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SOME THOUGHTS ON MODERN MATHE-
M A T I C A L  RESEARCI I1  

MATI-IEMATICShas a large household and 
there are always rumors of prospective 
additions despite her age and her supposed 
austerity. Without aiming to give a com- 
plete list of the names of the members of 
this household we may recall here a few of 
the most prominent ones. Among those 
which antedate the beginning of the chris- 
tian era are surveying, spherical astron-
omy, general mechanics and mathematical 
optics. Among the most thriving younger 
members are celestial mechanics, thermo-
dynamics, mathematical electricity and 
molecular physics. 

Usually a large household serves as one 
of the strongest incentives to activity, and 
mathematics has always responded heartily 
to this incentive. As the most efficient con- 
tinued service calls for unusual force and 
ingenuity, mathematics has had to provide 
for her own development and proper nour- 
ishment in addition to providing as liber- 
ally as possible for her household. This 
double object must be kept prominently 
before our eyes if we would comprehend 
the present mathematical activities and 
tendencies. 

There is another important incentive to 
mathematical activity which should be men- 
tioned in this connection. Mathematics has 
been very hospitable to a large number of 
other sciences and as a consequence some 
of these sciences have become such frequent 
visitors that i t  is often difficult to distin- 
guish them from the regular members of 
the household. Among these visitors are 

Read before the Illinois Chapter of the Society 
of the Sigma Xi, April, 1912. 
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economics, dynamical geology, dynamical 
meteorology and the statistical parts of 
varioixs biological sciences. Visitors usa-
ally expect the best that can be provided 
for them, and the efforts to please them 
frequently lead to a more careful study of 
available resources than those which are 
put forth in providing for the regular 
household. 

We have thus far  spolien only of what 
miglit be called the materialistic incentives 
for mathematical development. While 
these have always been very significant, i t  
is doubtful whether they have been the 
most powerful. Symmetry, harmony and 
elegance of form have always appealed 
powerfully to dame mathematics; and a 
keen curiosity, fanned into an intense flame 
by little bits of apparently incoherent in- 
formation, has inspired some of the most 
arduous and prolonged researches. Incen-
tives of this kind have led to the mathe-
matics of the  invisible, relating to refine- 
ments which are essentially foreign to 
counting and measuring. The first impor- 
tant refinement of this type relates to the 
concept of the irrational, introduced by the 
ancient Greeks. As an instance of a com- 
paratively recent development along this 
line we may mention the work based npon 
Dedckind's definition of an infinite aggre- 
gate as one in which a part is similar. or 
equivalent to the whole.' 

Mathematics is commonly divided into 
two parts called pure and applied, respect- 
ively. It should be observed that there 
are various degrees of purity and i t  is very 
difficult to say where mathematics becomes 
sufficiently impure to be called applied. 
The engineer or the physicist may reduce 
his problem to a differential equation, the 
student of differential equations may re-
duce his troubles to a question of function 

EneyclopBdie dos sciences mathernat~qaes,' ' 
Vol. I., part 1, 1904, p. 2. 

theory or geometry, and the worlrers in the 
latter fields find that many of their difficul- 
ties reduce themselves to questions in num- 
ber theory3 or in higher algebra. Just  as 
the student of applied mathematics can not 
have too thorough a training in the pure 
mathematics upon which the applications 
are based so the student of some parts of 
the so-called pure mathematics can not get 
too thorough a training in the basic subjects 
of this field. 

As mathematics is such an old science 
and as there is such a close relation between 
various fields, it might be supposed that 
fields of research would lie in remote and 
almost inaccessible parts of this subject. 
It must be confessed that this view is not 
without some foundation, but these are 
days of rapid transportation and the stu- 
dent starts early on his mathematical jonr- 
ney. The question as regards the extc.nt of 
exploreci country which should be studied 
before entering unexplored regions is a 
very perplexing one. A lifetime would 
~ o tsi~t'fice to become acquainted with all 
the known fields, and there are those who 
are so much attracted by the explored 
regions that they do not find time or cour- 
age to enter into the unknown. 

