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* 

ADDRESS TO THE MATHEMATICAL AND 

PHYXdCAL SECTION OP THE BRITISH 


ANSOCIATIQN FOR THE ADVANCE- 

MENT OF SCIENCE 


SINCE the last meeting of our association 
one of the most illustrious of the British 
workers in science during the nineteenth 
century has been removed from us by the 
death of Sir William Huggins. I n  the mid- 
dle of the last century Sir William Hug- 
gins commenced that pioneer work of ex-
amination of the spectra of the stars which 
has insured for him enduring fame in con- 
nection with the foundation of the science 
of astrophysics. The exigencies of his 
work of analysis of the stellar spectra led 
him to undertake a minute examination of 
the spectra of the elements with a view' to 
the determination of as many lines as pos- 
sible. To the spectroscope he later added 
the photographic film as an instrument of 
research in his studies of the heavenly 
bodies. I n  1864 Sir William Huggins 
made the important observation that many 
of the nebulz have spectra which consist 
of bright lines; and two years later he.ob- 
served, in the case of a new star, both 
bright and dark lines in the same spectrum. 
I n  1868 his penetrating and alert mind 
made him the first to perceive that the 
Doppler principle could be applied to the 
determination of the velocities of stars in 
the line of sight, and he a t  once set about 
the application of the method. His life- 
work, in a domain of absorbing interest, 
was rewarded by a rich harvest of diseov- 
ery, obtained as tlie result of most patient 
and minute investigations. The "Atlas of 
Representative Stellar Spectra,'' published 
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in the names of himself and Lady Hug- 
gins, remains as a monumental record of 
their joint labors. 

The names of the great departments of 
science, mathematics, physics, astronomy, 
meteorology, which are associated with Sec- 
tion A, are a sufficient indication of the vast 
range of investigation which comes under 
the purview of our section. An opinion 
has been strongly expressed in some quar- 
ters that the time has come for the erection 
of a separate section for astronomy and 
meteorology, in order that fuller oppor- 
tunities may be afforded than hitherto for 
the discussion of matters of special inter- 
est to those devoted to these departments 
of science. I do not share this view. I be-
lieve that, whilst the customary division 
into sub-sections gives reasonable facilities 
for the treatment of questions interesting 
solely to specialists in the various branches 
with which our section is concerned, a 
policy of disruption would be injurious 
to the wider interests of science. The close 
association of the older astronomy with 
mathematics, and of the newer astronomy 
with physics, forms strong presumptions 
against the change that has been sug-
gested. Meteorology, so far  as it goes be- 
yond the purely empirical region, is, and 
must always remain, a branch of physics. 
No doubt, the more technical problems 
which arise in connection with these sub- 
jects, though of great importance to 
specialists, are often of little or no interest 
to workers in cognate departments. I t  ap- 
pears to me, however, that it is unwise, in 
view of the general objects of the British 
Association, to give too much prominence 
in the meetings to the more technical as-
pects of the various departments of sci-
ence. Ample opportunities for the full 
discussion of all the detailed problems, the 
solution of which forms a great and neces- 
sary part of the work of those who are ad- 

vancing science in its various branches, are 
afforded by the special societies which 
make those branches their exclusive con-
cern. The British Association will, in my 
view, be performing its functions most 
efficiently if it gives much prominence to 
those aspects of each branch of science 
which are of interest to a public at  least in 
some degree larger than the circle of spe-
cialists concerned with the particular 
branch. To afford an opportunity to work- 
ers in any one department of obtaining 
some Icnowledge of what is going on in 
other departments, to stimulate by means 
of personal interconrse v i th  ~t.orliers on 
other lines the sense of solidarity of men 
of science, to do something to counteract 
that tendency to narrowness of view which 
is a danger arising from illcreasing speciai- 
ization, are functions the due performance 
of which may do much to further that su- 
preme object, the advancement of science, 
for which the British Association exists. 

I propose to address to you a few re-
marks, necessarily fragmentary and in-
complete, upon the scope and tendencies of 
modern mathematics. Not to transgress 
against the canon I have laid down, I shall 
endeavor to make my treatment of the sub- 
ject as little technical as possible. 

Probably no other department of knowl- 
edge plays a larger part outside its own 
narrower domain than mathematics. Some 
of its more elementary conceptions and 
methods have become part of the common 
heritage of our civilization, interwoven in 
the every-day life of the people. Perhaps 
the greatest labor-saving invention that the 
worlcl has seen belongs to the formal side 
of mathematics; I allude to our system of 
numerical notation. This system, ~vhich, 
when scrutinized, affords the simplest il- 
lustration of the importance of mathe-
matical form, has become so much an indis- 
pensable part of our mental furniture that 
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some effort is required to realize that an 
apparently so obvious idea embodies a 
great invention; one to which the Greeks, 
with their unsurpassed capacity for ab-
stract thinking, never attained. An at-
tempt to do a multiplication sum in Roman 
numerals is perhaps the readiest road to an 
appreciation of the advantages of this 
great invention. I n  a large group of sci- 
ences, the formal element, the common 
language, so to speak, is supplied by mathe- 
matics; the range of the application of 
mathematical methods and symbolism is 
ever increasing. Without taking too liter- 
ally the celebrated dictum of the great 
philosopher Kant, that the amount of real 
science to be found in any special subject 
is the amount of mathematics contained 
therein, it must be admitted that each 
branch of science which is concerned with 
natural phenomena, when it has reached a 
certain stage of development, becomes ac- 
cessible to, and has need of, mathematical 
methods and language; this stage has, for 
example, been reached in our time by parts 
of the science of chemistry. Even biology 
and economics liave begun to require 
mathematical methods, at least on their 
statistical side. As a science emerges from 
the stages in which it consists solely of 
more or less systematized descriptions of 
the phenomena with which it is concerned 
in their more superficial aspect; when the 
intensive magnitudes discerned in the phe- 
nomena become representable as extensive 
magnitudes-then is the beginning of the 
application of mathematical modes of 
thought; at a still later stage, when the 
phenomena become accessible to dynamical 
treatment, mathematics is applicable to the 
subject to a still greater extent. 

Mathematics shares with the closely al- 
lied subject of astronomy the honor of be- 
ing the oldest of the sciences. When we 
consider that i t  embodies, in an abstract 

form, some of the more obvious, and yet 
fundamental, aspects of our experience of 
the external world, this is not altogether 
surprising. The comparatively high de-
gree of development which, as recent his- 
torical discoveries have disclosed, it had 
attained amongst the Babylonians more 
than five thousand years B.c., may well as- 
tonish us. These times must have been 
preceded by still earlier ages in which the 
mental evolution of man led him to the use 
of the tally, and of simple modes of meas-
urement, long before the notions of number 
and of magnitude appeared in an explicit 
form. 

