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ensure actual realization. There arise at  
once questions of biological adaptation, of 
vital tenacity and of purposeful action. 
Appeal to the record of the animal races 
reveals in some chqes a marvelous endn- 
rance, in others the briefest of records, 
while the majority fall between the ex-
tremes. Many families persisted for mil- 
lions of years. A long career for man 
may not therefore be denied on historjcal 
grounds, neither can i t  be assured; i t  is an 
individual race problem ; it is a special case 
of the pyohlern of the races in the largest 
sense of the phrase. 

But into the problem of human endu-
ranee t~vo new factors have entered, the 
power of definite inoral purpose and the 
resources of research. No previous race 
has shown clear evidence that i t  was guided 
by moral purpose in seeking distant ends. 
I n  man such moral purpose has risen to 
distinctness. A s  it grows, beyond question 
i t  will count in the perpetuity of the race. 
Ko cloubt i t  mill come to weigh more and 
more as the resources of destructive pleas- 
ure, on the one hand, and of altruistic recti- 
tude on the other are increased by human 
ingenuity. I t  will become more critical as 
the growing multiplicity of the race brings 
upon it, in increasing stress, the distinctive 
humanistic phases of the struggle for exist- 
ence now dimly foreshadowed. It will, 

question, be more 
the survival of the fittest shall render its 
verdict on what is good and what is evil in 
this realm of the moral vorld. 

But to be most purpose 
needs to be conjoined with the hidlest in- 
telligence. and herein lies the function of 
research. None of the earlier races made 
systematic inquiry inlo the conditions of 

life and sought to their 
careers. can research do for the 
extension of the career of man! We are 
xitnesses of what it ia beginning to do in 

rendering the forces of nature subservient 
to man's control and in giving him c9m- 
mand over the maladies of which he has 
long been the victim. Can it master the 
secrets of vital endurance, the mysteries of 
heredity and all the fundamental physi- 
ological processes that condition the lon- 
gesity of the race? The answer must be 
left l o  the future, but I take no risk in 
affirming that when ethics and research 
join hands in a broad and earnest endeavor 
to compass the highest development and 
the greatest longevit~ of the race the era 
of humanity \\rill really have begun. 

T. C. CHB~IBERLIN 
-. ---- -

TITE THES'IB 310DERx LOCIS'TIC1 

I HAVE chosen to report upon this sub- 
ject because i t  is one in s~hich I have found 
no little interest in recent years; because 
the thesis in question yepresents one among 
the greatest of all the triumphs of critical 
thought ;because i t  possesses such high and 
permanent importance as belongs to in-
tellectaal activity above the levels of 
workaday life; because it is sufficiently 
new. timely and general in its appeal; and 
finally because, whilst it has come to be 
everywhere a topic of much philosophic 
and scientific allusion, but relatively few, 
it seems, have been at the pains to ascertain 
what the thesis precisely is. 

To tell J+That it is, to  render it intelligible 
not to astronomers mathema-

ticians but also to that larger,,lass of edu-
cated folk who, as their primary interests 
lie eisewhere, are not accustomed to think- 
ing much about the fundamental subtleties 

logic and mathematics-that is one of 
the two aims of ,..is address; the other one 
being to present, in so far as time mill 
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allow, the  more salient among the facts by 
ivhich the thesis is supported. 

I t  is no par t  of my purpose to treat the 
niatter historically. As, however, the thesis 
in  question is the goal and culminatioil of 
t \ t ~ ~originally inilepend(-.nt hilt closely re-
lated and finally convergent movements of 
rnoclern thought, Z call not rehaain from 
saying a brief preliminary morcl regardin? 
each of them. They may be chavactcristic- 
ally designated as the critico-rnathrmatienl 
movement and the logistical movement. 

The di~tinctively critical spirit is not a 
new manifestation in mathematics. The 
age of E:ucliti ~ 3 3  And justa critical age. 
ao~v ,  thanks to tlie superb etlition of the 
"Xlernc~nts" by Dr. Heath with its m70nder- 
f111 richl~ess of bibliogr.aphic citation, yl~o- 
tation and critical commentary, one is en-
a?)l(:d to nnclerstancl better than ever before 
I-~o~v fine and penetrating in  fnnda- ve1.y 
mc.ntal clncstions of geometry and of logic 
was the thhoqlrt, of the age that  prodncecl 
the AIc.2iandrinc classic- the age, I say, for 
tllc " ISlenients" is to be attrihnted not Iew 
to the agc of Kl~clid than to Euclid thc  man.  
R u t  i t  is not of antiiyi~ily Ihat I wish io  
spcalr. 1refer to the critie:ll movement i n  
t r i o tder~~~nnthemwtics--to the demand Tot-
prevision of concc.pt, to the process of log-
j(*al rigoi.ization, to the sensc tliew ~ ~ d  
craving for perfection of intellectual and 
scielitific f o ~ n ~ ,  ju a \\orcl. to that spirit. of 
creative criticism mhich, follo~ving clob~ 
upon the $~-e;~tEnle~-iiln and pre-IEu1eri:in 
period of discovei.y, rnallifesting itsrlf al-
rraily in the ~vor l i sof Gauss ancl Tlagran~c, 
finding po~verfitl agencies in the analytic 
genius of Cauchjr and Bulzano, in  the geo- 
metric genius of Iiohache~lslii and Bolyai, 
waxed in inlensity thronghotat t l ~ e  l a l x i n ~  
decacles of the nineteenth century, a t  length 
pervading the entire realm of rnatl~ernatics 
like a refining and plirifying fire. Tlie 
result of this critical morernent, thus orig- 

inating i n  matl~enlatics and conducteil 
by mathcmwticians, was, not indeed the 
grouniling of mathematics itself, regavrled 
as a unitary ,science, bat  the gronnding 
ratlirr, upon clistinct bases of postulated 
riiathematica! notions and propositions, nf 
va~*jons grtbaf Fr.crnchcs of the science; in 
nitnew whereof--to cite bnt  one example 
-bcliold the thcwry oC the real variable as 

founded hy \Arei(>r~trassupon the famili:ir 
fheoly cf the cartlinal numbers assalnecl as 
ctlrtixjri, pvjmorclial nncl fundamental. 