In 1840 C. G. J. Jacobi used an illustra- 
tion, in a letter4 to his brother, which may 
serve to emphasize an important point. l-Ie 
states that at various times he had tried to 
persuade a young man to begin research in 
mathematics, but this young man always 
excused himself on the ground that he did 
not yet know enough. I n  answer to this 
statement Jacobi asked this man the fol- 
lowing question : Suppose your family 
would wish you to marry, would you then 

"'IIer Urquell aller Mathemat ik sind die ranzen 
Zahlen, Minkowski, Diophantische Approxima-
tion, " 1907, preface. 

4"Briefwec11sel zwisehon C. (3 .  J. Jacobi und 
M, 11. Jacobi," 1907, p. 64. 
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also reply that you did not see how you 
could marry now, as you had not yet be- 
come acquainted with all the young ladies? 

In  connection with this remark by Jacobi 
we may recall a remark by another promi- 
ment German mathematician who also com- 
pared the choice of a subject of research 
with marriage. I n  the "Festschrift zur 
Feier des 100 Geburtstages Eduard Kum- 
mers," 1910, page 17, Professor Hensel 
states that Kummer declined, as a matter 
of principle, to assign to students a subject 
for a doctor's thesis, saying that this would 
seem to him as if a young man would ask 
him to recommend to him a pretty young 
lady whom he should marry. 

While it may not be profitable to follow 
these analogies into details, i t  should be 
stated that the extent to which a subject 
has been developed does not necessarily 
affect adversely its desirability as a field of 
research. The greater the extent of the 
development the more frontier regions will 
become exposed. The main question is 
whether the new regions which lie just 
beyond the frontier are fertile or barren. 
This question is much more important than 
the one which relates to the distance that 
must be traveled to reach these new fields. 
Moreover, i t  should be remembered that 
mathematics is n-dimensional, n being an 
arbitrary positive integer, and hence she is 
not limited, in her progress, to the direc- 
tions suggested by our experiences. 

If we agree with Minkowski that the 
integers are the source of all mathematics5 
we should remember that the numbers 
which have gained a place among the in- 
tegers of the mathematician have increased 

This view was expressed earlier by Kronecker, 
who was the main founder of the school of mathe- 
maticians who aim to make the concept of the 
positive integers the only foundation of mathe-
matics. Cf. Klein und Schimmaek, "Der mathe-
matische Unterricht an  den hoeheren Schulen," 
1907, p. 175. 

wonderfully during recent times. Accord-
ing to the views of the people who preceded 
Gauss, and according to the elementary 
mathematics of the present day, the in- 
tegers may be represented by points situ- 
ated on a straight line and separated by 
definite fixed distance. On the other hand, 
the modern mathematician does not only 
fill up the straight line with algebraic in- 
tegers, placing them so closely together 
that between any two of them there is an- 
other, but he fills up  the whole plane 
equally closely with these integers. If our 
knowledge of mathematics had increased 
during the last two centuries as greatly as 
the number of integers of the mathema- 
tician we should be much beyond our pres- 
ent stage. The astronomers may be led to  
the conclusion that the universe is probably 
finite from the study of the number of 
stars revealed by telescopes of various 
powers, but the mathematician finds noth- 
ing which seems to contradict the view that 
his sphere of action is infinite. 

From what precedes one would expect 
that the number of fields of mathematical 
research appears unlimited and this may 
serve to furnish a partial explanation of 
the fact that i t  seems impossible to give a 
complete definition of the term mathe-
matics. If the above view is correct we 
have no reason to expect that a complete 
definition of this term will ever be possible, 
although it seems possible that a satisfac- 
tory definition of the developed parts may 
be forth~oming.~ 

Among the various fields of research 
those which surround a standing problem 
are perhaps most suitable for a popular 
exposition, but it should not be inferred 
that these are necessarily the most impor- 
tant points of attack for the young inves- 

'BBcher discussed some of the proposed defini- 
tions in the Bulletin of the American Nuthematical 
Society, Vol. 11. (1904), p. 115. 
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tigator. On tlie contrary, one of the chief 
differences between the great mathema-
tician and the poor one is that the former 
can direct his students into fields which are 
likely to become well known in  the near 
future, while the latter can only direct 
them to the well-known standing problems 
of the past, whose approaches have been 
tramped down solid by the feet of the 
mediocre, who are often even too stupid 
to realize their limitations. The best stu- 
dents can work their way through this hard 
crust, but the paddle of the weaker ones 
will only serve to increase its thickness if 
i t  happens to make any impression what- 
ever. 