I have said that mathematics is the old- 
est of the sciences; a glance at its more 
recent history will show that it has the 
energy of perpetual youth. The output of 
contributions to the advance of the science 
during the last century and more has been 
so enormous that it is diEcult to say 
whether pride in the greatness of achieve- 
ment in his subject, or despair at his ina- 
bility to cope with the multiplicity of its 
detailed developments, should be the dom- 
inant feeling of the mathematician. Few 
people outside the small circle of mathe-
matical specialists have any idea of the 
vast growth of mathematical literature. 
The Royal Society Catalogue contains a 
list of nearly thirty-nine thousand papers 
on subjects of pure mathematics alone, 
which have appeared in seven hundred 
serials during the nineteenth century. 
This represents only a portion of the total 
output ; the very large number of treatises, 
dissertations and monographs published 
during the century being omitted. During 
the first decade of the twentieth century 
this activity has proceeded at an acceler- 
ated rate. Mathematical contributions to 
mechanics, physics and astronomy would 
greatly swell the total. A notion of the 
range of the literature relating not only to 
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pure mathematics but also to all branches 
of science to which mathematical methods 
have been applied will be best obtained by 
an examination of that monumental work, 
the "Encyclopadie der mathematischen 
Wissenschaftenl'-when i t  is completed. 

The concepts of the pure mathematician, 
no less than those of the physicist, had their 
origin in physical experience analyzed and 
clarified by the reflective activities of the 
human mind; but the two sets of concepts 
stand on different planes in regard to the 
degree of abstraction which is necessary in 
their formation. Those of the mathemati- 
oian are more remote from actual analyzed 
precepts than are those of the physicist, 
having nndergone in their formation a 
more complete idealization and removal of 
.elements inessential in regard to the pur- 
poses for which they are constructed. This 
difference in the planes of thought fre-
quently gives rise to a certain misunder- 
standing between the mathematician and 
the physicist, due in the case of either to 
an inadequate appreciation of the point of 
view of the other. On the one hand it is 
frequently and truly said of particular 
mathematicians that they are lacking in 
the physical instinct; and on the other 
hand a certain lack of sympathy is fre- 
quently manifested on the part of physi- 
cists for the aims and ideals of the mathe- 
matician. The habits of mind and the 
ideals of the mathematician and of the 
physicist can not be of an identical char- 
acter. The concepts of the mathematician 
necessarily lack, in their pure form, just 
that element of concreteness which is an 
essential condition of the success of the 
physicist, but which to the mathematician 
would often only obscure those aspects of 
things which it is his province to study. 
The abstract mathematical standard of 
exactitude is one of which the physicist 
can make no direct use. The calculations in 

mathematics are directed towards ideal pre- 
cision, those in physics consist of approxi- 
mations within assigned limits of error. 
The physicist can, for example, make no 
direct use of such an object as an irrational 
number; in any given case a properly 
chosen rational number approximating to 
the irrational one is sufficient for his pur- 
pose. Such a notion as continuity, as i t  
occurs in mathematics, is, in its purity, 
unknown to the physicist, who can make 
use only of sensible continuity. The phys- 
ical counterpart of mathematical discon-
tinuity is very rapid change through a thin 
layer of transition, or during a very short 
time. Much of the skill of the true mathe- 
matical physicist and of the mathematical 
astronomer consists in the power of adapt- 
ing methods and results carried out on an 
exact mathematical basis to obtain approx- 
imations sufficient for the purposes of 
physical measurement. I t  might perhaps 
be thought that a scheme of mathematics 
on a frankly approximate basis would be 
sufficient for all the practical purposes of 
application in physics, engineering science 
and astronomy; and no doubt i t  would be 
possible to develop, to some extent a t  least, 
a species of mathematics on these lines. 
Such a system would, however, involve an 
intolerable awkwardness and prolixity in 
the statement of results, especially in view 
of the fact that the degrees of approxima- 
tion necessary for various purposes are very 
different, and thus that unassigned grades 
of approximation would have to be pro- 
vided for. Moreover the mathematician 
working on these lines would be cut off 
from his chief sources of inspiration, the 
ideals of exactitude and logical rigor, as 
well as from one of his most indispensable 
guides to discovery, symmetry and perma- 
nence of mathematical form. The history 
of the actual movements of mathematical 
thought through the centuries shows that 
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these ideals are the very life-blood of the 
science, and warrants the conclusion that 
a constant striving towards their attain- 
ment is an absolutely essential condition of 
vigorous growth. These ideals have their 
roots in irresistible impulses and deep-
seated needs of the human mind, mani- 
fested in its efforts to introduce intelligi- 
bility into certain great domains of the 
world of thought. 

There exists a wide-spread impression 
amongst physicists, engineers and other 
men of science that the effect of recent de- 
velopments of pure mathematics, by ma-
king i t  more abstract than formerly, has 
been to remove i t  further from the order 
of ideas of those who are primarily con-
cerned with the physical world. The 
prejudice that pure mathematics has its 
sole raison d'dtre in its function of provid- 
ing useful tools for application in the 
physical sciences, a prejudice which did 
much to retard the due development of 
pure mathematics in this country during 
the nineteenth century, is by no means ex- 
tinct. I t  is not infrequently said that the 
present devotion of many mathematicians 
to the interminable discussion of purely 
abstract questions relating to modern de- 
velopments of the notions of number and 
function, and to theories of algebraic form, 
serves only the purpose of deflecting them 
from their proPer work into paths which 
lead nowhere. I t  is considered that mathe- 
maticians are apt to occupy themselves too 
exclusively with ideas too remote from the 
physical order in which mathematics had 
its origin and in which i t  should still find 
its proper applications. A direct answer 
to the question cui bono? when i t  is raised 
in respeat of a department of study such as 
pure mathematics, seldom carries convic- 
tion, in default of a standard of values 
common to those who ask and to those who 
answer the question. To appreciate the im- 