Such ~ ~ I S ( J S ,however, were destined to 
appear, in the light of rnodern rrsearchas 
in  wnalhcr field or i n  what sce~ned a t  all 
evenls another, namely, the field of logic, 
not as constituting the foundation either 
of nlathernatics or of ally of its branches 
hu t  as genuine conlponeiits of the sixper- 
stmctnre. it has ever been tho faith 
of tlric logician that there arc a few ideas in 
tcnus oE which all definwhlc ideas admit of 
inirncdiatc oln rncdjate clefinition mld a few 
propositions upon ml~iclr as a basis or from 
which ac; a body of pre~nises all demon- 
strable propositions adulii, of proof or cle- 
duction; and it 218s evw been the chief of 
tlie logician's proble~ns lo discorcr such a 
systern of pririiitive concepts and proposi- 
tions. It is in nolbirlg Icss than a clnsely 
approximate solntion of that hoary prohlerr~ 
tliat modern invcstigtrtions in logic have 
caln~inated. As every one ltnotw, the con- 
ception of logic as an  aatonotnons science 
is nothing new. Anlong the very greatest 
cont~il?ntionsof anticjnity to hl-rman knowl-
edge is the "Tlogic" of Aristotle. As u 
scientific aehievenient it is comparable to 
the "Elements" of Euclict- -comparable to 
it also i n  another respect, namely, that, it 
was not significantly improved upon for 
nearly two thoasand years. Though always 
indispensable as an instrwnent of thought, 
yet logic, rrgxrded as a science, remained 
stationaly for so long a time, showing no 
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tolien of life, that it came to be thought of 
as a thing that is dead. And I suspect that 
even to-day there may be found scientific 
men of eminence who are not aware of the 
fact that in our tinre logic, as a field of 
research, affords a spectacle of teeming 
activity clnite as intense as may be wit- 
nessecl in physics, for example, or i a  as-
tronomy or biology-men, i t  inay be, who 
have yet to learn that, owing to modern 
logistic research, it mould be as radical an 
error to identify the niodern significance of 
the term logic with that of the Aristotelian 
system as to identify the modern meaning 
of the term geometry with that of Enclid's 
"Elements" or to identify modern juris- 
prudence with the code of Lycurgus or the 
"Pandects" of Justinian. By the logis- 
tical movement 1mean the movement that 
began-somewhat prematurely, however, as 
the event was destinecl to show-in the 
logical speculations and investigations of 
Jungius (1587-1 657), Leibniz (1646-1716) 
and Lainbert (1728-1777) ; awaited the 
pomrerful inipulse imparted by Roole's sym- 
bolical "Investigation of the Laws of 
Thought" (1854) ; and, under the leader- 
ship of C. S. Peirce in our own country, of 
Schrijder in Germany, of Peano and his 
numerous collaborators in Italy, of Coa-
turat, brilliant expounder and advocate of 
the subject in France, and of Russell, 
\TThiteheacl and McColl in England, has at 
length produced that imposing body of 
doctrine now ltnown throughout the scien- 
tific portions of the world under the char- 
acteristic name of symbolic logic. 

In its present forrn and state of develop- 
inent this science is constituted of three 
distinct but interconnected branches : the 
logic of classes, which, though i t  corre-
sponds to the traditional system of Aris-
totle, is far  from being identical with i t ;  
the logic of proposit,ioq and the logic of 
relations, which was originated by Charles 

S. Peii-ce, was much elaborated, refined and 
clarified by Schrijder in the third volume 
of his "Vorlesungen uber die Algebra der  
Logik," 1895, but owes its present form and 
conception mainly to the various coatribu- 
tions of Rertrand Russell in recent volumes 
of the Revue  des Mat2ie'maliques (formerly 
the Revista d i  211atemalica) and elsewhere. 

For the purpose in hand the thing to be 
noted is the discovery of the fact that for 
the nolio?tal basis of the triple organon i t  
was necessary and su f ic ier~t  to assume, 
without definition, a very few notions- 
called the primitive ideas, or constants, of 
logic-in order that in ternis of them all 
other notions entering logic should be de- 
finable ; and that i t  was necessary and suffi-
cient, for the propositional basis, to assume, 
without proof, a somewhat larger yet very 
small number of propositions-called the 
primitive propositions, or the premises, of 
logic--in order that by means of them all 
other propositions of the science should be 
capable of denionstration. This is riot all, 
however ;for it has been found-and here we 
encounter the thesis of rnodemt logistic, the 
common culnlination and result of the two 
nlovements hitherto sketched, and so a joint 
achievement of the logician and the mathe- 
matician, though hardly foreseen by either 
of them--it has been found, I say, that the 
basis of logic is the basis of mathematics 
also-that, in other words, given the primi- 
tivcs of logic, ~nathematics reqilires none of 
its own but that in terms of the logjcal 
primitives all mathenlatical ideas and all 
mathematical propositions admit respect-
ively of precise definition and of rigorous 
cleinonstration. Accorclingly, if a scientific 
edifice inay properly be regardeel as consist- 
ing of both foundation and superstructure, 
it becomes evident, the thesis once estab- 
lished, that, insteacl of logic and mathe- 
matics being, as hitherto supposed, radi- 
cally ciistinct sciences, the latter is strictly 



the outgrowth and prolongation of the 
former, and that the twain are one as the 
branches ant1 upper sterll of a tree are con- 
t inuol~s.i\ jtb the lower stem and tlie roots. 

To any one 1~7110 lirio~\-s something of the 
imrnrnsity of mocierrl mathematics, sorne-
thing of fhe to r~ t ine~l l  of doctrine thal lhe 
telanr connotes, somethixg of the countlrss 
variety ant1 the infinite complexily of the 
ideas and p~*opositions that compose the 
body anel constitution of the science, the 
simple thesis in question is really astonnd- 
ing. And  one deiiinnc?~ that the thesis be 
esplicnit~din lelams in  order that one inay 
know precisely and concretely in  detail 
.cvhnt it, constates. TThat, we  wish to be 
inforrrieci, atv  the loQcal primitires that, 
it is alleged, are capalde, though so few, of 
suppoiating so greal a h~~rdlerr? Before 
;itternpting to meet this drmancl, I beg to 
remind yo11 of tlre fact thal,. given a logic- 
ally coherent or antonornons body of propo- 
sitions, i t  is always in some degree a matter 
of arbitrary choice, though probably never 
one of complcte indifference which of the 
propositions are talicn as Punilamental and 
which ar  derivative-that is, whjch are 
asst~rneil and which proveci. 111every case 
the choice is f o be gliidecl bj- considerations 
of expecliencr, of interest, 01- o l  economy, 
but seems ni.\cl- to he coerced by necessity 
or by "the nature of things. " &nestions 
of relative intcrcsf, l io~~~ever ,  and of relative 
expcdiencc anrl economy are nlatters of 
juclglnent. ~2ccol~Iinglyi t  is not a matter 
for surprise that scver:il systclns of logical 
priniil>ivcs lrtlrre bccn devised and subinitted, 
diffcrjr~g any two of lhein in respect of one 
or  mow clernents but agreeing all of them 
as to the arletlnacy uf a sil~all number of 
elcniients, and that among investigators in  
the field it renrilins a moot question ~vliich 
of Ihe systenia, if any one of them enjoys 
that distinction in cornpariqon wilh tlie rest, 
is to be preferred. 
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The system that T shall present here is 
that which Russell has adopteci in his great 
syntllesis of modern logic and modern 
mathematics, '"Phe Principles of Mathe-
matics," and which with slight moclifica- 
lions has been so t1rlig1:th1lly expounded by 
Cout~lrat  in his 6 i l ~ c s  P~inc ipes  des Math;- 
matiyurs" and his "Trait6 dc Logistiqnc. " 
I hare t l lo~~ghl  it hest to gather together 
all the primitive elements of the three 
h1.n ncbcs of logic for compact presentation 
in a. single uninterruplecl list inider their 
;~ppropriale headings, reserving comnien-
ta ry  Ior a subst1qut1nt stage. Moreover, 
c1esl)ite the sonleulint forbidcling appear-
ance, af, first gl;rnce, of logical sylnboliwn, 
Z havc (leeitled to present primitive propo- 
sitions in syn~bolic form, employing for this 
purpose the syrrlbolisin of Peano slightly 
moclifiecl by selection from that of Schroder. 
Indeed this syrnbolisn; is not tlifficnlt to 
master; and if at  first i t  seems a thing of 
so friphtf~xl mean thal to be hated necds 
but to be seen, yet, seen often enough to 
become fal~niliar with its face, we come first 
to enclure, and then to embrace jt as a con- 
venient and potent means of clarity and 
economy alilre of thought and or expression. 
I t  is a lnoot question wlrich one, if indeed 
any one, of the three varieties of the logical 
calculus is prjnzordial to the other two. 
As, however, discourse of any kind, whcther 
ahont classcs or ahont relations, would seem 
to be difftclalt if not iiilpossible without 
propositions, I shall follonr tI1e lcading of 
coinrr~on sense and begin with 

