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SCIENTIFIC R O O R X  bodies as temporarily fixed a t  various points 
Lecons sur les Fonctions cle Lignes. Pro- of their orbits, and proceeding to the limit as 

fesshes & la  Sorbonne en 1912, par VITO these various points on each orbit are taken 
V~LTI,RR closer and closer together. 1, recueillies et r6dig6cs par JOSIEPH 
Pfinks. Paris, Gauthier Villars, 1913. 
The point of view of this book of Volterra'q 

is the systematic generalization of systems of 
relations of simple type by means of a passage 
from finite to infinite. We are already fa-
miliar with this procedure, in the subject of 
integral equations. first in the worli of Volterra 
himself, suggested then in the work of Fred- 
holm, and minutely morlced out in the papera 
of Hilbert, his associates and students. Rut  
whereas perhaps PTilbert has limited himself 
to a few aspects of the question and rigorously 
justified the passage from finite to infinite, 
considering the subject of forms in an infinite 
number of variables as a subject for investiga- 
tion in itself, Volterra has made wide applica- 
tion of an heuristic device for 12le purpose of 
obtaining results, which can lhen sonletimes 
inore simply bc justified by methods proper to 
the ncw subjcets themselves. This device is 
as old as tlle idea of inlinitesimals. 

After mentioning the familiar generaliza-
tions of this kind, 01sum and product, Vol- 
terra considers briefly the subject of the qen- 
eralization of the multiplic'ation of su'r)stilu-
tions, coordinate with the integration of linear 
differential equations, and then devotes the 
pages of the book proper to thc generalization 
of the idea of function of several variab1c.i 
This gmcralization involves the general prin- 
ciples of the study of functional relations. 

We are concerned thm, in t l ~ c  lirnit, with 
the investigation of Cunetioiis which depend 
on an infinite rlurriber of varial~leci-in par-
ticular, on all the goints of a curve, or on :ill 
the values of another furlction tliroughout a 
certain interval. The geiieral method of mali- 
ing SUCII a study is by procedure from the 
finite to the infinite. 

As an illustration of such a ~>roccclure, Vol-
terra cites, in tlle Introduction, a treatment of 
the restricted problem of three bodies, by 
the application of Cauchy7s nletllod. The mo- 
tion of the small body, the only one not 
known, can be determined by suniming the 
motions obtained by eonsiclcring the larger 

Another passage of the Introduction relates 
to the definition of the derivative of a func- 
tioil of a curve, and is worth while quoting, 
since in illib ease the example is proper to our 
subject itself. " If  a quantity depends upon a 
curve, we call stucly the effect produced on the 
quantity by a variatioii of the curve. If this 
variation i~ very .;mall and lirr~itcd to the 
neighborhocd of a point of the curve, wc arrive 
at  the notion of clerivative.1 For each point of 
the curve we shall in this way have a deriv a t '  ive. 
By superposing such variations of the curve, 
niade in all it5 points, we find the differential, 
or variation, of the qlrani ity, which mill be ex- 
pressed by illeans of an integral; in fact, sincc 
a, functioi~ of a curve is a function of an infi- 
nite nurnbcr of variables, the sxxm rvhich ex- 
presses the differential of a ful~ction of several 
variables leads, by thc passage to the infinite, 
to an  integral. 

"We can then take np the study of differ- 
eiitialls of higher order, and thus come to an 
analytic development analogous to the Tay- 
lor's series. The simple double and triple 
suins, ete., which occur in the development of 
a function of several variables, are replacer1 by 
simple, double, triple, etc., integrals." 

The character of this analysis is thus shown. 
I ts  purpose is to investigate the phenomena 
of l~ysteresici and " evolution " or "hcrcclity " 
in phybical systems-nccurrenccs where the 
state of the system is supposed to depend up011 
the history of the ssstc~ni, i. e., to depend upon 
the oalues of certain functions througl~out all 
previous instants of time. 