portance of a sphere of mental activity 
different from our own always requires 
some effort of the sympathetic imagination, 
some recognition of the fact that the abso- 
lute value of interests and ideals of a par- 
ticular class may be much greater than the 
value which our own mentality inclines us 
to attach to them. If a defense is needed 
of the expenditure of time and energy on 
the abstract problems of pure mathematics, 
that defense must be of a cumulative char- 
acter. The fact that abstract mathematical 
thinking is one of the normal forms of ac- 
tivity of the human mind, a fact which the 
general history of thought fully estab-
lishes, will appeal to some minds as a 
ground of decisive weight. A great de- 
partment of thought must have its own 
inner life, however transcendent may be 
the importance of its relations to the out- 
side. No department of science, least of all 
one requiring so high a degree of mental 
concentration as mathematics, can be de- 
veloped entirely, or even mainly, with a 
view to applications outside its own range. 
The increased complexity and specializa- 
tion of all branches of knowledge makes i t  
true in the present, however i t  may have 
been in former times, that important ad- 
vances in such a department as mathe-
matics can be expected only from men who 
are interested in the subject for its own 
sake, and who, whilst keeping an open 
mind for suggestions from outside, allow 
their thought to range freely in those lines 
of advance which are indicated by the 
present state of their subject, untram-
melled by any preoccupation as to applica- 
tions to other departments of science. 
Even with a view to applications, if mathe- 
matics is to be adequately equipped for the 
purpose of coping with the intricate prob- 
lems which will be presented to i t  in the 
future by physics, chemistry and other 
branches of physical science, many of these 
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problems probably of a character which 
we can not at  present forecast, i t  is essential 
that mathematics should be allowed to de- 
velop itself freely on its own lines. Even 
if much of our present mathematical theo- 
rizing turns out to be useless for external 
purposes, it is wiser, for a well-known rea- 
son, to allow the wheat and the tares to 
grow together. I t  would be easy to estub- 
lish in detail that many of the applications 
which have been actually made of matbe- 
matics were wholly unforeseen by those 
who first developed the methods and ideas 
on which they rest. Recently, the more 
refined mathematical methods which have 
been applied to gravitational astronomy by 
Delaunay, C. W. IIill, I'oincark, E. W. 
Brown and others, have thrown much 
light on questions relating to the solar 
system, and have much increased the ac-
curacy of our knowledge of the motions of 
the moon and the planets. Who linows 
what weapons forged by the theories of 
functions, of differential equations, or  of 
groups, may be required when the time 
comes for such an empirical law as Men- 
delBeff's periodic law of the elements to 
receive its dynamical explanation by means 
of an analysis of the detailed possibilities 
of relatively stable types of motion, the 
general schematic character of which will 
have been indicated by the physicist? I t  
is undoubtedly true that the cleft between 
pure mathematics and physical science js 
at the present time wider than formerly. 
That is, however, a result of the natural 
development, on their own lines, of both 
subjects. I n  the classical period of the 
eighteenth century, the time of T~agrange 
and Laplace, the nature of the physical 
investigations, consisting largely of the de- 
tailed working out of problems of gravita- 
tional astronomy in accordance with New- 
ton's law, was such that the passage was 
easy from the concrete problems to the cor- 

responding abstract mathematical ones. 
Later on, mathematical physicists were 
much occupied with problems which lent 
themselves readily to treatment by means 
of continnous analysis. I n  our own time 
the effect of recent developments of physics 
has been to present problems of molecular 
and sub-molecular mechanics to which con- 
tinuous analysis is not at  least directly ap- 
plicable, and can only be made applicable 
by a process of averaging the effects of 
great swarms of discrete entities. The 
speculative and incomplete character of 
our conceptions of the structure of the ob- 
jects of investigation has made the appli- 
cations ol dynaniics to their detailed eluci- 
dation tentative and partial. The gmer- 
alized dynamical scheme developed by 
Lagrange and Hamilton, with its power of 
dealing with systems, the detailed struc-
tnre of which is partially unknown, has, 
however, proved a powerful weapon of at- 
tack, and affords a striking instance of the 
deep-rooted significance of mathematical 
form. The wonderful and perhaps un-
precedentedly rapid discoveries in physics 
which have been made in the last two de- 
cades have given rise to many questions 
which are as yet hardly sufficiently definite 
in form to be ripe for mathematical treat- 
ment; a necessary condition of which 
treatment consists in a certain kind of pre- 
cision in the data of the problems to be 
solved. 

The difficulty of obtaining an adequate 
notion of the general scope and aims of 
mathematics, or even of special branches 
of it, is perhaps greater than in the case 
of any other science. Many persons, even 
such as have made a serious and prolonged 
study of the subject, feel the difficulty of 
seeing the wood for trees. The severe de- 
mands made upon students by the labor 
of acquiring a difficult technique largely 
accounts for this; but teachers might do 
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much to facilitate the attainment of a 
wider outlook by directing the attention 
of their students to the more general and 
less technical aspects of the various parts 
of the subject, and especially by the intro- 
.duction into the courses of instruction of 
more of the historical elements than has 
hitherto been usual. 

All attempts to characterize the domain 
of mathematics by means of a formal defi- 
nition which shall not only be complete, 
but which shall also rigidly mark off that 
domain from the adjacent provinces of 
formal logic, on the one side, and of phys- 
ical science, on the other side, are almost 
certain to meet with but doubtful success; 
such success as they may attain will prob- 
ably be only transient, in view of the 
power which the science has always shown 
of constantly extending its borders in un- 
foreseen directions. Such definitions, many 
of which have been advanced, are apt to 
err by excess or defect, and often contain 
distinct traces of the personal predilections 
of those who formulate them. There was 
a time when it would have been a tolerably 
sufficient description of pure mathematics 
to say that its subject-matter consisted of 
magnitude and geometrical form. Such a 
description of it would be wholly inade- 
quate at  the present day. Some of the 
most important branches of modern math- 
ematics, such as the theory of groups, and 
universal algebra, are concerned, in their 
abstract forms, neither with magnitude 
nor with number, nor with geometrical 
form. That great modern development, 
projective geometry, has been so formu-
lated as to be independent of all metric 
considerations. Indeed the tendency of 
mathematicians under the influence of the 
movement known as the arithmetization 
of! analysis, a movement which has become 
a dominant one in the last few decades, is 
to banish altogether the notion of measur-

able quantity as a conception necessary to 
pure mathematics; number, in the ex-
tended meaning it has attained, taking its 
place. Measurement is regarded as one of 
the applications, but as no part of the basis, 
of mathematical analysis. Perhaps the 
least inadequate description of the general 
scope of modern pure mathematics-I will 
not call it a definition-would be to say 
that it deals with form, in a very general 
sense of the term; this would include 
algebraic form, geometrical form, func-
tional relationship, the relations of order 
in any ordered set of entities such as num- 
bers, and the analysis of the peculiarities 
of form of groups of operations. A strong 
tendency is manifested in many of the re- 
cent definitions to break down the line of 
demarcation which was formerly supposed 
to separate mathematics from formal logic ; 
the rise and development of symbolic logic 
has no doubt emphasized this tendency. 
Thus mathematics has been described by 
the eminent American mathematician and 
logician B. Peirce as "the science which 
draws necessary conclusions," a pretty 
complete identification of mathematics 
with logical procedure in general. A defi-
nition which appears to identify all 
mathematics with the Mengenlehre, or 
theory of aggregates, has been given by E. 
Papperitz : "The subject-matter of pure 
mathematics consists of the relations that 
can be established between any objects of 
thought when we regard those objects as 
contained in an ordered manifold ; the law 
of order of this manifold must be subject 
to our choice." The form of definition 
which illustrates most strikingly the tend- 
encies of the modern school of logistic is 
one given by Mr. Bertrand Russell. I re-
produce it here, in order to show how wide 
is the chasm between the modes of expres- 
sion of adherents of this school and those 
of mathematicians under the influence of 
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the ordinary traditions of the science. Mr. 
Russell writes? "Pure mathematics is the 
class of all propositions of the form ' p  im-
plies q,' where p and q are propositions 
containing one or more variables, the same 
in  the two propositions, and neither p nor 
q contains any constants except logical con- 
stants. And logical constants are all no- 
tions definable in terms of the following: 
Implication, the relation of a term to a 
class of which it is a member, the notion of 
such that, the notion of relation, and such 
further notions as may be involved in the 
general notion of propositions of the above 
form. I n  addition to these, mathematics 
uses a notion which is not a constituent of 
the propositions which i t  considers-
namely, the notion of truth.'' 