2'7ie Logic o f  I'ropositions.--In addition 
1,o the notions, t ruth  and its negative, 
which, thoagli they are constantly em-
ployed, seem neither to adrriit of effective 
clefinition nor to be str.ict1.v coordinate with 
any other indispensable notion, the primj- 
tive nolions in propositional logic are 

(1) %f:bterial Trnplicntio~~, 
(2)  Fornial 1rnplic:ition. 
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And the primitive propositions are 

(1) p3q.3.P?l, 
(2) Paq.9.p3P' 
(3) p3q.a qgq, 
(4) 	 I f  p ~ qand i f  p be true, p may be 

dropped and q asserted, 
( 5 )  P3P.q3q.3.Pq3P, 
(6) p3q. q3r.3.p~' 
(7)  q3q.r3r.p~. pr:o.pq3rf 
(8) p3p.q3r.pqor:a:po.q3r, 
(9) p3q.pr. 3.p3qr, 

( lo)  p3p. q39 3: ( P ~ ~ ) ~ P ) . D P ,  
in which, as elsewhere, p, q and 1" denote 
propositions, o (inverse of the letter c)  
stands for the word implies, pq means "p 
and g," while the points or dots serve the 
double use of denoting the word and, like 
the first dot in (5), or, like those in (I), 
playing the r81e of parentheses in indi- 
cating the relative ranlrs of the various 
parts of a. formula. Thus, for example, 
(7) may be translated to read, the propo- 
sition " q  implies q and r implies r and 
p implies that q implies r" implies the 
proposition " p  and q together imply r";  
or, in hypothetic form, if q implies q, and 
r iniplies r, and p implies that q implies r, 
then p and q together imply r. 

Tlie Logic of Classes. -The primitive no- 
tions in this calculus are 

(1) 	Proportional Fnnction, denoted by 
such symbols as  +(z), *(a), rtc., 

(2) 	The Relation (denoted by E, read is 
or belongs to) of an individual to 
a class (containing i t ) ,  

(3) The notion S Z L C ~ that, denoted by 3 

(inverse of the Greek letter E). 
And the primitive propositions arc 

(1) k~iza+(x) J34(k), 
( 2 )  +(2) = *(x) .3:23+(2). = .23\k(2). 
The Logic of Relations.-In this calculus, 

which Russell has shown to be the logic par 
excellence of matheniatics, the primitive 
notions are 

(1) Relation, denoted :is a class by re1 

and as individuals by such capitals 
as I l ,  R', etc., 

(2) Identity, denoted by the symbol 1'. 
The primitive propositions are 

(1) Rcrel.?:zRy. = .x has the relation R 
to y, 

(2) R ~ r e l03ilrel-R'~(xR'y. =.yRx) ,
" 

(3) 3rt.l-R>(p = L X . ~= by), 
(4) -'&rel, 
( 5 )  -'Kar~l, 
(6) R,R,~rel, 
(7)  -Rerel, 
(8) cerel, 
(9) P'arel, 

(10) 21:2, 

(11)~ ~ g i ? ,  

(12) Rcrel.xRy.yl'z 3.zRz. 
To the foregoing primitives must be 

added the notion of denoting, which has 
been made the topic of a most subtle and 
luminous discussjon by Russell in the fifth 
chapter of the work above cited. The 
notion is that of the sense in which an 
individual is denoted by a concept that 
occurs in a proposition that is not a propo- 
sition about the concept, as "She bought a, 
beautiful gownw-the thing purchased be 
nothing so tenuous and translucent as the 
concept, a beautiful gown, but presumably 
a concrete thing reasonably opaque. 

By way of elucidating the foregoing and 
further sketching out the three divisions of 
logic, I shall now proceed to give some 
explanation of the primitive terms and a 
~tatement of the principal definitions and 
theorems composing them. 

Definitions and Theorems in  Proposi-
tional Logic.--The central terin, proposi- 
tion, is defined in terms of (material) 
implication, namely, a proposition is that 
which implies itself. The two varieties of 
implication are often confused and the dis- 
tinction between them, being difficult to 
dram sharply and clearly, is to be acquired 
very much as a child learns to disting~xish 
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cats from clogs. For one thing inaterial 
implication subsists only between proposi- 
tions 1%-bile formal implication, though it is 
present in pi.opositiona1 logic, hol& only 
between propositional functions. Now a 
proposition to be s11c11 must he true or else 
false, nhile a pl*opositional function, say, 
x is a number, though it has the form of 
a proposition is not one, being neither true 
nor false, until the unspecified term or 
ternls (zin the example cited) are specified 
and then we have no longer a function but 
a proposition. The i~nplication postulated 
in the prinlitire propositions is material. 
Tlle meaning of (1) is that if p ~ q ,the11 
p q  is a propocition; ( 2 )  means that n-hat- 
ever implies anything is a proposition; and 
that of ( 3 )  is, whatever is implied is a 
proposition. Knnzber (4) ,  which does not 
admit of co~iipletelg syrnbolic statement, is 
the postulate that justifies the adrsnce 
from the hypothetic to the categoric--the 
advancement involved in passing from say- 
ing "such ancl a~ 1 1 ~ 2 1  conclusion is true 
if the premises are true" to saying, once 
the premises are granted true. "the propo- 
sition" (not nov regarded as a conclusion) 
1 1 is tnle. ' ' 

One of the most striking facts in the 
1tl.opohitional l ~ g i c  is the th~oreln that 
eyer!: falre proposition implies all propo- 
sitions sncl that all true propositions are 
i t~~plied The shock- by every proposition. 
ing character of the theorem-~~2lich refers, 
of course. t o  ~:iatelial implication only- 
disappears on reflecting that the proposi- 
tion, p implies q, ~ncans simply " q  or 
not-pl'-means, that is, "g is true or p is 
false" and not l i i~ ig  rlse; for surely it is 
nothing shocliing to affirm that a proposi- 
tion that is not contradicteci by any propo- 
sitiou in the class of true propositions is a 
inember of the class; and that affirnzation 
seeins equivalent to asserting that " p  im-
plies q" is true 'unless q is false and p 

[K.S.\-or,. SXX.  KO.783 

true. If you assert of two propositions p 
and q that p i~ilplies q, thereby meaning 
siniply and solely that q can not be false 
and p true: then unless it happens that at 
once q is faLw and p true, there would 
seem to be in the arsenal of refutation no 
weapon wit11 which your assertion may be 
struck down. The primitive propositions 
are sonie of them far from being "self-
evident." I t  is not essential that they 
slioulcl be. They are chosen with 1-eference 
to their snffici~ncy and look for justification 
to the body of their eonseynences. I n  these 
they sl-line-not a p,aiori but a poslerio?,i. 
Keither can they be proved true by de-
clueing them fro111 a theorem that is itself 
dedncecl from them-to sap which is, of 
course. but to utter a commonplace. A s  
an exercise: however, it is legitimate as well 
as interesting and instructive to assume 
the foregoing theorel11 as a postulate ancl 
as such to apply i t  as a test to the primi- 
tile propositioizs in question. Thus, to 
take a single example, the procedure in 
the case of ( 6 )  ~ ~ ~ o u l d  Let rbe as follows. 
be true and p and q either or both be false 
or t rue;  then q27, is true, hence 173.y31' is 
t r ~ e ,hpnce (8)  is tme. Let r be false and 
p and q be true;  then 1 1 3 ~ 1and q ~ i *ale both 
true, p q  is true. 7 1 q ~ ~is false, hence what 
precedes tlze colon is fake, hence ( 8 )  is 
true. And so on for the relnaining possible 
suppositions respecting 13, q and r. 