It would not be difficult to furnish a long 
list of standing mathematical problems 
of more or less historic interest. Probably 
all would agree that the most popular one 
a t  the present time is Fermat7s greater 
theorem. I n  fact, this theorem has become 
so popular that it takes courage to mention 
i t  before a strictly mathematical audience, 
but i t  does not appear to be out of place 
before a more general audience like this. 

'I'he ancient Egyptians knew that 3'+ 
42=52 and the I-lindus knew several other 
such triplets of integers at  least as early as 
the fourth century before the christian era.7 
These triplets constitute positive integral 
solutions of the equation 

Pythagoras gave a general rule by means 
of which one can find any desired number 
of such solutions, and hence these triplets 
are often called Pythagorean numbers. 
Another such rule was given by Plato, 
while Euclid and Diophantus generalized 
and extended these rules. 

Fermat, a noted French mathematician 
of the seventeenth century, wrote on the 

'Lietzmmn, "Der Pythagoreische Lehrsatz, ' 
1912, p. 52. 

margin of a page of his copy of Diophantus 
the theorem that it is impossible to find any 
positive integral solution of the equation 

an +y * ~=2% (n > 2).  

I le added that he had discovered a won-
derful proof of this theorem, but that the 
margin of the page did not afford enough 
room to add This theorem has since 
become known as Permat's greater theorem 
and has a most interesting and important 
history, which we proceed to sketch. 

About a century after Fermat had noted 
this theorem Euler (1707-1783) proved it 
for all the cases when 12 is a multiple of 
either 3 or 4, and, during the following 
century, Dirichlet (1805-1851)) and lie-
gendre (1752-1833) proved it for all the 
cases when n is a multiple of 5. The most 
important step towards a general proof was 
taken by Kummer (1810-1893), who ap- 
plied to this problem the modern theory of 
algebraic numbers and was thus able to 
prove its truth for all mllltiples of primes 
which do not exceed 100 and also for all 
the multiples of many larger primes. 

The fact that such eminent mathemati- 
cians as Fermat, Euler, Dirichlrt, Legendre 
and Kummer were greatly interested in 
this problem was sufficient to secure for it 
considerable prominence in mathematical 
literature, and several mathematicians, in- 
cluding Dickson, of Chicago, succeeded in 
extending materially some of the results 
indicated above. The circle of those taking 
an active interest in the problem was sud- 
denly greatly enlarged, a few years ago, 
when i t  become lrnown that a prize of 
100,000 Marks (about $25,000) was await- 
ing the one who could present the first com- 
plete solution. This amount was put in 
trust of the Giittingen Gesellschaft der 

Fermat's words are as follows: "Cujua re1 
demonstrationem mirabilem sane detexi. Hane 
marginis exiguitas non caperet. !' 
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Wissenschaften by the will of a deceased 
German mathematician named Wolfslrehl, 
and it is to remain open for about a cen- 
tury, until 2007, unless some one should 
successfully solve the problem at an earlier 
date. 

It is too early to determine whether the 
balance of the effects of this prize will tend 
towards real progress. One desirable fea- 
ture is the fact that the interest on the 
money is being used from year to year to 
further important mathematical enterprises. 
A certain amount of this has already been 
given to A. Wieferich for results of impor. 
tance towards the solution of Fermat's 
problem, and other amounts were employed 
to secure at Gottingen courses of lectures 
by Poincar6 and Lorentz. 

