore, the problem which he now states that he 
has solved is not the one which he originally 
proposed. 

7 SCIENCE,NO.1057. 



2. For the sake of simplicity let us assume 
(as Dr. Woodwnrd did before he got very far 
into his solution) that the distribution of the 
earth's gravitating matter is such as to make 
the potential function independent of the 
longitude (i.e., correspond to a distrz'bt~tion of  
reuolution). Let PO denote the point (fixed 
with respect to the earth) from which the body 
falls. In Fig. 1 the plane of the drawing is 
assumed to be the meridian plane of P,). This 
plane contains the axis of rotation 02, and 
cuts froin the geoid and the spheroid (both of 
which arc surfaces of revolution of axis 0 2 )  
the meridi:ln curves GH and AB, respectively, 
617 drawn full and AB dashed. The point PI 
is the foot of the perpendicular from POto the 
geoid Q77. The straight line PIPois then the 
vertical of PA anrl the angle +, which i t  makes 
with the equatorial plane (perpendicular to 
the axis OS) is the astronomic latitude of PI. 
The straight line POT (not coinciclent with 
POP,)is the vertical of PO (i. G., the normal 
at  Po of the levcl surface through PO). The 
angle 4, which it malies with the equatorial 
plane is the astronomic latitude of Po.$ The 
path (with respect to the earth) of the falling 
body is a curve c which does not lie in  the 
meridian plane of Po, but is tangent at Po to 
the vertical POT01Po. This curve c pierces 
the horizontal plane of P, (i. e., the plane 
through P, perpeadicular to PIPo) in a point 
C. Let ns denote by c' and C' the orthographic 
projections of c and C, respectively, on the 
meridian plane of Po. Then c' is also tangent 
to POT at Po. According to the definitions 
originally adopted by Dr. Woodward, 

8 The difference botn-een +oand is given by 
the formula 

-
40 - +I = --(ag'at)l h + higher powers in h ,

81 

where h is the distance of Poabove P,,gl is the 
value of tho acceleration due to weight at P,, and 
(aq/a5), is the value, at l',, of the derivative of g 
with respect to I, where E represents distance meas- 
ured to the south at PI. For the potential func- 
tion used by Dr. Woodward (A.rtronomtca1 Journal, 
Nos. 651-52), 
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C'C is the easterly deviation of the falling body, 
PIC' is the meridional deviation of the falling 

body. 

EIe now says, however, that he referred the 
motion of the falling body to the spheroid 
(AB, Fig. 1). By this ho must mean tllat he 
measures the deviation of the falling body 
from the foot U of the normal drawn from Po 
to the spheroid. The angle + which this 
normal (shown in Fig. 1by the dashed line 
PoU) malies with the equatorial plane is called 
the geodetic latitude of 17. I n  other words, 
the statement that the spheroid is his surface 
of reference implies that UG' is the merid- 
ional deviation of the falling body. That this 
is the implication is also borne out by the fact 
that the value of this deviation agrees with the 
value which Dr. Woodward actually found. 
I n  order to show this let us first observe that 

the positive sense of each of these quantities 
being taken toward the equator. If 4 and 
+, be expressed in radians, 

where h =, PIPo is the height of fall. Since 
the curve c' is tangent to POTat Po, and has 
no cusp there," 

( 3 )  TCf=4(lip,,) h? + higher powers of IL,IO 

wllerc is the radius of curvature of c ' a t  Po. 
By equations ( 2 )  and (3) of Dr. Woodward's 
1iote,l1 4 -+, =- 12" sin 2$, and hence in 
circrllar measure 

(4) @J -@Jo = .00006 sin 2+. 

Hence for t8he data 

(5) IL r=49024 em., @ =4s0, 

assumed in his example in the Asiron.amical 
Joz~rfial(Nos. 651-652) 

UT =-- 2.94 cm. 

a The curve c has a cusp a t  Poas bas also its pro- 
jection on a plane perpendicular to the meridian 
plane of P,. 

10 See "Introduc~tiorr to Infinite Series," by 
Osgood, p. 39. 

11 SCIENCE,NO. 1057. 
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F o r  the  same data  and  for  the potential func- 
tion used by Dr.  Woodward,12 

TC' =.0010 cm. 
Therefore 

UC' cUT + PC' =-2.94. 