TITO propositions arc eqziivalc?~tif each 
implie5 the other, and me ~ ~ l r i t ep =y. 
Tno propositions are ecluivalelit when and 
only when both are true or both are false. 
The f~inclamental operations of proposi-
tional m irlt iplicntio~t and szirrznlation are 
definable as follows: We may first define 
the logical produc t  of the two special prop-
ositions--~ is a proposition, b is a propo- 
sition-to be the pi-oposition, a is a propo- 
sition and b is a proposition. Then, 
denoting this special product by n3a.b~6, 
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the logical product, pq or p -q, of a?zy two 
propositions, p and q, may be formally de- 
fined by the definition: 

p3p.q3p.r3~.3:.pp-- p ( q 3 r )  .3r. 

This definition of the notion-vulgarly 
called the joint assertion of p and q-may 
be rendered thus: p, q, being proposi- 
tions, the product of p and q is the proposi- 
tion-any proposition r such that p im-
plies that q implies it, is true. The Logical 
stun, p-q, of two propositions p and q 
admits of the definition : 

p3p q3p.T3Y.3 :p-q -- :p31".q31'.31'; 

that is, p, 4 and r being propositions, q-p 
is the proposition equivalent to the propo- 
sition that I' is implied by the product of 
pw and qw. Such is the definition of the 
phrase, p or q. It is notetvorthy that, 
whilst pq is true when and only when p 
and q are both trne, the sum p-q is trne 
whenever either p or q is true. Among 
cardinal theorems I will, further, mention 
the laws of tautology, commutation, asso-
ciation and distribution : 

IJP(O' p2)  =pl P-p =p ; 

P-9 "p-P> P-9 = (I9; 
p - =- 9 - (p-4)-r =P - ( P - ~ ); 
p 4 q - r )  = (p-q)-(p-r), 

p-(9-1') = (p-q) -( p 4 )  =p-p-p-r. 

The vzegutive, -p, of p is a proposition 
definable thus : 

which states that -2.1 is the proposition 
equivalent to the proposition t.llat p im-
plies all propositions;~ and we have the 
theorem of double wt?ga.tives: -( -p)  =p. 
Also the theorems of contradiction and ex- 
cluded middle: -p-q is false; - p - q  is 
true. 

Definitions a.~zd Theorems ilz Class Logk. 
-As already pointed out, a propositional 
function-say, x is a pragmatist, or 

tan x =y-though a proposition in form, 
is not one in fact, being neither true nor 
false. But such a function yields a propo- 
sition whenever the indeterminate terms, 
as x, y, are replaced by determinate terms. 
Thus any such function is a sort of en-
velope of a limitless number of proposi- 
tions. A function being given, those terms 
that on being substituted for its indeter- 
ruinates yield true propositions are said to 
constitute a class. The symholisnl ~3+[rn)  

means "the class of terms x such that 
+(x) is true, " and primitive proposition 
(1) asserts that, if the individual k is a 
member of the class, + ( k )  is true. 'l'vr~o 
functions +(2) and Q(x) are said to be 
eqzcivale+ztwhen the propositions of every 
pair of propositions obtainable by substi- 
tuting definite terms for x are equivalent; 
and (2) states that when two functions are 
equivalent the corresponding classes are 
the sanze-composed of the same individ- 
uals. If the propositions derivable from 
+ ( x )  are all of then1 false, the function is 
said to determine a null-class; and i t  read- 
ily follows that all null-classes are exten-
sionally the same, so that we can, in this 
sense, speak of the null-class. The defi- 
nition and symbolic expression of " X  is 
identical with y," x and y being individ- 
uals, is x =y. =:xcu.o,.ycu, where nu 
meails "implies for every (class) 26." The 
relation in question is symmetric, a fact 
involved in the theorem, x =y. .=.y =X .  

ii si?zgulur class u (class of but one term) 
is defined to be such that 

and a singular class ti, is symbolically dis- 
tinguished from its tern1 a by writing f a  to 
denote u, and ~uto denote a; so we have 
la =ti,, IU =a, and ILU=U, but not u=a. 
The notion of inc1usio.n of the terms of a 
class u by a class v is denoted by w v  
(where 3 is the symbol for "implies" in 
propositional logic) and is defined to be 
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such that u,)v,= :s ~ u . . ~ . x ~ v .Two class- 
u and v are (extensionally) identical, and 
we write ZL =v, T V ~ C I Land only when u o u  
:ind ~ 0 2 ~ .TWO classes are tlisjoi.;ti if 
ncit l~er includes a term of the other. It is 
necessary lo avoid confounding c with the 
use of .) in cl<iss logic, tlie former holds be- 
t n  pen a11 i~ldiuiclurrland a class but  c, holds 
only between clawcs. Thus, if class 213 

class v, ancl if indivirlual acu, we can not 
write a m .  

The important notions of class muli ipl i-
cation and szlnz?rzatioq~are  definable as fol- 
lows. The logical proc l~~c tof the classes zc 
and v ,  which is ciei~oted by u-v, is such 
that a-u=  ; while the log-.za(xc~c.x~?~)  
ical s,*~)a, u-v, tc  and v being disjoint or 
not, is such tha t  26-21. =.x~(I~'Ezc.-.XEV). 


Among cardinal theorems are the lams of 
tautology, conznzutat io~~,ussocialion, dis-
t~i-ibzrfio,~arid ~Iozible negation : 

and -(- 21) =ZC, where --21, called the 
negative of ZL, is, by clefinition, such that  
-u.= .x3(x-€?C). 

The foregoing sketch indicates how the 
class loqic sends its roots down into the 
soil of the propositional logic, and there is 
a t  the s a m e  time exhibited a rernarlmble 
parallclislrl between the two logics. It is 
iniportnnt, ltowever, to note the f a t ,  
poilit ed ant by Schriirlrr, that  the parallcl- 
ism is not tlioroughgoing. F o r  example, if 
p, q, r be propositions and a, h, c be classes, 
nrc 21avc 

Jlc(l?.. = :1?3/'.- .$T.))', 

but jzot 
a- 1 ~ 3 ~ . :nap. -. b , ~ c .= 

Ezpla~tcrl io~zs,Dcfi~iitio?zs antl Theoremas 
i q a  Rclntio~zal Logic.-In its present form 

this calc~xlus is mainly the creation of Mr. 
R~r t ranc lRussell. T t  was he who perceived 
and cfernons'irnted the advantage of adopt- 
ing the extcn.;ional as clistinguisht~cl fro111 
the intensional view of relations. It nras 
he who perceived and denronstr;tted its 
preeminexit importance in and f o r  mathe-
matics. Finally, i t  was he who cast its 
general principles -primitive p~sopositions, 
fizndamenlal definitions, thco~cms and 
their proof's-in sy;yrnbolic form (cf. I'~ e u v e  
de  MatJ~anzaiiqucs, vol. 7,  1900 -1901). 