What appears as a bad effect of this 
offered prize is the fact that many people 
with very meager mathematical training 
and still less ability are wasting their time 
and money by working out a ~ i d  publishing 
supposed proofs. The number of these is 
already much beyond 1,000 and no one can 
foresee the extent to which this kind of 
literature will grow, especially if the com- 
plete solution will not be attained during 
the century. A great part of this waste 
would be eliminated if those who would like 
to test their ability along this line could be 
induced to read, before they offer their 
work for publication, the discussion of 
more than 100 supposed proofs whose er- 
rors are pointed out in a German mathe- 
matical magazine called Archiv der Mathe-
matik zcnd Physilc, published by B. G. 
Teubner, of Leipzig. A very useful 
pamphlet dealing with this question is en- 
titled, "Ueber das letzte Fermatische l'he- 
orem, von B. l~ ind ,"  and was also pub- 
lished by B. G. Teubner, in 1910. 

A possible good effect of the offered prize 
is that i t  may give rise to new develop-
ments and to new methods of attack. As 

the most successful partial solution of the 
problem was due to the modern theory of 
algebraic numbers, one would naturally 
expect that further progress would be most 
likely to result from a further extension 
of this theory, or, possibly, from a still 
more powerful future theory of numbers. 
If such extensions will result from this 
offer they will go far to offset the bad effect 
noted above, and they may leave a decided 
surplus of good. Such a standing problem 
may also tend to lessen mathematical idol- 
atry, which is one of the most serious bar- 
riers to real progress. We should welcome 
everything which tends to elevate the truth 
above our idols formed by men, institutions 
or books. 

In view of the fact that the offered 
prize is about $25,000 and that lack of 
marginal space in his copy of Diophantus 
was the reason given by Fermat for not 
communicating his proof, one might be 
tempted to wish that one could send credit 
for a dime back through the ages to Fer- 
mat and thus secure this coveted prize and 
the wonderful proof, if it actually existed. 
This might, however, result more seriously 
than one would at  first suppose; for if 
Ferrnat had bought on credit a dime's 
worth of paper even during the gear of his 
death, 1665, and if this bill had been draw- 
ing compound interest at  the rate of six 
per cent. since that time, the bill would 
now amount to more than seven times as 
much as the prize. It would therefore re- 
quire more than $150,000, in addition to 
the amount of the prize, to settle this bill 
now. 

While i t  is very desirable to be familiar 
with such standing problems as Fermat's 
theorem, they should generally be used by 
the young investigator as an indirect 
rather than as a direct object of research. 
Unity of purpose can probably not be se- 
cured in any better way than by keeping 
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in close touch with the masters of the past," 
and this unity of purpose is almost essen- 
tial to secure real effective work in the 
immense field of mathematical endeavor. 
As a class of problems which are much 
more suitable for direct objects ol research 
on the part of those who are not in close 
contact with a master in his field, we may 
mention the numerous prize subjects which 
are announced from year to year by foreign 
academies. 

Among the learned societies which an-
nounce such subjects the Paris Academy of 
Sciences is probably most widely known, 
but there are many others of note. The 
subjects announced annually by these so- 
cieties cover a wide range of mathematical 
interests, but they are frequently beyond 
the reach of the young* investigator.1° I t  
is very easy to obtain these subjects, since 
they generally appear in the "notes" of 
many mathematical journals. I n  our 
country the Bullelin of the American 
Mathematical society is rendering very 
useful service along this and many other 
lines. While some of these subjects are 
very general, there are others which indi- 
cate clearly the particular difficulties which 
must be overcome before further progress 
in certain directions seems possible and 
hence these subjects deserve careful study, 
especially on the part of the younger in- 
vestigators. 

As long as one is completely guided, in 
selecting subjects for research, by the 
standing problems or by the subjects an- 
nounced by learned bodies and those pro- 
posed individually by prominent investiga- 
tors, one is on safe ground. Real progress 
along any of these lines is welcomed by our 

@ Darboux, Bulletin der Sciences Math&natiquer, 
Vol. 32 (1908), p. 107. 

10For solutions of such problems in pure mathc- 
matics by Americans, see Bulletin of the Amerioas~ 
Mathe?natical Sodety, Vol. 7 (1901)) p. 190; VoI. 
16 (1910), p. 267. 

best journals, as such progress can easily 
be mensnred, and it fits into a general trend 
of thought which is easily accessible in view 
of the many developed avenues of approach. 
Notwithstanding these advantages, the real 
investigator should reach the time when he 
can select his own problems without advicc 
or authority; when he feels free to look a t  
the whole situation from a higher point of 
view and to assume the responsibility of an 
independent choice, irrespective of the fact 
that an independent choice may entail dis- 
trust and misgivings on the part of many 
who would have supported him nobly if he 
had remained on their plane. 