Tn rcgard to hyqteresis and evolution, in 
physics as in biology, we Inas adopt tmo dif- 
ferent points of view. One possible stand-
point is that the future statc of a systenl is 
determined enti~*ely by its state at  a given 
instant, ancl if the history of a system is used 
in determining its subsequent behavior, that 

1 As the limit, under proper restrictions, of the 
ratio of t h e  varjation of the function to the inte- 
gral of the variation of the curve, in that neigh- 
T~orliood. 
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is mercly a sign that the instantaneous condi- 
tions arc insufficiently known. The other 
point of view is that the history can not 
be replaced by the consideration of contem-
poraneous dements; in other words, tllat 
a finite number of present elements can 
not replare the infinity past instants in the 
determination of the state of the system. The 
question as to the presence of heredity effects 
in physical phenomena is, as Volterra points 
out, of the same charact,er as the old New- 
tonian question of action at a distance. I n  
fact, if wc take account of the theory of rela- 
tivity and the four-dimensional space-time 
space, the two questions meet. 

Such questions are important if we try to 
reduce our system of the world to one that is 
entirely kinetic. I n  that case we must get rid 
of the " coefficients of heredity " by explaining 
them in terms of concealed motions. I t  may, 
howerer, be impossible completely to reduce 
physical phenomena to a finite number of ele- 
ments. no matter how described in terms of 
functions and variables, without exceeding the 
time limit for speech; and oue method may 
not be more "fanclamental" than another. 
But  regardless of our attitude towards the two 
aspects of the question, or our opinion of the 
practical valuc of making such distinctions 
on the ground of "reality" or "truth," we 
can not in any case deny the value of the 
analysis that enables us to take account of 
such a thing as the history of the system. 

Let us turn now to two subjects, elasticity 
and electricity, where this analysis seems to 
be usefully introduced. I n  the usual treat-
ment of elasticity, we have IIooke's lam, con- 
necting the deformations and tensions of the 
system; in electricity the induction and dis- 
placement are also connected by linear rela- 
tions. If now we assume that the tension a t  
ally time depends linearly not only on the de- 
formation at that time, but also on the de- 
formation a t  all previous times, me can intro- 
duce this fact into our equations by adding, 
in our expression of EIooke's law, a term in 
the form of an integral, whose integrand rep- 
resents the contribution to the tension a t  a 
time t, clue to a deformation acting at a time 

T through an interval of time d ~ . I n  this 
way, Ilooke's law becomes an integral eqna- 
tion, or a system of integral equations, and 
the differential equations that determine the 
deformations or the tensions become integro- 
differential equations. I n  a similar way, in- 
tegro-differential equations are introduced 
into the subject of electricity. 

The study of the methods of integro-differ- 
ential equations, their solutions, and their 
applications to the subject of hysteresis, or 
heredity, form the subject matter of the book 
from Chapter V. on. I n  connection with the 
relative importance which the thfeory of this 
subject has assumed in the presentation of 
Professor Volterra, wc may re,member that in 
the ease of elasticity it sleems to have received 
important experimental verification in the 
work of our American physicists, Professor 
Webster and Dr. Porter. 

A detailed analysis of the contents of the 
book is unncecessary. Some points, however, 
should be given special mention, because of 
their universal interest. Chapter IV. is de-
voted to functional equ'ations in general; that 
is, to implicit functions of curves. Theorems 
are obtained which correspond, first to the in- 
version of an analytic function, and second to 
the more extensive theorem on the determina- 
tion of implicit functions in general. I n  fact 
i t  may bc noticecl that the theorem might be 
given in such a form as to include the ordi- 
nary theorem on implicit functions as a spe- 
cial case, although with respect to the scope 
of thte book such a generalization would be 
trivial. The condition for the "closed cycle" 
(Chapter VII.) deserves special attention, be- 
cause of its relation to the problem of hered- 
ity, which, as we have seen, is 'a central one 
for the book. I n  thi,s chapter, section 10 is a 
first essay a t  a possjible treatment of magnetic 
hysteresis. Another interesting subject is the 
application of permutable functions to the so- 
lutioii of integro-differential equations. I t  is 
in connection with this subject that are in- 
troduced various new sorts of transcendental 
functions, similar in a way to the exponential 
function, the s h e ,  and so on. The quality 
of periodicity, which appears to be lacking, 
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niig'l~t he materialized by means of a slightly 
different sort of synzbolism. 