Tn order to understand the cloctrinc in- 
cluding its primitive propositions above 
given, i t  will be necessary to explain or 
clcfine the principal concepts involved in i t  
anrl lo associate with them the s y ~ ? ~ l ~ o I s  
(including tllose already explained) by 
which they are denoted. Thme concel-,ts 
and symbols are as follows, the numbers 
(I),(2),  ... referring to l~rilnitive propo- 
sitions. The writing xzI~'y tneans to assert 
that  x has the relation Ii to y, so that a 
relation has sensr or ciil*cction; tlie symbols 
p and 6 calletl re~pwtioely the don~r/rn 
m d  the codon~aifzof I?, denote respect-
ively the classes of terms that may stand 
before I2 and after B; the logical stlm of 
these classes is the field of 12; if z bc a 
terrn of p,  Fx clcriotcs the class of terms y 
such that xRy, and if .z be a term of p. 

p r  is the clas.: clf t e r n ~ s  ?j snch that z/Z:x; 
a. class is said to c.~irtunless i t  he a nnll-
(.lass, and the cxisl~1~c.eof a class is affinnrd 
1,y writinq 21 bcfore its syn~k)ol, a5 it1 ( 3 )  : 
if 21 is a c1:tss of terms of p ,  p z ~is tlie class 
of terms ?J such that, given any one of 
them, there is in 24 an z for which %By; 
oil Ihe otbcr hand, t c  again bring a class of 
terms of p. denotes the clasq of t c r ~ n s  
such that for  every term s of zc we have 
x R y ;  if, now, u is a class of term? in the 
codomain i;, p u  cienotcs tthc class of terms 
such that, given any OIIC y of tlien~, there 
is in u a tenn x for wl-~ichyli'z, while, on 



the otlier hand, up is the class of terms such 
that, given ally one y of them, we have, 
for e l toy  x of u,  y1Z.r; R is said to be 
i?zcklded in R', PT.)Rf,if and only iJ, for 
all X'S and ?j's, zJZy implies xR'y; and 
PZ and R' are eqzrizralent when and only 
when each of thern includes the other; (2)  
asserts that, given any IZ, there is a rcla- 
tion R'- called tlic converse of R and dc-
noted by ik-such that .cRy and yPZ'x; are 
equivalent fundions; ;L relation R is said 
to be sym~net~-icwhen and only when 
R =E; ( 3 )  affirins that, given any two 
terms s and y, there is between them a 
relation that does not subsid between the 
ter~ns of any other pair of tcrnis; the log- 
ical sum, R,-IZ,, of two relations. R, and 
R2 is a relation such that the proposition 
x(X,-12,) is equivalent for all x's and y's 
to the loqical suin of the propositions xR,y, 
x72,y; the logical procluct, XI-R,, is such 
that x (R,,R,) ?j is equivalent to the product 
xR,y.xR,y, for all x's and y's; if I<be a 
class of relations, their sum, ,'I{, affirmed 
by (4) to be a relation, is a class of rela- 
tions such that, given any one R of them 
and any pair x, y for which xRy, thero is 
in T I  a relation R' for mhic11 xPZry, and that, 
given a11 y R' of I{ and a pair x, y for which 
sR'y, there is in the sum-class an E for 

R, that is, if the product of xIZy and yRa 
implies $222; R being a relation, its wga-
Lice, -IZ, affirmecl by (7) to be a relation, 
is defined to be such that, x-By is true 
or false according as xRy is false or true; 
if y is a class of classes, their sum 'y is 
the class of terins x such that ze2y; 
tliversity, O', is defined to be the negative 
of identity, so that 0' ----1'; X is a uwi- 
fomn relation, Nc -1- 1, when and only 
when, whatever x of p be given, there is 
one and but one y for which xlly: 72 is a 
r.ou~tifor:ia relation, 1i-Nc, when R is 
ianifornl ; R is a bi.nnifor?iz relation, 1 -I-1, 
when it is both uniform and couniform. 

Such are the chiel' of the concepts in the 
superstrl~cture of the logic of relations. 
Tn the study of re1:itions one is close to 
reality. We do not say with IBegel "Das 
Seyn ist das Nichts" but rather with Lotze 
"Being consists in relations." The realm 
of the thinkable is filled by a multidimen-
sional tissue of relations. These are finer 
than gossamer but stronger than cablos of 
steel. Among the theo~enzs of the general 
theory the following, which are readily 
proved by ineaiis of the symbolic machin- 
ery, are cardinal. Each relation R has one 
i111~lbut one converse relation &; the con- 
veme of the converse of R relation is equiv- 

>which xRy; similarly the prodz~cl, -'If ., 
assumed by (5) to be a relation, is the 
class of relations such that, R being any 
one of them and x and y being a pair for 
which xRy, then, for every 1Z' of Ii, xB'y, 
and conversely, if x and y be a pair for 
which xRfy holds for every R' of I<,there 
is in the product-class an E for which 
xEy; R, and R, being relations, their rela- 
iive product, E,R,, affirmed by (6 )  to be 
a relation, is defined to be such that. if 
di?,B,z, there is a y for which xE,y and 
yR,z, and that, if xR,y and yE2z, then 
xR,X,z; R2 means ER; a relation IZ is 
transitive if and onlg if R2 is included in 

valent to the relation, tllat is, I2 r=K; if-
Ti1 ==.E2, then & =p.,, and p, =&, and, if 
the latter two equivalences subsist, then 
B, =A',; also, if E ,  =jc2, then 2,--- IZ,; 
the converse of the relative product 
of two relations is equivalent to the 
relative product of their converses re--
versed in order, that is (R;R,) == R,R,; 
if R is transitive and if $Re, there exists 
a y snch that xRy and yRz; the converse 
of the negative of a relation is equivalent 
to the negative of the converse of the rela- 
tion; a null-class is included in every other 
claw; if, for every x in the domain p of 

2 
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R. &I?y is equivalent to VEX, then K ==;; 
if u and u are existent (not mil) classes, 
there exists a relation subsisting betmen 
every term of tl of V butand every te1'1~~ 
not between other t \ ~ o  terms: if U is an 
existent clam, tlicre exists a relation R such 

p]ier x ~ , R l y ;hence B, is included in 
R,R, ,. hellce B, ;=I{ ,R,  ; Inoreover, R,  is 

its codomah consistillg of the 
single term t ( .  IIence the theorern. 

3 s  in the case of propositions and in that 
of classes. so here, too, are valicl the the- 

that rTZzr implies for every x both. p ==-u orems of tautology, association. commata- 
and ztu, and, ccnrerselp, the pracluct of 
p= P L  and re?&implies .?:Xu for every 
s; icleiitity is transitive; identify is 
equivalent to its converse; the relative 
l?rocluct of identity by itself is equivalent 
lo icle1ltity: diversity is ccpriralent to the 
converse of diversity; if R,E, is included 
in dirersity, so is R,R,, aiid coiirersely; 
identity is binniforni; if a relation is bi-
unifornl, so is its if a relation is 
couaiform, the relative proclnct of i t  and 
its converse is il~cludecl in but is not always 
identical with identity: if two relations are 

t ion,  c1;stribution and clonble negation : 
R-R= R =  R-R; 

( ~ ~ - l t ~ ) - . ~ i ~ =K~.-.(E~-R~), 

(22,-A',)-R, = It,-(K,- R,); 
R,-K, = It,-I<,, 12,-R, = R2-RI: 

R,-(R--,R,)= (R,-K,)- (I:,-R,j, 
EL-(R,-R,) = (R,-R,)-(R,-22:); 

- ( - IZ)=R.  

Awhile ngo I pruxoise(1 to "explicate" 
the thesis of niodern logictic, to state it, 
that is, esplicitly in terms of the logical 
primitives izpon as sufficient~ ~ h i c h  the 
founclatioli it as\erts thiit the entire body 

binnifonn, so is their relative p r o d ~ ~ c t ;of mathematics, both actual and potential, 
given that R, ancl E2 are ullifor~il re1 t ' Ions, 
that is a class inclnded in p,, tllat i;u is 
included in p2 and that XIR, =X,then the 
ln a classes, i;, ip,u) a ~ ~ c lj;u, are eqnivalent ; 
i f  B, i\ ~ i f o r m  and if R , = = B , ~ , ,  then 
R, i\ transitive and synmetric; conversely, 
if (it1 czistent relafiotz R, is i~ausitbveaqtd 
sy~t2melric, ihefi  Ihcrc  e ~ i s t c.,a crizifo) 
~ e l a i i o l ~R, S U C ? ~  tha t  R,  =E,Rl. 