This  result agrees very well with the value 
6 =-3.03 obtained by Dr. Woodward for  his 
originally defined meridional deviation. Thus 
I have shown t h a t  for  the  meridional devia-
t ion implied by the  statement t h a t  the  sphe- 
roid instead of t h e  geoid is  the surface of 
reference, it is possible t o  find a formula, 
namely 
(6) UP=-- ( @-4,) sin 2+.7~, 

without integrating the equations of motion, 
and that, for the  data  given by equations (2) 
and (3) of Dr. Woodward's note, this formula 
yields values for  the  deviation UC' which do 
not  differ much from those obtained by Dr. 
Woodward for  his  originally defined merid-
ional deviation. 

3. W e  have just seen tha t  the expression 
(formula 6) for  the  newly defined meridional 
deviation UC' begins with the first power of h. 
Let  us  now show, with the aid of Fig. 1,t h a t  
the originally defined meridional deviation 

11The quantity TC' is thr: negative of the quan- 
tity which I denoted by 71 in my first paper (Prans- 
actions of the American M ~ t h e m ~ t i c ~ l  Society, Vo1. 
XII., No. 3, pp. 335-53). I t  is the quantity which 
Comte De Sparre used for his meridional deviation 
of a falling body. I have shown this quantity to 
be expressib'le by the formula 

where h and $0 have the meanings given above, w is 
the angular velocity of the earth's rotation, and 
go and (ag/aE),,, are the values whieh the accelera- 
tion g due to weight and the derivative of g with 
respect to E have at  the point Po, E representing 
distance measured to the south. For the potential 
function used by Dr. Woodward (Astronomical 
Journa?, Nos. 651-52), (ag/a'S), =-8.14 X 10-a 
sin 2 $,, and hence, since ~"5.3173 X lo-' we 
have for this potential function 

h2TC' = 2.49 X lo-@sin 240 .-
6go ' 

which for the data (5) yields 

TC'= f .0010 em. 

PIC' begins with the second power of 7 ~ .  F o r  
this purpose le t  us  think of a series of level 
surfaces between the  geoid CfH and the level 
surface of Po. T h e  locus of t h e  feet of the 
perpendiculars f rom Po t o  these level surfaces 
is  a curve d passing, necessarily, through the 
points Po and PI and tangent a t  Po t o  t h e  
vertical POTof Po (see dotted curve i n  Fig. 1). 
Since t h e  curve d is tangent t o  POTa t  Po,we 
have for  a reason given above, 

(7)  PIT===4 ( l / p d ) h 2+higher powers of 72, 

where pa is the radius of curvature of the curve 
d a t  the point Po. It is fur ther  evident f rom 
Fig. 1, that  
(8) PIC --PIT + TC', 

the positive sense of each of these quantities 
being taken toward the  equator. By relations 

(3),  (7 )  and (8) 

1 1  1
PIC'= - (- +-) B +Irigher powers of ?~,,u

2 P d  PO 

ITence we see tha t  while the originally defhed 
meridional deviation PIC' begins with the  sec- 
ond power of h, the  newly, implicitly, defined 
nleridional deviation UC' begins with t h e  first 
power of h. 

4. I n  commenting on m y  work, Dr. Wood-
ward, af ter  speaking of a certain assumptioll, 

13 I t  is not diffieult to show that 

where the terms have the same meaning as in the 
preceding foot-note. Consequently 

This formula I proved for the first time in tho 
Tra?asactions of the American Matl~ematical So-
ciety, Tol. XII., No. 3, pp. 335-53. See also Vol. 
XIII., pp. 469-90, Astronolnical Journal, Nos. 
670-72 and Butletin of the Ame~ican Mathematical 
Society, 2d series, Vol. XXI., No. 9, pp. 444-62. 
E'or the potential function used by Dr. Woodward, 

(ag/aE)o=- 8.14 X lo-' sin 2& 

whence, for that potential function 

PIC' =51.33 X sin 24, hZ/6go, 

which for the data (5) gives 

PIC'=+ .021 em. 
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now abandoned, which he made concerning my 
earlier paper, says : 

This assumption nas supported by unrertainty 
as to mcaning and by lack of homogeneity of his 
expression for the potcntial function introduced on 
page 342 of his first paper; and still more by his 
identiGcation of astronolnie with geocentric latitude 
(on p. 339, same paper) by means of the loose 
phrase "vcith suficient approximation." A sim-
ilar lack of '(aecuraey and precision )' will bc 
found in several parts of his latest paper cited 
above. See, for exaniple) his equations ( j ) ,wherein 
hc confounds gcoecntric with. +educed latitude; 
also p. 199, vchere hc identifies his equations (38) 
and (41) nith my equation (26) and makes with 
respect to them the surprising statement, "it is, of 
course, evident that this function corresponds to 
some distribution of revolution" in the earth's 
mass. 