In  looking at  the whole situation from 
this higher point of view many new and 
perplexing questions confront us. Why 
should the developments of the past have 
followed certain routes? What is the 
probability that the development of the 
territory lying between two such routes 
will exhibit new points of contact and 
greater unity in the whole development? 
What should be some guiding principles in 
selecting one rather than another subject of 
investigation? What explanation can we 
give for the fact that some regions bear 
evidences of great activity in the past but 
are now practically deserted, while others 
maintained or increased their relative pop- 
ularity through all times? 

One of the most important tests that can 
be applied to a particular mathematical 
theory is whether it serves as a unifying 
and clarifying principle of wide applica- 
tions. Whether these applications relate 
to pure mathematics only or to related 
fields seems less important. In  fact, the 
subjects of application may have to be de- 
veloped. If this is the case, i t  is so much 
the better provided always that the realm 
of thought whose relations are exhibited by 
the theory is extensive and that the rela- 
tions are of such a striking character as to 
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appeal to a large number of mathematical 
intellects of the present or of the future. 
-Some isolated facts may be of great in- 
terest, but as long as they are isolated they 
'have little or no real mathematical interest. 
One object of mathematics is to enable us 
to deal with infinite sets with the same ease 
and confidence as if they were individuals. 
In this way only can our finite mind treat 
systematically some of the infinite sets of 
objects of mathematical thought. 

I n  comparatively recent yeers the spirit 
of organization has made itself felt among 
mathematicians with rapidly increasing 
power, and i t  has already led to many 
important results. Beginning with small 
informal organizations in which the social 
element was often most prominent, there 
have resulted large societies, national and 
even international, with formal organiza- 
tions and with extensive publications. In  
reference to one of these early organiza- 
tions, the mathematical society of Spital-
fields in London, which lasted for more 
than a century (1717-1845), i t  is said that 
each member was expected to come to the 
meetings with his pipe, his mug and his 
problem.ll 

The modern mathematical society is dom- 
inated by a different spirit. It generally 
supports at  least one organ for publication, 
and scholarly publicity develops scholarly 
cooperation as well as scholarly ambitions. 
This cooperation has led to movements 
which could not have been undertaken by a 
few individuals. One may recall here the 
Revue Semestrielle, published under the 
auspices of the Amsterdam Mathematical 
Society; the extensive movement to examine 
and compare methods and courses of mathe- 
matical instruction in various countries, 

l l t t E s  wurde von jedem erwartet, dass er seine 
Pfeife, seinen Krug und sein Problem mitbringe." 
Cantor, "Vorlesungen ueber Geschichte der Math- 
ematik," Vol. 4, 1908, p. 59. 

inaugurated at  the fourth international 
congress, held at Rome in 1908; and, espe- 
cially the great mathematical encyclopedias 
whose start was largely influenced by the 
support of the deutschen Mathematiker-
Vereinigung as expressed at the Vienna 
meeting in 1894. The French edition of 
the latter work, which is now in the course 
of publication, is expected to include 
thirty-four large volumes, besides .those 
which are to be devoted to questions of the 
philosophy, the teaching and the history of 
mathematics. 

These encyclopedias and other large 
works of reference are doing much to ex- 
pedite travel in the mathematical field. In  
fact, it would probably not be exaggerating 
if we should say that by these encyclo- 
pedias alone the distances, in time and 
effort, between many points of the mathe- 
matical field have been cut in two. In this 
connection, it may be fitting to recall, with 
a deep sense of obligation, the great work 
which is being done by the Royal Society 
of London-not only for mathematics, but 
also for a large number of other sciences- 
in providing bibliographical aids on a large 
scale. If the increase in knowledge will 
always be attended by a corresponding in- 
crease in means to learn readily what is 
known, even the young investigator of the 
future will have no reason to regret the 
extent of the developments. On the con- 
trary, these should make his task easier, 
since they furnish such a great richness of 
analogies and of tried methods of attack. 