So striking as well as is the i lnpor ta~~t  
theorem last stated that I can not refrain 
from presenting its demonstration, u:hich 
rnnS 2s f o l l o ~ s :  Pi2 being givcll, p, is also 
given: let zbe a term of p,. and dcnate by 

stancis as a s~pe r s t rnc tu~e .The p~imitives 
in question have been given; so that, except 
for a restatement of the thesis in t e r m  of 
them-which I shall olnit as being now easy 

inrolT,ing ,Beieci repetition-T
claillz to done Illore than fulfil 

pronlise; for I in 
to the primitives, which T.lereall that was 
es~ential,a digest of niodern logic. Indeed, 
the concepts alsore ,jefilled and tile theorems 
iibore stated, thougll they are 
allS asQipned to logic, are if tile 
thesis he tme,  parts of illathe. 
lnatiCs. 

i1 ille class p,z; let Elbe such that Z B I ~ L  flOTT if true. to be estab- is tjle thesis, 
uneans zc;, and 2 L  =;2%: then. if yR121, ] i S h e d Q ~ - q i o u c l y  in the ordinary 
Y e p a  and 1~ =&?I =/%: bnt, if alld sense. as the conclusioa of a syllogism. 
Y I ~ I L ~ ,  No, it affirms that a certain thing can be then, z~1EiY;and. as B2 is transi- 
tiye and symlnetric, Z&Y; hellce, as done, namely. that all definuhle mathe-
xl?,gLyimplies zX,y, R , E ~ is includecl in matical ideas and all mathematical theo- 
R,; again, as X, is transitive and S ~ I -  reins are respectively definable and demon- 
metric, if xB2y then zepx, and so x R , ~  strable in terms of the primitives given. 
implies xR,7;~and y R I p x ,  and hence im- The way that deedonlj to s h o ~ ~  the is 
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perforn1;ible is to p e ~ f r o ~ n  Ilere noth- it. 
ing can succeed except success. IIappily 
the procedure in question need not be ap- 
plied to all ~nathenlatical concepts and 
theorenis but only to those-and they are 
not so numerous-upon which, it is ad- 
mitted, the reri~ainder rest. Well, an ex- 
amination of the volurnes of the Revista 
d i  Jtcitcntatica and of its continuation, the 
K ~ v u o  de Nat l~emat iyues ,  ~vill  show that 
the principal illathenlatical b~~anclies have 
been snccessfnlly subjected to tlie treat-
ment in qncstion, wit11 reference, however, 
to primitive-systen~s cliffcriag sonlewhat 
frorr~ that above given. As for the latter 
system, its adequacy to the denlands of 
the thesis has been shown by Rllssell in his 
"PI-inciples" with approximate conlplete- 
ness and with as much rigor as discourse, 
mainly non-symbolic, can bc reasonably 
expected to attain. I f ,  as is to be expected, 
new bi+anches of niatllematics. shall a r k  iin 
the days to come, though we can not be ab- 
solutely certain, we may confidently ex-
pect that they ~vill  1)e congl-uous vi th 
existing doctrines and will not denland a 
radical change in foundations. 

Proc?ess of l'esling t ? ~Thesjs Illzistrated. 
-The little time that remains to me for 
this address, I shall devote to illustrating 
l ~ yrneans of a few cardinal exa~uples, the 
procednre by which the thesis is justified. 
And I shall begin with the concept of 

c~ach of them, aceording to the preceding 
d~fiuition, the same cardinal number as a. 
'I'hus with each class, is associated a defi-
nite cardinal number. That of the null- 
cliles is named zevo and denoted by 0;.that 
of a singular class is called one and de- 
noted by 1. Additiorl of cardinals is de- 
finable in terms of logical addition of 
classes: if n and b be two disjoint classes 
having respectively the nuinbers a and P, 
the sum a +p is the nlunber of the logical 
sun1 (a class) n + O of a and b. If a and 
1) are singular classes, the cardinal of their 
slllrl may be nanied two and denoted by the 
sgnlbol 2, in wliicli case 14-1=2 ; and so 
on. AlttllipZicatio?t of cardinals is also de- 
fined in purely logical terms. This is done 
by nieans of tlie concept (dne to White- 
lirad) of ?nzdliplicu live class, which is itself 
qiven in terms of logical constants: k be-
in? a class of disjoint classes, the multi-
plicative cluss of k. is the clasr of a11 the 
classes cacli of which contains one and but 
onc tel-rn of each class, in 1c. Then the 
prod~-l.clof the cardinal nuinbers of the 
classes in k is defined to be the cardinal 
nnnlber of the n~nltiplicative class of 5. 
As multiplication and addition in class 
logic are commutative, associative and dis- 
tributive, i t  readily follows that thesc 
l;n~rs are valid for carclinal numbers. In 
the manner indicated the entire theory of 
cardinals can be established. And thus it 

ca~d ina l~ ~ U W Z ~ C Y .  ~n7'diltn.l appears-to refer again to an example be- B(~fore defiui~~g 
nuntOcr of a class, we define what is niea~~L fore cited - lh:tt the foundation assumed 
hy sameness of cardinal nnrnlxr, or, better, by T\Teicrst~~ass for the theory of the real 
what is meant l)p saying this class and that variable is itself underlaid by a basis in 
have the s;lnre cardinal number. Two pure logic. 
classes u and b are said to hxvc the same I t  is noteworthy that the foregoing con- 
cardinal number when there is a biuniform cept of cardinal is independent of the (as 
relation, or, as me eornmonly phrase it, a pet undefined) notion called o r d ~ rand that 
one-one correlation between them. A it equally comprises both jilzile and infiaite 
slight change in the statement is necessary enrdinals, the distinction of finite and in- 
to prove suitable for zero. Then the car- finite being this: the cardinal numbcr of a 
dinal number of a class a is defined to be class a is infinite or finite according as a 
the clnss whose terms are the classes having is or is not such that there is a class b com-



posed of some but not all of the terms of 
a and having to a a biunifornl relation. 
In  respect to the finite cardinals, they 
may be defined as follo~vs, presenting them 
in what, once order is defined, will be 
called a series, 0, 1,2, . . . Let zero (0) be 
defined as above ; let the cardinal next after 
the cardi~zal be defined to be the cardinal 
91 + 1; let X, the class of finite cardinah, 
be defined to be the class of cardinaLs that 
are contained in every class that contains 
0 and contains n + 1if it contains 71. I t  
remains then to show that the ttvo defini- 
tions of finite cardinals are equivalent, and 
that can be done. 

Cardinals, we have seen, are classes. 
The ordinary rational numbers, or frac-
tions, are not classes, b ~ ~ t  are, as we shall 
see, relations of finite cardinals. Let a 
be any @ven finite cardinal, and let x and 
y be any finite cardinals such that xa =y. 
Denote by A the relation such that %By is 
equivalent to xu =y. Similarly, to any 
finite cardinal n there corresponds a rela- 
tion AT whose domain and codomain are 
respectivelj- composed of all the finite car- 
dinals x and y such that xtz=y. If 
ab == p and cd =p, that is, if ab =-cd, 
then aBp and cDp, whence &c, so that 
aB&. The relation BD, the relative prod- 
uct of B and the converse of D, is uamed 
rational number, or fraction, and denoted 
by b / d .  If ab =cd, i t  readily follo.ivs 
that b/d =a/c. The rational n / l  is com- 
monly denoted by n, but the rational +z 
and the cardinal n are radically different, 
the former being a relation while the latter 
is a class. 