I s21all reply first to the criticism concern- 
ing  the " identification of astronomic with 
geocentric latitude." After having derived (in 
my first paper) a general form~rla for the 
meridional deviation of a falling body, I as-
signed various particular forms to the poten- 
tial function and thns obtained the formula 
for the rneridional deviations corresponding to 
these particular potential functions. Some of 
these potential functions were expressed in  
terms of astronomic latitude, and others i n  
terms of geocentric. Consequently, the same 
thing mas true of the corresponding formula: 
for thc meridional dcviation. For instance, 
the formula of Gauss was expressed in terms 
of astronomic latitude and several others were 
expreqsed in terms of geocentric latitude. In 
order to  compare the magnilucles given by the 
special formnlz I replaced, in the formula of 
Gauss, t.he symbol representing astronomic 
latitude by that representing geocentric, and 
in  so doing I uscd the t.~spression "with SUE- 
cient approximation" for which I am now 
criticized. I t  is of course evident that  by this 
procedure a slight error was made in the 
forlnula of Gauss af ter  its rigorous form IIacl 
been derived. But none of the other morlc was 

say that the parameter + may be regarded as a 
geocentric latitndn, since i t  is measured a t  the 
center of the spheroid and from the equatorial 
pliiu~. I did not say tlint it wa$ tlip geo-
centric latitude of the point (r, v). Row-
ever, it would have been to mention that  
i t  is called the reduced latitude of the point 
( r ,  o). Eut  even if the reader interprets it as 
the geocentric latitude of the point (7, a), the 
arguincnt in which i t  is uscd will not thereby 
be vitiated. For, as I pointed out, the rela- 
tion ( 1 )  in wlrich it is used is approximate, 
the relation (n )  being the exact relation ap- 
proximatetl. Nnnr, the error made i n  using rela- 
tion (1) insfead of relation (n) is twice as great 
as the error made in relation ( I )  by calling 
$ the geocentric instead of the reduced lati- 
tude of the point (T, cr). As regards the ('sur-
prising stnternent," I should like to point out 
that on pagc T dcfined a distribution of 
revolntion :k i  olin for which aTi/ah= 0, and 
surely my function (35) satisfies this condition 
since i t  does not contain thc longitude A. 
Then I was very pari,icular to say--in the last 
foot-note on pagc 199-that for the assumption 
B =A made by Dr. Woodward in his rela- 
tions (31), his potential function (26) is the 
same as my potential function (38). Con-
cerning the potential function introduced on 
page 342 of my first paper, 1 statcd that it had 
been talien from Poincar6, "Figures d'Equi- 
libre d'une Tfasse Fluidc" (1902), Chapt. V. 
l~ollowing Poincar6, T used the syrnbol ill where 
Dr. Woodward used the synrbol AIK. Tn other 
words, 1 suppressed the gravitation constant. 
But  i t  was easy to see from the expressioils and 
values of the constants that no error had been 
made in so doing. War. H. ROEVER 

WASRINGTONUNIWRSITY, 

ST. I,OUIS 


VEGETATIVE REGENERATION OF ALFALFA 

WIIJ,Ngrowing alfalfa plants i n  the green- 
house, for infection ex~erinlellts with the 
crown-~a11 of alfal-fa ( U y o ~ h l ~ c i i sal fat fm) ,  

thereby a~ec&d,  tile derivation of the general the writer found i t  desirable to clip the shoots 

formlllaas well as tllat of each the special a t  intervals in order to sccnre a tnultiplication 
formlllZ being strictly rigorous. concerning of the adventitious buds frorri the crown. 

the criticism, about my equations ( j )  I wish to Astronon~icolJo~IT?I (L~ ,XOS.670-73. 