The belief is very general amongst in- 
structed persons that the truths of mathe- 
matics have absolute certainty, or at  least 
that there appertains to them the highest 
degree of certainty of which the human 
mind is capable. I t  is thought that a valid 
mathematical theorem is necessarily of 
such a character as to compel belief in any 
mind capable of following the steps of the 
demonstration. Any considerations tend- 
ing to weaken this belief would be discon- 
certing and would cause some degree of 
astonishment. At  the risk of this, I must 
here mention two facts which are of con-
siderable importance as regards an estima- 
tion of the precise character of mathe-
matical knowledge. I n  the first place, it is 
a fact that frequently, and at  various 
times, differences of opinion have existed 
among mathematicians, giving rise to con- 
troversies as to the validity of whole lines 
of reasoning, and affecting the results of 
such reasoning; a considerable amount of 
difference of opinion of this character ex- 
ists among mathematicians at the present 
time. I n  the second place, the accepted 

'' Principles of Mathematics," p. 1. 

standard of rigor, that is, the standard of 
what is deemed necessary to constitute a 
valid demonstration, has undergone change 
in the course of time. Much of the rea- 
soning which was formerly regarded as 
satisfactory and irrefutable is now re-
garded as insufficient to establish the re- 
sults which it was employed to demon-
strate. I t  has even been shown that results 
which were once supposed to have been 
fully established by demonstrations are, in 
point of fact, affected with error. I pro-
pose here to explain in general terms how 
these phenomena are possible. 

I n  every subject of study, if one probes 
deep enough, there are found to be points 
in which that subject comes in contact with 
general philosophy, and where differences 
of philosophical view will have a greater or 
less influence on the attitude of the mind 
towards the principles of the particular 
subject. This is not surprising when we 
reflect that there is but one universe of 
thought, that no department of knowledge 
can be absolutely isolated, and that meta- 
physical and psychological implications 
are a necessary element in all the activities 
of the mind. A particular department, 
such as mathematics, is compelled to set up 
a more or less artificial frontier, which 
marks it off from general philosophy. 
This frontier consists of a set of regulative 
ideas in the form of indefinables and 
axioms, partly ontological .assumptions, 
and partly postulations of a logical char- 
acter. To go behind these, to attempt to 
analyze their nature and origin, and to 
justify their validity, is to go outside the 
special department and to touch on the 
domains of the metaphysician and the 
psychologist. Whether they are regarded 
as possessing apodictic certainty or as 
purely hypothetical in character, these 
ideas represent the data or premises of the 
science, and the whole of its edifice is de-



pendent upon them. They serve as the 
foundation on which all is built, as well 
as the frontier on the side of philosophy 
and psychology. A set of data ideally per- 
fect in respect of precision and perma- 
nence is unattainable-or at least has not 
yet been attained; and the adjustment of 
frontiers is one of the most frequent causes 
of strife. As a matter of fact, variations 
of opinion have at  various times arisen 
within the ranks of the mathematicians as 
to the nature, scope and proper formula- 
tion of the principles which form the foun- 
dations of the science, and the views of 
mathematicians in this regard have always 
necessarily been largely affected by the 
conscious or unconscious attitude of par-
ticular minds towards questions of general 
philosophy. I t  is in this region, I think, 
that the source is to be found of those re- 
markable differences of opinion amongst 
mathematicians which have come into 
prominence at  various times, and have 
given rise to much controversy as to funda- 
mentals. Since the time of Newton and 
Leibnitz there has been almost unceasing 
discussion as to the proper foundations for 
the so-called infinitesimal calculus. More 
recently, questions relating to the founda- 
tions of geometry and rational mechanics 
have much occupied the attention of mathe- 
maticians. The very great change which 
has taken place during the last half cen-
tury in the dominant view of the founda- 
tions of mathematical analysis-a change 
which has exercised a great influence ex-
tending through the whole detailed treat- 
ment of that subject-although critical in 
its origin, has been constructive in its re- 
sults. The Mengenlehre, or theory of ag- 
gregates, had its origin in the critical 
study of the foundations of analysis, but 
has already become a great constructive 
scheme, is indispensable as a method in the 
investigations of analysis, provides the 

language requisite for the statement in 
precise form of analytical theorems of a 
general character, and, moreover, has al- 
ready found important applications in 
geometry. I n  connection with the Men- 
genlehre there has arisen a controversy 
amongst mathematicians which is at  the 
present time far  from having reached a 
decisive issue. The exact point at  issue 
is one which may be described as a matter 
of mathematical ontology; i t  turns upon 
the question of what constitutes a valid 
definition of a mathematical object. The 
school known as mathematical "idealists" 
admit, as valid objects of mathematical 
discussion, entities which the rival "em- 
piricist" school regard as non-existent for 
mathematical thought, because insuffi-
ciently defined. I t  is clear that the ideal- 
ist may build whole superstructures on a 
foundation which the empiricist regards as 
made of sand, and this is what has actually 
happened in some of the recent develop-
ments of what has come to be known as 
Cantorism. The difference of view of these 
rival schools, depending as i t  does on deep- 
seated differences of philosophical outlook, 
is thought by some to be essentially irrec- 
oncilable. This controversy was due to 
the fact that certain processes of reasoning, 
of very considerable plausibility, which 
had been employed by G. Cantor, the 
founder of the Mengenlehre, had led to re- 
sults which contained flat contradictions. 
The efforts made to remove these contra- 
dictions, and to trace their source, led to 
the discussion, disclosing much difference 
of opinion, of the proper definitions and 
principles on which the subject should be 
based. 

The proposition 7 +5 -12, taken as 
typical of the propositions expressing the 
results of the elementary operations of 
arithmetic, has since the time of Kant given 
rise to very voluminous discussion amongst 



philosophers, in relation to the precise 
meaning and implication of the operation 
and the terms. It will, however, be main- 
tained, probably by the majority of man-
kind, that the theorem retains its validity 
as stating a practically certain and useful 
fact, whatever view philosophers may 
choose to take of its precise nature-as, for 
example, whether i t  represents, in the lan- 
guage of Kant, a synthetic or an analytic 
judgment. It may, 1 think, be admitted 
that there is much cogency in this view; 
and, were mathematics concerned with the 
elementary operations of arithmetic alone, 
i t  could fairly be held that the mathema- 
tician, like the practical man of the world, 
might without much risk shut his eyes and 
ears to the discussions of the philosophers 
on such points. The exactitude of such a 
proposition, in a sufficiently definite sense 
for practical purposes, is empirically veri- 
fiable by sensuous intuition, whatever 
meaning the metaphysician may attach to 
it. But mathematics can not be built up 
from the operations of elementary arith-
metic without the introduction of further 
conceptual elements. Except in certain 
very simple cases no process of measure-
ment, such as the determination of an area 
or a volume, can be carried out with exacti- 
tude by a finite number of applications of 
the operations of arithmetic. The result to 
be obtained appears in the form of a limit, 
corresponding to an interminable sequence 
of arithmetical operations. The notion of 
"limit," in the definite form given to it by 
Cauchy and his followers, together with the 
closely related theory of the arithmetic 
continuum, and the notions of continuity 
and I'unctionality, lie at  the very heart of 
modern analysis. Essentially bound up 
with this central doctrine of limits is the 
concept of a non-finite set of entities, a 
concept which is not directly derivable 
from sensuous intuition, but which is never- 