The cardinals and rationals are signless. 
Like the rationals, positive and negative 
integers and fractions are relations but 
they are relations of a different type. Sup-
pose the finite cardinals arranged as by 
their second definition above given. Let 
R be such that xRy, x and y being finite 
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cardinals, means that, in the mentioned 
arrangement, y is the immediate successor 
of x; then xztjmeans that y is the immedi- 
ate predecessor of x. I t  is readily proved 
that Rp is the converse of ( E ) p  or, what is 
the same, of I&. The relations Eg and R" 
( p  being a finite cardiual) are defined to 
be the positive and negative integers fa- 
miliarly denoted by +p and -p respec- 
lively. Thus to each finite cardinal p 
there corresponds a positive integer, +p, 
and a negative integer, - p .  If x, tj and 
p are finite cardinals, the propositionsr, 
xRpy and x -+p =y, are equisralent : PO,-
too.arexRpy and y + p = x o r x - p = y .  
Similarly if x be a yational number, and 
if y and 2 stand for any two rational num- 
bers so related that y + a Ionx =Z, the re1 t '  
in question is denoted by + x; but if y 
and x are so related that y -x =z ,  the 
relation is denoted by -x. 

Before speaking of the ordinal nuntbcr, 
it is necessary to tell what is meant by sap- 
ing of a class that it is ordered or that its 
terms are arranged in a series. This, 
which is one of Russell's most brilliant 
achievements, was accomplished as Sollo\irs. 
I here b ~ ~ t  indicate the method and state 
the result. The method was precisely that 
of research in natural science, namely, he 
collected together the various kinds of rela- 
tion by which what is called order, wl~atever 
order in its essence should turn out to be, 
is generated. These relations, which he 
found to belong to one or another of six 
distinct types, turned out, upon penetra- 
ting analysis, to be reducible to a single 
type, namely, that of relations at once 
transitive and asymmetl.ic, an asymmetric 
relation R being such that, if xRy, then 
not yRx. The conclusion may be stated t o  
be that, a class being given, if there exist a 
transitive asymmetric relation IZ such that. 
x and y being any two whatever of its 
te-rms, either zRy or else yRx, the class is 
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thus arranged in a series; and that order 
otherwise generable is generable by such a 
relation. The result is of course subject to 
such doubt as must always attend the 
inethod employed, but its correctness seems 
highly probable. It can be easily proved 
that, give11 any three terms x, ?I, a of an 
open series, we have xli'y and y X a ,  or yRx 
and xXx or xRx and xBy, that is, one of 
the three terms is b~iu teenthe other two; 
and if the series be closed, like that of the 
points of a circle, i t  can he rendered open 
by cutt iwg it-that is, by regarding i t  as 
beginning (or ending) with soulie (any) 
definite term. 

We are now prepared to prcsent the no- 
tion of ordinal number. If ,  given two 
series s, and s,, there subsist between them, 
regarded as clas,ws, a biuniforin relation R 
such that, a,  ancl b, being any two terms 
of s, and a,  and b, their respective corre- 
spondents (through R )  in S,, a ,  precedes 
or follows b, accortling as a, precedes or 
follows b2, then the series s, and s, are said 
to be like. Plainly likeness is a transitive 
and symnietric relation. Two lilre series 
are said to have the same orcli?zal .number 
or the same orde~a-type. IIerewith orclinal 
number, or order-type, of a series is yet not 
definect. ?'he definitioi~ is: the ordinal 
nuinber, or order-type, of a series s is the 
class of all series like it. Or, defining like 
relations to be such as generate like series, 
we can define orclinal number, or order-
type, of a series-generating relation to be 
the class (a relation by primitive propo- 
sition) of series like it. The definition does 
not distingilish finite and infinite and so ap- 
plies to both. I n  case the terms of a series 
constitute a finite class, the cardinal num- 
ber of the class and I he ordinal number of 
the series obey the same laws and are com- 
monly denoted by the same name and sym- 
bol. Pe t  they are radically different no- 
tions. For example, the cardinal three 

includes the class cornposed of a, b and C, 

but not the series a, b and c as such, while 
the ordinal three includes the serie.~: but 
not the class. On transition to infinites 
the distinction is forced upon us, for in- 
finite cardirzals obey, for example, the lam 
of commutation, mliile the infinite ordinals 
do not. 

1 have time fov but a single indication 
pointing the way to the concept and theory 
of real n~unbers. Consider, for example, 
the two familiar classes: A, the class of 
rationals less than 2 ;  B, the class of ra-
tionals whose squares are less than 2. Each 
ol these clilsses possesses the properties: 
(1) it  does not contain all the rational 
numbers; (2)  i t  contains all the rational 
ni~inbers le:,s than any one of its nlambers; 
( 3 )  every liumber in i t  is less than some 
other nuinber in it. Any class of rationals 
that has the three properties is named seg-
ment (of rationals). Given a segment s, 
the class of rationals not belonging to s 
niay be called the cosegment of s. I t  is 
found Illat the class of all segments admits 
of a theory precisely isomorphic with that 
of the real numbers as usually defined. 
TIence the segments are named real num-
bers. Segrneiits fall into two classcs ac-
cording as their cosegments have or have 
not a smallest rational. I n  the former case 
the segment is called a rational real num- 
ber. Thus segment A is the rational real 
Iwo or 2. I n  the other case, the segment 
is oalled an irrational real number. Thus 
segment i3 is the irrational real cornrnonly 
denoted by v 2 .  It is obvious that seg- 
rneuls and reals might just as well be 
defined by the relation greater than instead 
of Less than. The decisive advantage of the 
foregoing definition, which makes no ap-
pe;il to the (as yet) undefined notion of 
l imit ,  is that i t  avoids the necessity of 
assz~minga limit where there is none, as 
in case of class B. 



T t  is to be noted that i11 usage v;xrions 
Irinds of nutnbers are denoted by the same 
symbol. This is (lac to the fact that ells- 
tom ante(1ates criticism. Thus 2 stands for 
a cartfinal (a  class), for a po~i t ive  integer 
( a  relation), lo r  a r*ational n~ i i l~ber  or fmc- 
tion (a  relation), for an ordinal (a  rela- 
tion), and for a rational real (a  clt~ss) -
neither the classes nor the relations being 
of the samc Irind. 

Passing now to the notion of the (linear) 
co~zli~auunz,i t  is to be defined in ordinnl 
terms and withoi~t the logically vicious 
:~ssumption often tacitly made that the 
continuum to be defined is already iin-
~nerscd in a continuum. Tlie following 
proceclure is clue to (2. Cantor. Let 91 

clenote the or(1er-type of series l i ke  that  of 
the ~ a t i o ~ ~ i ~ l ~in so-called naturaltalien 
nrde~.. Any sepies of this lype has the 
following properties, all of them ordinal : 
(1) it is clcnm~ierable; (2) i t  has nc.ither 
beginning nor end;  ( 3 )  it is compact. A 
series of terms iir n sc~ ies  of type 7 is saicl 
to be j '~~~zdnmerztu1 it is a pr.ogressio17,if 
that is, if i t  is lilte Ihe seraies I, 2, 3, . .. ; 
and i t  is clcscribed as nsceizdi?q or descend-
7,?~gaccording as its t c r ~ n s  follow one an-
other iri  the sanic senqe (or direction) as 
(lo thcsc. of the series q or* i n  thc reverse 
sense. A term of a series is a l in t i l  if it 
immediately Polloms (or precetles) a class 
of terins of the serics a n d  does not imntc- 