The last two or three decades have wit- 
nessed a great extension of mathematical 
research activity. As a result of this we 
have a large number of new mathematical 
societies. A few of the most recent ones 
are as follows : Calcutta Mathematical So- 
ciety (1908), Manchester Mathematical So- 
ciety (1908), Scandinavian Congress of 
Mathematicians (1909), Swiss Mathemat- 
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ical Society (1910), Spanish Mathematical 
Society (1911) and the Russian Congress 
of Mathematicians (1912). I n  Japan a 
new mathematical periociical, called To^?roku 
Malhematical Jour?ial, was starled in 1911, 
and a few years earlier the Jourrbal of the 
Inc%ia?z Mathematical Society was started 
at  Madras, India. l'he Calcutta Mathe- 
matical Society anci the Spanish Mathernat- 
ical Society have also started new period- 
icals ciuriiig the last two or three years. 

While there has been a very rapid spreaci 
of mathematical activity during recent 
years, it must be acimitled that the greater 
part of the worlc which is being done in the 
new centers is quite elementary from the 
slandpoint of research. 'L'he city of Paris 
continues to holci its prec~minent mathemat- 
ical position among the cities of the world; 
and Germany, E'rance and llaly continue to 
lead all other countries in regard to the 
quality and the quantity of research in 
pure mathematics. 

Although America is not yet doing her 
share of malliematical research of a high 
order, we have ando~thtedly reached a posi- 
tion of respectability along this line, and i t  
should be easier to malce further progress. 
Moreover, our material facilities are in-
creasing relatively more rapicily than those 
of the countries which are ahead of us, and 
hence many of our younger men start under 
very favorable conditions. Unfortunately, 
there is not yet among us a sufficiently high 
appreciation of scholarly attainments and 
scientific distinction. The honest and out- 
spoken investigator is not always encour- 
aged as he ought to be and the best posi- 
tions do not always seelc the best man. 
I coupled outspoken with investigator ad- 
visedly, since research of high order im- 
plies liberty and scorns shams, especially 
shams relating to scholarship. Even along 
these lines there seems to be encouraging 
progress, and this progress may reasonably 

be expected to increase with the passing of 
those who belong to the past in spirit and 
attainments. What appears to he a very 
serious element in our situation is the fact 
that the American university professor 
does not yet seek anci safeguard his free- 
dom with the zeal of his European col-
league. I t  is loo cormnonly assumed that 
loyalty implies lying. 

l'he investigators in pure mathematics 
form a small army of about two thousand 
men and a few w o m e n . l V h e  question 
naturally arises what is this little army 
trying to accomplish. A direct answer is 
that they are trying to find anci to con-
struct paths and roads of thought, which 
connect with or belo~lg to a network of 
thought roads commonly known as mathe- 
matics. Some are engaged in constructing 
trails through what appears an almost im- 
passable region while others arc widening 
and smoothing roads which have been 
traveled for centuries. There are others 
who are engaged in driving piles in the 
hope of securing a solid foundation 
through regions where quiclisand and mire 
have combineci to obstruct progress. 

A characteristic property of mathematics 
is that by means of certain postulates its 

" B e t ~ e e n  five and ten per cent. of the members 
of the American Mathematleal Society are women, 
hut the per cent. of women in the leading foreign 
nlathematieal societies is rnnch smaller. Less than 
one per cent. of the niembers of Ihe national 
mathematical soclet~es of France, Germany and 
Spain are women, according to recent lists of 
members. The per cent. of ~rnportant mathernat -
ical contributions by women does not appear to 
be larger, as a rule, than that  of their representa- 
tion in the l ead~ng  societies. The hs t  of about 
three hundred collaborators on the gieat new 
German and French mathen~atical encyclopedias 
does not seem to include any woman. Possibly 
&omen do not prize sulficiently intellectual free- 
dom to become good mathematical mvest~gators. 
Some of them exhibit excellent ability as mathe-
matical students. 
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thought roads have been proved to be safe 
and they always lead to some prominent 
objective points. 'IIencc they primarily 
serve to economize thought. The number 
of objects of mathematical thought is in- 
finite, and these roads enable a finite mind 
to secure an intellectual penetration into 
some parts of this infinitude of objects. I t  
should also be observed that mathematics 
consists of a connected network of thought 
roads, and mathematical progress means 
that other such connected or connecting 
roads are being established, which either 
lead to new objective points of interest or 
exhibit new connections between known 
roads. 