I Y. S. VOL.XXXII. NO. 821 

theless a necessary postulation in mathe- 
matical analysis. The conception of the 
infinite, in some form, is thus indispensable 
in mathematics; and this conception re-
quires precise characterization by a scheme 
of exact definitions, prior to all the proc- 
esses of deduction required in obtaining the 
detailed results of analysis. The formula- 
tion of this precise scheme gives an opening 
to differences of philosophical opinion 
which has led to a variety of views as to 
the proper character of those definitions 
which involve the concept' of the infinite. 
Here is the point of divergence of opinion 
among mathematicians to which J have al- 
luded above. Under what conditions is a 
non-finite aggregate of entities a properly 
defined object of mathematical thought, of 
such a character that no contradictions will 
arise in the theories based upon i t ?  That 
is the question to which varying answers 
have been offered by different mathematical 
thinkers. No one answer of a completely 
general character has as yet met with uni- 
versal acceptance. Physical intuition of- 
fers no answer to such a question; i t  is one 
which abstract thought alone can settle. 
I t  can not be altogether avoided, because, 
without the notion of the infinite, at least 
in connection with the central conception 
of the "limit," mathematical analysis as a 
coherent body of thought falls to the 
ground. 

Both in geometry and in analysis our 
standard of what constitutes a rigorous 
demonstration has in the course of the 
nineteenth century undergone an almost 
revolutionary change. That oldest text-
book of science in the world, "Euclid's 
Elements of Geometry," has been popu-
larly held for centuries to be the very 
model of deductive logical demonstration. 
Criticism has, however, largely invalidated 
this view. I t  appcars that, a t  a large num- 
ber of points, assumptions not included in 
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the preliminary axioms and postulates are 
made use of. The fact that these assump- 
tions usually escape notice is due to their 
nature and origin. Derived as they are 
from our spatial intuition, their very self- 
evidence has allowed them to be ignored, 
although their truth is not more obvious 
empirically than that of other assumptions 
derived from the same source which are 
included in the axioms and postulates ex-
plicitly stated as part of the foundation of 
Euclid's treatment of the subject. The 
method of superimposition, employed by 
Euclid with obvious reluctance, but form- 
ing an essential part of his treatment of 
geometry, is, when regarded from his point 
of view, open to most serious objections as 
regards its logical coherence. In  analysis, 
as in geometry, the older methods of treat- 
ment consisted of processes of deduction 
eked out by the more or less surreptitious 
introduction, at  numerous points in the 
subject, of assumptions only justifiable by 
spatial intuition. The "result of this devia- 
tion from the purely deductive method was 
more disastrous in the case of analysis than 
in geometry, because i t  led to much actual 
error in the theory. For  example, i t  was 
held until comparatively recently that a 
continuous function necessarily possesses a 
differential coefficient, on the ground that a 
curve always has a tangent. This we now 
know to be quite erroneous, when any rea- 
sonable definition of continuity is em-
ployed. The first step in the discovery of 
this error was made when it occurred to 
Ampere that the existence of the differen- 
tial coefficient could only be asserted as a 
theorem requiring proof; and he himself 
published an attempt at  such proof. The 
erroneous character of the former belief on 
this matter was most strikingly exhibited 
when Weierstrass produced a function 
which is everywhere continuous, but which 
nowhere possesses a differential coefficient ; 

such functions can now be constructed ad 
libitum. I t  is not too much to say that no 
one of the general theorems of analysis is 
true without the introduction of limitations 
and conditions which were entirely un-
known to the discoverers of those theorems. 
I t  has been the task of mathematicians 
under the lead of such men as Cauchy, 
Riemann, Weierstrass and G. Cantor, to 
carry out the work of reconstruction of 
mathematical analysis, to render explicit all 
the limitations of the truth of the general 
theorems, and to lay down the conditions 
of validity of the ordinary analytical oper- 
ations. Physicists and others often main- 
tain that this modern extreme precision 
amounts to an unnecessary and pedantic 
purism, because in all practical applica- 
tions of mathematics only such functions 
are of importance as exclude the remoter 
possibilities contemplated by theorists. 
Such objections leave the true mathemati- 
cian unmoved; to him i t  is an intolerable 
defect that, in an order of ideas in which 
absolute exactitude is the guiding ideal, 
statements should be made, and processes 
employed, both of which are subject to un- 
expressed qualifications, as conditions of 
their truth or validity. The pure mathe- 
matician has developed a specialized con- 
science, extremely sensitive as regards sins 
against logical precision. The physicist, 
with his conscience hardened in this respect 
by the rough-and-tumble work of investi- 
gating the physical world, is apt to regard 
the more tendcr organ of the mathemati- 
cian with that feeling of impatience, not 
unmingled with contempt, which the man 
of the world manifests for what he consid- 
ers to be over-scrupulosity and unprac-
ticality. 

I t  is true that we can not conceive how 
such a science as mathematics could have 
come .into existence apart from physical 
experience. But it is also true that phys- 
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ical precepts, as given directly in unan-
alyzed experience, are wholly unfitted to 
form the basis of an exact science. More-
over, physical intuition fails altogether to 
afford any trustworthy guidance in connec- 
tion with the concept of the infinite, which, 
as we have seen, is in some form indis- 
pensable in the formation of a coherent 
system of mathematical analysis. The 
hasty and uncritical extension to the region 
of the infinite, of results which are true 
and often obvious in the region of the 
finite, has been a fruitful source of error 
in the past, and remains as a pitfall for the 
unwary student in the present. The no- 
tions derived from physical intuition must 
be transformed into a scheme of exact defi- 
nitions and axioms before they are avail- 
able for the mathematician, the necessary 
precision being contributed by the mind 
itself. A very remarkable fact in connec- 
tion with this process of refinement of the 
rough data of experience is that it contains 
an element of arbitrariness, so that the re- 
sult of the process is not necessarily unique. 
The most striking example of this want of 
uniqueness in the conceptual scheme so ob- 
tained is the case of geometry, in which i t  
has been shown to be possible to set up 
various sets of axioms, each set self-con- 
sistent, but inconsistent with any other of 
the sets, and yet such that each set of 
axioms, at least under suitable limitations, 
leads to results consistent with our percep- 
tion of actual space-relations. Allusion is 
here made, in particular, to the well-known 
geometries of Lobatchewsky and of Rie-
mann, which differ from the geometry of 
Euclid in respect of the axiom of parallels, 
in place of which axioms inconsistent with 
that of Euclid and with one another are 
substituted. I t  is a matter of demonstra- 
tion that any inconsistency which might 
be supposed to exist in the scheme known 
as hyperbolic geometry, or in that known 
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as elliptic geometry, would necessarily en- 
tail the existence of a corresponding incon- 
sistency in Euclid's set of axioms. The 
three geometries, therefore, from the logical 
point of view, are completely on a par with 
one another. An interesting mathematical 
result is that all efforts to prove Euclid's 
axiom of parallels, i. e., to deduce it from 
his other axioms, are doomed to necessary 
failure; this is of importance in view of the 
many efforts that have been made to obtain 
the proof referred to. When the question 
is raised which of these geometries is the 
true one, the kind of answer that will be 
given depends a good deal on the view 
taken of the relation of conceptual schemes 
in general to actual experience. It is 
maintained by M. Poincarb, for example, 
that the question which is the true scheme 
has no meaning; that it is, in fact, entirely 
a matter of convention and convenience 
which of these geometries is actually em-
ployed in connection with spatial measure- 
ments. To decide between them by a cru- 
cial test is impossible, because our space 
perceptions are not sufficiently exact in 
the mathematical sense to enable us to de- 
cide between the various axioms of par-
allels. Whatever views are taken as to the 
difficult questions that arise in this connec- 
tion, the contemplation and study of 
schemes of geometry wider than that of 
Euclid, and some of them including 
Euclid's geometry as a special case, is of 
great interest not only from the purely 
mathematical point of view, but also in 
relation to the general theory of knowledge, 
in that, owing to the results of this study, 
some change is necessitated in the views 
which have been held by philosophers as 
to what is known as Kant's space-problem. 