' .
distely follow (or precede) any one assrgn- 
able term of it. It follotvs that a fnnda-
~ n c r ~ t a l  of series 71 has a limit ifseries s a 
in 71 th:.re is a ter.izl that is first after or  
firsst I!efo~*e all the ternzs of s according nc 
s is accei~ding or clesceniling. h series is 
said to be perfect if ( I )  all its f1rndament:il 
series hare lirnits and (2)  all its terms arc 
limits of f~nd;iinental se~bics. I t  call be 
proved that a series whose terms are ternis 
of a perfect series and which, besides being 
denumerable, are so distributed that there 
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js one betwecn every tn70 ter>~ns of the per- 
fect series is a series of type 7. TqTe can 
noit- cdefinc : n series tl is c o ? z t i 7 i ~ ~ o ~ ~ sif it is 
pcrfect and contains a dcunn~erable class 
of ternlr such that there is one of them 
I~etwcen every two terms of 0. Tlze delini- 
fion is based upon the pr.npe~+lics foitntl to 
eh;rr.acterizc the series of re;rl nmnl~ers B-am 
O inch~sive to 1 inelnsive. 

r~I hc significxricc oF what hns heen said is 
I)y no means confinecl to analysis. Yet 1 
~iislr, in closing, to refer explicitly to gcom- 
tltry. As a, hrnnch of nrnthematics, geom- 
etry does not claim to be an accurate or 
true descr ipt io~~of ;~ctnal or p e r e c p t ~ ~ i ~ l  
<p:~ce, ~vlli~trver that rn;~y hc. As for the 
notion and the name of space, i t  does not 
seem to he ;I nrodw-~idiscovery that they 
are not e~sential  to geometry, for, as Peano 
has poiutcd ont, neither the one nor the 
othcr is to be fonnrl in the works rither of 
Enclid or of Arohi~necles. TVhat, then, is 
geomcltry ? A n d  how rcllated to the thesis 
of modern logistic 8 The answer mnsl, be 
in tel81ns of fo?.m ant1 sz~hjccb-matter.  As 
l o  form, geomet~*y is. as Pieri has said and 
by his glqeat ~nenloirs has donc as much as 
any onc to SI~OTY,a l3itrcly "hypothetico- 
tle(1nclive" science. It is trne indee(1 Ihilt 
in e:vh of the post~ilate-systems-~vhrlhcr 
those of Picri or of T'xscli or of Peano or 
of Ililhert or of Vehlcn or of olhcrs- that 
have recently been offcrcd as basis for de- 
<criptioe or. projcctire or metric qcometry 
or for any sub-clivision of those grand 
divi~~ions,tllcrc occurs a t  least one postulate 
in catcgorie fonn, as, for cxaluple, "there 
exists at  leirst one point3'--thus secrning to 
;~.csert or to imply that the geonietrjr in  
qnestion, whatever variety i t  rnay be, 
t r a n s c ~ i ~ d sthe lrypotlietic character and 
has in fact validity of an cxtra-theoretic 
or external kind. Nevertheless, the seem- 
inq is appex~.ance only. What the geomct- 
rician really asserts, and he asserts nofhing 



else, is that, if there be ternis, which he 
calls points, and might as well call "roints" 
or "raths" or "momes" or any other name 
(what's in a name?), that satisfy the given 
postulates, then they satisfy certain propo- 
sitions called theorems. The only existence 
asserted by or in geometry is thus the exist- 
ence of certain implications. As to subject- 
matter, that of geometry, as Russell has, I 
think, shown beyond a reasonable doubt, is 
multiple series or, more radically, the rela- 
tions by which such fieries are generated or 
in which they extensionally consist. 

I wish to add in closing that this address 
had not been possible but for the far-reach- 
ing researches and brilliant expositions of 
Schriider, Russell and Couturat in the 
mrorlis already cited. C .  J. KEYSER 

COLUMBIAUNIVERSITY 

(;'HEIUISTIZY AT IIARVARD UNIVERBITY 

THEfollowing letter has been prepared by 
the committee of overseers to  visit the chem- 
ical laboratory of EIarvard University and by 
several others who are especially interested i n  
the subject : 

HARVARDUNIVERSITYis in urgent need of the 
endowment of modern facilities for chemical in- 
struction and research. 

Some progress toward such an endowinent has 
already been made by the conditional offer of 
contributions for the construction of a special 
laboratory for research in physical and inorganic 
chemistry, as a memorial to Wolcott Gibbs. 

Wolcott Gibbs was a pioneer in scientific re-
search in the field of inorganic and physical chem- 
istry, and for many years was considered the 
foremost chemist of America. He died on Decem- 
ber 9, 1908, in his eighty-seventh p a r .  The 
greater part of his useful life was spent as Rum- 
ford professor a t  I-Iarvard University, and it  is 
eminently fitting that any memorial to this great 
and good inan should take a form which would 
further that branch of chemistry to  which he had 
devoted his splendid abilities. 

This project forms a highly suitable beginning 
of the much-needed endowment of modern facili- 
ties for chemical instruction and research a t  
Harvard University, because in precise investiga- 
tions of this kind TIarvard is among the leading 

institutions of the world. Such worlr demands, 
for its highest del-elopment, construction and 
facilities superior to any now in existence; and 
above all this laboratory should be designed for 
research only, and separated from the rooms in 
which elementary teaching is conducted. The new 
building would also partially relieve the wry dis- 
advantageous and unhygienic condition of Boyls-
ton Hall, now onc of the moit crying elils in 
Harvard University. 

This Wolcott Gibbs Memorial Laboratory would 
form part of the group of several buildings neces- 
sary for the adequate accominodation of the de- 
partn~ent of chemistry. The report of the Coin- 
Inittee of Overseers to  Visit the Chemical Labora- 
tory contains a provisional plan of this projected 
group, which offers a magnificent opportunity for 
other large gifts. These would forin dignified 
niemorials of benefactors or those named by them, 
as well as permanent sources of usefulness to 
Harvard and to America. 

Thc report just mentioned calls attention to the 
important rale played by pure chemistry in nlmost 
all departments of industrial science which con-
tribute towards the health and prosperity of man-
lrind, and concludes : 

"The last century has been a century of power, 
by the perfection of machinery and the develop- 
ment of electricity. The coming century promises 
to be a chemical century. Should Harvard, if all 
this be true, be content until i t  has obtained the 
best chemical laboratory in the world? " 

Towards the erection of the Wolcott Gibbs Me- 
morial Laboratory subscriptions of nearly $53,000 
have already been made, most of them upon the 
condition that $47,000 more be immediately se-
cured. Checks either for this fund or as contribu- 
tions toward one of the other laboratory buildings 
may be drawn to the order of Charles Francis 
Adams, 2d, treasurer of Harvard College, 50 State 
Street, Boston. 
J. COLLINS WARREN, Crr LRLES TV. ELIOT, 
JAXESill. CRAFTS, A ~ X A X D E RAGASSIZ, 
ELIIIU TIIOMSON, HEXRYP. WALCOTT, 
E. D. PEARCE, HEXRYL. HIGGINSON, 
CLIF~ORD COCIIRANE.RI~EARDSON. ALEXANDER 
CII~RLESEI. W. FOSTER, FREDERICKP. I~TSII, 
MORRISLOEB. HARRISON8.MORRIS, 
A. LAWRERCEIJOWELL, E. &~.~LLINOKROD~',JR., 

Committee of the Overseers to Visit the 
Chemical Laboratory 

President Lowell's interest is  emphatically 
expressed i n  the  following letter, which he 
kindly permits to  be published: 