The network of thought roads called 
mathematics furnishes a very interesting 
chapter in the intellectual history of the 
world, and in recent years an increasing 
number of investigators have entered the 
field of mathematical history. The results 
are very encouraging. I n  fact, there are 
very few other parts of mathematics where 
the progress during the last twenty years 
has been as great as in this history. This 
progress is partly reflected by special 
courses in this subject in the leading uni- 
versities of the world. While the earliest 
such course seems to have been given only 
about forty years ago, a considerable 
number of universities are now offering 
regular courses in this subject, and these 
courses have the grelat advantage that they 
establish another point of helpful contact 
between mathematics and other fields. 

Mathematical thought roads may be dis- 
tinguished by the facts that by means of 
certain assumptions they have been proved 
to lead safely to certain objective points 
of interest, and each of them connects, a t  
least in one point, with a network of other 
such roads which were called mathematics, 
paBrjp~raby the ancient Greeks. The math- 
ematical investigator of the present day is 

pushing these thought roads into domains 
which were totally unlinown to the older 
mathematicians. Whether it will ever be 
possible to penetrate all scientific knowl- 
edge in this way and thus to unify all the 
advanced scientific subjects of study under 
the general term of mathematics, as was 
the case with the ancient Greeks,l"s a 
question of deep interest. 

The scientific world has devoted much 
attention to the collection and the classifica- 
tion of facts relative to material things, and 
has secured already an immensely valuable 
store of such knowledge. As the number 
of these facts increases, stronger and 
stronger means of intellectual penetration 
are needed. I n  many cases mathematics 
has already provided such means in a large 
measure; and, judging from the past, one 
may reasonably expect that the demand for 
such means will continue to increase as long 
as scientific linowledge continues to grow. 
On the other hand, the domain of logic has 
been widely extended through the work of 
Russell, Poincari: and others ;and Russell's 
conclusion that any false proposition im-
plies all other propositions whether true 
or false is of great general interest. 

During the last two or three centuries 
there has been a most remarkable increase 
in facilities for publication. Not only have 
academies and societies started journals for 
the use of their members, but numerous 
journals inviting suitable contributions 
from the public have arisen. The oldest of 
the latter type is the Journal des Xqavans, 
which was started a t  Paris in 1665, while 
the Transactions of the Royal Xociety of 
Londolz, started in the same year, should 
probably be regarded as the oldest of the 
former type. These journals have done an 

l3 The term mathematics was first i~sed with its 
present restricted meaning by the  Peripatetic 
School. Cantor, "Vorlesi~ngen iiber Geschichte 
der Mathematik," Vol. I. (1907), p. 216. 
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inestimable amount of good for the growth 
of knowledge and the spread of the spirit 
of investigation. At the present time more 
than 2,000 articles which are supposed to 
be contributions to knowledge in pure 
mathematics appear annually in such 
periodicals. I n  addition to these there is a 
growing annual list of books. 

The great extent of the fields of mathe- 
matics and the rapid growth of this litera- 
ture have made i t  very desirable to secure 
means of judging more easily the relative 
merit of various publications. Along this 
line our facilities are still very meager and 
many serious difficulties present themselves. 
I n  America we have the book reviews 
and the indirect means provided by the 
meetings of various societies and by such 
publications as the "American Men of 
Science." 

The most important aid to judge con-
temporaneous worl~ is furnished by a Ger- 
man publication linown as the Jahrbuch 
uber die Portschritte der Mathematik. I n  
this work there appear annually about 
1,000 pages of reviews of books and articles 
published two or three years earlier. These 
reviews are prepared by labout 60 different 
mathematicians who are supposed to be well 
prepared to pass judgment on the par-
ticular books and articles which they un- 
dertake to review. While these reviews are 
of very unequal merit, they are rendering a 
service of the greatest value. 