The school of thought which has most 
emphasized the purely logical aspect of 
mathematics is that which is represented in 
this country by Mr. Bertrand Russell and 



Dr. Whitehead, and which has distin-
guished adherents both in Europe and in 
America. The ideal of this school is a pre- 
sentation of the whole of mathematics as a 
deductive scheme in which are employed 
a certain limited number of indefinables 
and unprovable axioms, by means of a pro- 
cedure in which all possibility of the illicit 
intrusion of extraneous elements into the 
deduction is excluded by the employment 
of a symbolism in which each symbol ex- 
presses a certain logical relation. This 
school receives its inspiration from a pe-
culiar form of philosophic realism which, 
in its revolt from idealism, produces in the 
adherents of the school a strong tendency 
to ignore altogether the psychological im- 
plications in the movements of mathemat- 
ical thought. This is carried so far  that 
in their writings no explicit recognition is 
made of any psychological factors in the 
selection of the indefinables and in the 
formulation of the axioms upon which the 
whole structure of mathematics is to be 
based. The actually worked-out part of 
their scheme has as yet reached only the 
mere fringe of modern mathematics as 
a great detailed body of doctrine; but 
to any objection to the method on the 
ground of the prolixity of the treatment 
which would be necessary to carry it out 
far  enough to enable i t  to embrace the 
various branches of mathematics in all 
the wealth of their present develop-
ment, it would probably be replied that the 
main point of interest is to establish in 
principle the possibility only of subsuming 
pure mathematics under a scheme of lo-
gistics. I t  is quite impossible for me here 
to attempt to discuss, even in outline, the 
tenets of this school, or even to deal with 
the interesting question of the possibility 
of setting up  a final system of indefinables 
and axioms which shall suffice for all pres- 
ent and future developments of mathe-
matics. 

I am very far  from wishing to minimize 
the high philosophic interest of the attempt 
made by the Peano-Russell school to exhibit 
mathematics as a scheme of deductive logic. 
I have myself emphasized above the neces- 
sity and importance of fitting t'he results of 
mathematical research in their final form 
into a framework of deduction, for the pur- 
pose of ensuring the complete precision and 
the verification of the various mathemat- 
ical theories. At  the same time i t  must 
be recognized that the purely deductive 
method is wholly inadequate as an instru- 
ment of research. Whatever view may be 
held as regards the place of psychological 
implications in a completed body of mathe- 
matical doctrine, in research the psycholog- 
ical factor is of paramount importance. 
The slightest acquaintance with the history 
of mathematics establishes the fact that dis- 
coveries have seldom, or never, been made 
by purely deductive processes. The results 
are thrown into a purely deductive form 
after, and often long after, their discovery. 
I n  many cases'the purely deductive form, 
in the full sense, is quite modern. The 
possession of a body of indefinables, axioms 
or postulates, and symbols denoting logical 
relation, would, taken by itself, be wholly 
insufficient for the development of a mathe- 
matical theory. With these alone the 
mathematician would be unable to move a 
step. I n  face of an unlimited number of 
possible combinations a principle of selert- 
tion of such as are of interest, a purposive 
element, and a perceptive faculty are essen- 
tial for the development of anything new. 
I n  the process of discovery the chains in a 
sequence of logical deduction do not at  first 
arise in their final order in the mind of the 
mathematical discoverer. He divines the 
results before they are established; he has 
an intuitive grasp of the general line of a 
demonstration long before he has filled in. 
the details. A developed theory, or even a 
demonstration of a single theorem, is no 
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more identical with a mere complex of 
syllogisms than a melody is identical with 
the mere sum of the musical notes em-
~ l o y e d  in its composition. I n  each case 
the whole is something more than merely 
the sum 01its parts; it has a unity of its 
own, and that unity must be, in some meas- 
ure at least, discerned by its creator before 
the parts fall completely into their places. 
Logic is, so to speak, thc grammar of 
mathematics ; but a knowledge of the rules 
of grammar and the letters of the alphabet 
would not be sufficient equipment to enable 
a man to write a book. There is much 
room for individuality in tlie modes of 
mathematical discovery. Some great 
mathematicians have employed largely 
images derived from spatial intuition as a 
guide to their results; others appear 
wholly to have discarded such aids, and 
were led by a fine feeling for algebraic and 
other species of mathematical form. A 
certain tentative process is common, in 
which, by the aid of results known or ob- 
tained in special cases, generalizations are 
perceived and afterwards established, 
which take up into themselves all the 
special cases so employed. Most mathe- 
maticians leave some traces, in the final 
presentation of their worlc, of the scaffold- 
ing they have employed in building their 
edifices: some much more than others. 

The difference between a mathematical 
theory in the making and as a finished 
product is, perhaps, most strikingly illus- 
trated by the case of geometry, as pre-
sented in its most approved modern shape. 
I t  is not too much to say that geometry, re- 
duced to a purely deductive form-as pre-
sented, for example, by Hilbert, or by some 
of the modern Italian school-has no neces- 
sary connection with space. The words 
"point, " "line," "plane' ' are employed 
to denote any entities whatever which sat- 
isfy certain prescribed conditioris of rela- 

tionship. Various prcmisrs are postulated 
that would appear to be of a perfectly 
arbitrary nature, if u c  did not know how 
they had been suggested. In that division 
of the subject known as metric geometry, 
for example, axiorns of congruency are as- 
sumed which, by their purely abstract 
character, avoid the very real diWculties 
that arise in this regard in reducing per- 
ceptual space-re1 ations of measurements to 
a purely conceptual Form. Such schemes, 
triumphs of constructive thought at  its 
highest and most abstract level as they are, 
could never have been constructed apart 
from the space-perceptions that suggested 
them, althouc.yh the concepb of spatial 
origin are transformed almost out of rec-
ognition. But what I want to call atten- 
tion to here is that, apart from the basis of 
this geometry, mathematicians would never 
have been able to find their way through 
the details of the deductions without hav- 
ing continual recourse to the guidance 
given them by spatial intuition. If one at- 
tempts to follow one of the demonstra-
tions of :L particular theorem in the work 
of writers of this school, one would find it 
quite impossible to retain the steps of the 
process long enough to master the whole, 
without the aid of the very spatial sugge- 
tioris which have been abstracted. This 
is perhaps snfficiently warranted by the 
fact that writers of this school find it nee- 
essary to provide their readers with figures, 
in order to avoid complete bewilderment 
in following the demonstrations, although 
the processes, being purely logical deduc- 
tions from premises of the nature I have 
described, deal only with entities which 
have no necessary similarity to anything 
indicated by the figures. 