Tlie book docs not atternpt to give a com-
pletely e~ l~a~xs t ive  account of the subject of 
fanctions of curves. I t  olnits notable re-
scarcllcs by Haclamarcl, I,evy, Fr6chet, and 
confines itself rather closcly to the personal 
rese,zrches of the anthor, who is of course the 
illventor of their analysis and the principal 
sonrce of its derelopinent. Rut if i t  lacks con- 
sideratioil of some of the possible branches, it 
nlalics up for tElc omission by possessing the 
artistic quality which is characteristic of uni- 
fied original work. Moreover, the reader will 
continilally find references to theoretical 
physics and other branches or mathematics, 
~ lz i ch ,besides illuminating profoundly the 
matter in hand, testify i,o a not comtnon com- 
prehensiveness of tllought on the part of the 
author. 

G. C .  EVANS 

T h e  E s s e n c e  of  A s t r o n o m y .  W.By EDWARD 
PRICJ:.Cr. P. Putnanl's Sons. 1914. Pp. 
xiv +20'7. Illzlstratcd. 
The Cenfury Dictionary defines essence as 

being the inward nature, .trixc substance, or 
constitixtion of anything. From the title of 
Nr.  Price's book, therefore, one woixld expect 
to find sonzething of Lhe inward nature of the 
solar system, or true substance of the stellar 
universe, some hint as to the underlying 
causes and formations of the heavens. But  
one who opens the book with such expccta- 
tions will be most grievously disappointed, 
for tlie work is but a compilation of the sim- 
plest statistical facts; facts which have been 
compiled and written about over and over 
again. Further, the book contains some 
strange and new conceptions: to classify the 
milky way as a freak, and double and variable 
stars as oddities, is vertainly new, and such 
classification, itself, might evcn be called odd 
and freakish. 

The book is well made mechanically, well 
printed, with clear and beautiful illilstrations, 
but otherwise i t  is one of dozens of similay 
erude compilations. 

CIIAS.LAKEPOOR 

An I n t ~ o d u c t i o nt o  G ~ n e r a lPsyc7~ology. By
ROBERT OGUEN. Longmans, Qrecn RO ORRIS 
and Go., 1914. Pp. xviii 4-270. 
Professor Ogdcn's text-book is the oiltconle 

4r f a definite abandonment of the pi~rely sen- 
cCltionalistic conception of psychology. Dr. 
Ogden defines Iris science as "the study of 
mcntal heppcnings." ITe treats not merely 
of " rncntal contents " and their phyqical con- 
ditions, but also of the " mental activities" 
\r-hick conqtitutc what he rather vaguely calls 
Ilre "purposive aspect " of mental happcnirigs, 
As elcrncnts of tnenlal contents 1)r. Ogrlen 
rliumcrates sensations, images, tl~oughts-
wllieh he clasiifirs as notions or relations-and 
airections. Attention, memory, perception, 
ideation, enlotion and rcaetion are brongllt 
togcther under the heading "The Synthetic 
Facts of Mind." The concluding section of 
Ihe booli contains chaptcrc: on "mind and 
body," "personality " and " character." In 
the last of these chapters Jlr. Ogdeir snggest~ 
t21c rrlation of psyc~hology to logic, to esthetics, 
to ethics and to religion. Under the second 
hcacling he discuc.ses mainly sleep, dreams, 
Iiypnosis, rnilltiple 1,ersonality and insanity. 
Not a11 teacEr~rs-it may be noted--will ap-
prove the iiicluqion of the topics just named 
in a boolc of fewcr than 300 pages; and many 
will regret the brevity with wllicll all topics 
arc treated and the onlission of " a11 diagrams, 
rcfercncts to literature and practical (lemon- 
strati on^." 

The writer of this notice is glad to find Pro- 
fcssor Ogdcn in substaritial agreement with 
l1erbcrt Rpencer, TiTillianl James, Rinet, 
hlcinong, the Tlriirzburg school, and with sev- 
eral recent American wrilers in his view that  
thought-elements as well as sensational and 
affective elements, sEronld he explicitly ac-
Bnowledged in a text boolc of psychology; and 
she wrlconies also hi., repeated descriptions of 
consciousnes\--the rclating consciousness (pp. 
14 IF.), affection (pp. 85 ff.) aiid will (pp. 
173 f.)-in terins of t l ~ e  self who is conscio~~s. 
Occasional artificial constr~~c.tions and a cer-
tain vagueness in tlie use of the term ''mental 
activity " might indeed 2ltzve bccn avoided, had 
this natural and inevitable point of view been 
more steadily held. 