The main object of such reviews is to 
enable the true student to learn easily what 
progress others are making, especially in 
his own field and in those closely related 
thereto. They serve, however, another very 
laudable purpose in the case that they are 
reliable. We have the pretender and the 
unscrupulous always with us, and it is al- 
most as important to limit their field of 
operation as to encourage the true investi- 
gator. "Companions in zealous research7' 

should be fearless in the pursuit of truth 
and in the disclosure of falsehood, since 
these qualities are essential to the atmos- 
phere which is favorable to research. 

While the mathematical investigator is 
generally so engrossed by the immediate 
objects in view that he seldom finds time to 
think of his services to humanity as a 
whole, yet such thoughts naturally come to 
him more or less frequently, especially 
since his direct objects of research seldom 
are well suited for subjects of general con- 
versation. If these thoughts do come 10 
him they should bring with them great 
inspiration. Who can estimate the amount 
of good mathematics has done and is doing 
now? I f  all knowledge of mathematics 
could suddenly be taken away from us 
there would be a state of chaos, and if all 
those things whose development depended 
upon inathematical principles could be re- 
moved, our lives and thoughts would be 
pauperized immeasurably. This removal 
would sweep 'away not only our modern 
houses and bridges, our commerce and 
landmarks, but also most of our concepts 
of the physical universe. 

Some may be tempted to say that the 
useful parts of mathematics are very ele- 
mentary and have little contact with mod- 
ern research. I n  answer we may observe 
that i t  is very questionable whether the 
ratio of the developed mathematics to that 
which is finding direct application to things 
which relate to material advantages is 
greater now than i t  was at  the time of the 
ancient Greeks. The last two centuries 
have witnessed a wonderful advance in 
the pure mathematics which is commonly 
used.I4 While the advance in the extent 

" I n  1726, arithmetic and geometry were studied 
during the senior year in IIarvard College. Nat-
ural philosophy and physics were still taught be- 
fore arithmetic and geometry. Cajori, "The 
Teaching and I-Iistory of Mathematics in the 
United States," 7890, p. 22. 
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of the developed fields has also been rapid, 
it has probably not been relatively more 
rapid. Hence the mathematical investi-
gator of to-day can pursue his work with 
the greatest confidence as regards his serv- 
ices to the general uplift both in thought 
and in material betterment of the human 
race. All of his real advances may reason. 
ably be expected to be enduring elements 
of a structure whose permanence is even 
more assured than that of granite pillars. 

G. A..MILLER 
UNIVERSITY ILLINOISOF 

SCIENTIPIC DISTRIBUTION OP GRADES 

AT REED COLLEGE 


A SCIENTIFIC rather than a personal basis 
for awarding grades in courses of study, if 
grades are to be used at  all, together with 
definite credit for quality as well as for quan- 

tity of work, seems desirable, especially for 
institutions that are more than theoretically 
devoted to scholarship, and that are willing 
to make what sacrifices such may 
involve. 

The common grades A to E have no defined 
meaning. To call them such and such a per 
cent. of an undefined something is to substi- 

tute one vague expression for another. With-
out scientific definition, any set of symbols is 
inevitably used in personal, variable, erratic 
ways. To award scholarships, degrees and 
other honors, as if an A in one course repre- 
sented the same distinction as an A in another 
course is to administer the curriculum on a 
patently false assumption? 

Until all school work can be measured by 
scales, made up of units that are equal in a 
defined sense, the best available grading is one 
of relative position in a series. The nearest 
approach to such a scientific basis for award- 
ing college credits appears to be a distribu-
tion following the normal probability curve, 
skewed to take account of the effect of select- 
ing the student body. 

The Reed College system is shown in the 
illustration. The outer curve, partly dotted, 
is the normal probability curve. The inner 
curve, partly coinciding with the other, shows 

' I t  is impossible, here, to give a detailed ex- 
planation of the "credit for quality" system and 
the scientific distribution of grades adopted by 
Reed College. The underlying principles of both 
are fully explained in chapters 12 and 13 of the 
"Administration of the College Curriculum," 
Houghton Mifflin Company, 3911. he Distribu-
tion of Grades on a Scientific Basis" is presented 
in Popular Science Monthly for April, 1911. 