A most interesting account has been 
written by one of the greatest mathemati- 
cians of our time, M. I-Ienri PoincarB, of 
the way in which he was led to some of 
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his most important mathematical discover- 
i e ~ . ~He describes the process of discovery 
as consisting of three stages: the first of 
these consists of a long effort of concen-
trated attention upon the problem in hand 
in all its bearings; during the second 
stage he is not consciously occupied with 
the subject at  all, but at  some quite unex- 
pected moment the central idea which en- 
ables him to surmount the difficulties, the 
nature of which he had made clear to him- 
self during the first stage, flashes suddenly 
into his consciousness. The third stage 
consists of the work of carrying out in de- 
tail and redycing to a connected form the 
results to which he is led by the light of his 
central idea; this stage, like the first, is one 
requiring conscious effort. This is, I think, 
clearly not a description of a purely de- 
ductive process; it is assuredly more in-
teresting to the psychologist than to the 
logician. We have here the account of a 
complex of mental processes in which it is 
certain that the reduction to a scheme of 
precise logical deduction is the latest stage. 
After all, a mathematician is a human be- 
ing, not a logic-engine. Who that has 
studied the works of such men as Euler, 
Lagrange, Cauchy, Riemann, Sophus Lie 
and Weierstrass can doubt that a great 
mathematician is a great artist? The fac- 
ulties possessed by such men, varying 
greatly in kind and degree with the indi- 
vidual, are analogous to those requisite for 
constructive art. Not every great mathe- 
matician possesses in a specially high de- 
gree that critical faculty which finds its 
employment in the perfection of form, in 
conformity with the ideal of logical com-
pleteness; but every great mathematician 
possesses the rarer faculty of constructive 
imagination. 

The actual evolution of mathematical 
theories proceeds by a process of induction 

See the Revue du Mois for 1908. 

strictly analogous to the method of induc- 
tion employed in building up the physical 
sciences; observation, comparison, classifi- 
cation, trial and generalization are essential 
in both cases. Not only are special results, 
obtained independently of one another, 
frequently seen to be really included in 
some generalization, but branches of the 
subject which have been developed quite 
independently of one another are some-
times found to have connections which en- 
able them to be synthesized in one single 
body of doctrine. The essential nature of 
mathematical thought manifests itself in 
the discernment of fundamental identity 
in the mathematical aspects of what are 
superficially very different domains. A 
striking example of this species of imma- 
nent identity of mathematical form was 
exhibited by the discovery of that distin- 
guished mathematician, our general secre- 
tary, Major Macmahon, that all possible 
Latin squares are capable of enumeration 
by the consideration of certain differential 
operators. Here we have a case in which 
an enumeration, which appears to be not 
amenable to direct treatment, can actually 
be carried out in a simple manner when 
the underlying identity of the operation is 
recognized with that involved in certain 
operations due to differential operators, 
the calculus of which belongs superficially 
to a wholly different region of thought 
from that relating to Latin squares. The 
modern abstract theory of groups affords 
a very important illustration of this point; 
all sets of operations, whatever be their 
concrete character, which have the same 
group, are, from the point of view of the 
abstract theory, identical, and an analysis 
of the properties of the abstract group 
gives results which are applicable to all the 
actual sets of operations, however diverse 
their character, which are dominated by 
the one group. The characteristic feature 
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of any special geometrical scheme is known 
when the group of transformations which 
leave unaltered certain relations of figures 
has been assigned. Two schemes in which 
the space elements may be quite different 
have this fundamental identity, provided 
they have the same group; every special 
theorem is then capable of interpretation 
as a property of figures either in the one or 
in the other geometry. The mathematical 
physicist is familiar with the fact that a 
single mathematical theory is often capable 
of interpretation in relation to a variety of 
physical phenomena. I n  some instances a 
mathematical formulation, as in some fash- 
ion representing observed facts, has sur-
vived the physical theory it was originally 
devised to represent. I n  the case of elec- 
tromagnetic and optical theory, there ap- 
pears to be reason for trusting the equa- 
tions, even when the proper physical 
interpretation of some of the vectors ap- 
pearing in them is a matter of uncertainty 
and gives rise to much difference of opin- 
ion; another instance of the fundamental 
nature of mathematical form. 

One of the most general mathematical 
conceptions is that of functional relation- 
ship, or "functionality. " Starting orig- 
inally from simple cases such as a function 
represented by a power of a variable, this 
conception has, under the pressure of the 
needs of expanding mathematical theories, 
gradually attained the completeness of 
generality which i t  possesses at  the present 
time. The opinion appears to be gaining 
ground that this very general conception 
of functionality, born on mathematical 
ground, is destined to supersede the nar- 
rower notion of causation, traditional in 
connection with the natural sciences. As 
an abstract formulation of the idea of de- 
termination in its most general sense, the 
notion of functionality includes and trans- 
cends the more special notion of causation 

as a one-sided determination of future phe- 
nomena by means of present conditions ; i t  
can be used to express the fact of the sub- 
sumption under a general law of past, 
present and future alike, in a sequence of 
phenomena. From this point of view the 
remark of Huxley that mathematics 
"knows nothing of causation" could only 
be taken to express the whole truth, if by 
the term "causation ' is understood ''effi-
cient causiztion." The latter notion has, 
however, in recent times been to an in-
creasing extent regarded as just as irre-
levant in the natural sciences as i t  is in 
mathematics ; the idea of thoroughgoing 
determinancy, in accordance with formal 
law, being thought to be alone significant 
in either domain. 

The observations I have made in the 
present address have, in the main, had 
reference to mathematics as a living and 
growing science related to and permeating 
other great departments of knowledge. 
The small remaining space at  my disposal 
I propose to devote to a few words about 
some matters connected with the teaching 
of the more elementary parts of mathe-
matics. Of late years a new spirit has 
come over the mathematical teaching in 
many of our institutions, due in no small 
measure to the reforming zeal of our gen- 
eral treasurer, Professor John Perry. The 
changes that have been made followed a 
recognition of the fact that the abstract 
mode of treatment of the subject that had 
been traditional was not only wholly un- 
suitable as a training for physicists and 
engineers, but was also to a large extent a 
failure in relation to general education, 
because it neglected to bring out clearly 
the bearing of the subject on the concrete 
side of things. With the general principle 
that a much less abstract mode of treat-
ment than was formerly customary is de-
sirable for a variety of reasons, I am in 



complete accord. It is a sound educational 
principle that instruction should begin 
with the concrete side, and should only 
gradually introduce the more general and 
abstract aspects of the subject; an abstract 
treatment on a purely logical basis being 
reserved only for that highest and latest 
stage which will be reached only by a 
small minority of students. At  the same 
time I think there are some serious dangers 
connected with the movement towards ma- 
king the teaching of mathematics more 
practical than formerly, and I do not think 
that, in making the recent changes in the 
modes of teaching, these dangers have al- 
ways been successfully avoided. I 

Geometry and mechanics are both sub- 
jects with two sides: on the one side, the 
observational, they are physical sciences ; 
on the other side, the abstract and deduct- 
ive, they are branches of pure mathe-
matics. The older traditional treatment of 
these subjects has been of a mixed char- 
acter, in which deduction and induction 
occurred side by side throughout, but fa r  
too much stress was laid upon the deduct- 
ive side, especially. in the earlier stages of 
instruction. It is the proportion of the 
two elements in the mixture that has been 
altered by the changed methods of instmc- 
tion of the newer school of teachers. I n  
the earliest teaching of the subjects they 
should, I believe, be treated wholly as ob- 
servational studies. At  a later stage a 
mixed treatment must be employed, ob-
servation and deduction going hand in 
hand, more stress beibg, however, laid on 
the observational side than was formerly 
customary. This mixed treatment leaves 
much opening for variety of method; its 
character must depend to a large extent on 
the age and general mental development 
of the pupils ; i t  should allow free scope for 
the individual methods of variou teachers 
as suggested to those teachers by experi- 

ence. Attempts to fix too rigidly any par- 
ticular order of treatment of these subjects 
are much to be deprecated,, and, unfortu- 
nately, such attempts are now being made. 
To have escaped from the thraldom of 
Etlclid will avail little if the study of 
geometry in all the schools is to fall under 
the domination of some other rigidly pre- 
scribed scheme. 

There are a t  the present time some signs 
of reaction against the recent movement of 
reform in the teaching of geometry. I t  
is found that the lack of a regular order in 
the sequence of propositions increases the 
difficulty of the examiner in appraising 
the performance of the candidates, and in 
standardizing the results of examinations. 
That this is true may well be believed, and 
i t  was indeed foreseen by many of those 
who took part in bringing about the de- 
thronement of Euclid as a text-book. 
From the point of view of the examiner i t  
is without doubt an enormous simplifica- 
tion if all the students have learned the 
subject in the same order, and have 
studied the same text-book. But, admil- 
ting this fact, ought deoisive weight to be 
allowed to i t ?  I am decidedly of opinion 
that it aught not. I think the convenience 
of the examiner, and even precision in the. 
results of examinations, ought unhesita- 
tingly to be sacrificed when they are in 
conflict-as I believe they are in this case 
-with the vastly more important interests 
of education. Of the many evils which our 
exaniination system has inflicted upon us, 
the wntral one has consisted in forcing our 
school and university teaching into moulds 
determined not by the true interests of' 
education, but by the mechanical exigencies 
of the examination syllabus. The exam-
iner has thus exercised a potent influence 
in discouraging initiative and individual- 
ity of methhd on the part of the teacher; 
he has robbed the teacher of that free-



dom which is essential for any high de- 
gree of efficiency. An objection of a dif- 
ferent character to the newer modes of 
teaching geometry has been frequently 
made of late. I t  is said that the students 
are induced to accept and reproduce, as 
proofs of theorems, arguments which are 
not really proofs, and thus that the logical 
training which should be imparted by a 
study of geometry is vitiated. If this ob- 
jection really implies a demand for a 
purely deductive treatment of the subject, 
I think some of those who raise it hardly 
realize all that would be involved in the 
complete satisfaction of their requirement. 
I have already remarked that Euclid's 
treatment of the subject is not rigorous as 
regards logic. Owing to the recent ex-
ploration of the foundations of geometry 
we possess a t  the present time tolerably 
satisfactory methods of purely deductive 
treatment of the subject; in regard to me-
chanics, notwithstanding the valuable 
work of Mach, Herz and others, this is not 
yet the case. But, in the schemes of purely 
deductive geometry, the systems of axioms 
and postulates are fa r  from being of a 
very simple character; their real nature, 
and the necessity for many of them, can 
only be appreciated at  a much later stage 
in mathematical education than the one of 
which I am speaking. A purely logical 
treatment is the highest stage in the train- 
ing of the mathematician, and is wholly 
unsuitable-and, indeed, quite impossible 
-in those stages beyond which the great 
majority of students never pass. It can 
then, in the case of all students, except a 
few advanced ones in the universities, only 
be a question of degree how far  the purely 
logical factor in the proofs of propositions 
shall be modified by the introduction of 
elements derived from observation or 
spatial intuition. If the freedom of teach- 
ing which I have advocated be allowed, i t  
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will be open to those teachers who find it 
advisable in the interests of their students 
to emphasize the logical side of their teach- 
ing to do so ; and it is certainly of value in 
all cases to draw the attention of students 
to those points in a proof where the intui- 
tional element enters. I draw, then, the 
conclusion that a mixed treatment of 
geometry, as of mechanics, must prevail in 
the future, as i t  has done in the past, but 
that the proportion of the observational or 
intuitional factor to the logical one must 
vary in accordance with the needs and 
intellectual attainme~lts of the students, 
and that a large measure of freedom of 
judgment in this regard should be left to 
the teacher. 

The great and increasing importance of 
a knowledge of the differential and inte- 
gral calculus for students of engineering 
and other branches of physical science has 
led to the publication during the last few 
years of a considerable number of text-
boolis on this subject intended for the use 
of such students. Some of these text-books 
are excellent, and their authors, by a skil- 
ful insistence on the principles of the sub- 
ject, have done their utmost to guard 
against the very real dangers which attend 
attempts to adapt such a subject to the 
practical needs of engineers and others. 
It is quite true that a great mass of detail 
which has gradually come to form part- 
often much too large a part--of the 
material of the student of mathematics, 
may with great advantage be ignored by 
those whose main study is to be engineer- 
ing science o r  physics. Yet it cannot be 
too strongly insisted on that a firm grasp 
of the principles, as distinct from the mere 
processes of calculation, is essential if 
mathematics is to be a tool really useful to 
the engineer and the physicist. There is a 
danger, which experience has shown 'to be 
only too real, that such students may learn 
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to regard mathematics as consisting merely 
of formula3 and of rules which provide the 
means of performing the numerical compu- 
tations necessary for solving certain cate-
gories of problems which occur in the prac- 
tical sciences. Apart from the deplorable 
effect, on the educational side, of degrad-
ing mathematics to this level, the practical 
effect of reducing it to a number of rule-of- 
thumb processes can only be to make those 
who learn i t  in so unintelligent a manner 
incapable of applying mathematical meth- 
ods to any practical problem in which 
the data differ even slightly from those 
in the model problems which they have 
studied. Only a firm grasp of the prin- 
ciples will give the necessary freedom in 
handling the methods of mathematics 
required for the various practical problems 
in the solution of which they are essential. 

E. W. HOBSON. 
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